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1 Question 1

Let py|x be a ternary channel with input symbol X =Y = {0, 1,2} given by

1l—€ ifz=y#1
156 ifr=1andy#1
ify=1

0 else

Py x(ylr) =

(a) Draw a diagram with the transition probabilities for this channel

(b) Observe any symmetries of this channel. List the permutations o on X’ for which there exists a permutation ¢’ on Y
such that py|x (y]z) = py (' (y)lo(x)) for all 2, y

(c) We are interested in the ”information channel capacity” C(py|x) = max,, I(px, Py|x). Using the symmetry of the
channel, prove that the capacity-achieving input distribution C(py|x) can be chosen of the following form:

g ifg#£1
* _ 2
Px () {q fz=1

for some ¢ € [0, 1] still to be determined.

(d) Using the simplification established in 77 to compute I(px, py|x) as a function of q. Determine C(py|x) and the value
q* that achieves the maximum.

(e) If we fix ¢ = ¢*, the channel effectively reduces to a well-know channel. Which one?

1.1 a
Figure 77
1.2 b

Symmetry of the channel
o' =(2,1,0)={(0~2),(2—0)}

g

1.3 c

As px — I(px,py|x) is concave on a convex, compact set, it is either a constant or have exactly one maximum. In both
case, if (0,1,2) = (a,b, c) maximizes I(px, py|x), then (0,1,2) — (c,b,a) also maximizes I(px, py|x). Therefore, given p%,
we must have p% (0) = p% (2). Therefore, p% is of the form

g jfae#1
* _ 2
Px (@) {q ifz=1

for g € [0, 1]
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Figure 1: channel 1a

1.4 d
Let px = p%. Calculate py (y)

py(y) = Z py|x (y|2)px (2)
zeX

= pyix (W0)px (0) + py|x (y[1)px (1) + py|x (¥[2)px (2)
= py|x (¥|0)px (0) + py|x (y[1)px (1)

1—¢q 1—g¢q
= —5pyix(¥l0) + apy x (Y1) + — =Py x(y[2)
Then
1—gq 1l—e¢ 1—c¢
:71— =
py (0) 5 (1—¢)+q 5 5
(=29 tges 10
DY =3 €+ qe 5 €E=c¢€
1—¢ 1—gq 1—e¢
2) = il ) =
Py(@) =g+ 51— = —



We have

1 1 1
= py(0) 10g;T(O) +py(1)log o (D) +py (2) logm

=(1-¢€)log

1—e¢
Let Hy(e) denote the entropy of the distribution [e, 1 —€] and H(1/3) denote the entropy of the distribution [1/3,1/3,1/3]

H(Y|X) = px(2)H(Y|X = z)
TeEX

=px(OHY[X =0) +px(WHY[X = 1) + px (2 H(Y|X = 2)

= px (0)Hp(€) + px (1) Hi(1/3) + px (2) Hp(e)

= (1 —q)H(e) + qH,(1/3)

Note that, H(Y|X) is a convex combination of (Hy(e), H¢(1/3)) that achieves minimum at min{H,(e), H;(1/3)}. As

Hy(e) <1 < log3 = H(1/3), therefore, H(Y|X) is minimized at ¢* = 0. Since, H(Y) is independent of ¢, then I(X;Y) =
H(Y)— H(Y|X) is maximized at ¢* = 0, and the maximum value is

C(PY|X) = H(Y) — Hy(e)
=(1—-¢)log 1 2

— €

1
—elog —
€

1 1
log = — (1—€)l
+elog - ( €)Og1

=1—-c¢

1.5 e

If we fix ¢ = ¢* = 0, the channel reduces to binary erasure channel (BEC) of erasing probability e

2 Question 2

Consider the conditional distribution Pym|x that stochastically maps X € [0,1] to Y™ € {0, 1} where given x € [0, 1],
Y™ is i.i.d Bernoulli(x). define the m-information channel capacity

C(m) =maxI(X;Y™)
Px

We aim to prove, in this question that
%logm +0(1) < C(m) <logm+ O(1)
where O(1) is a term that is bounded as m — oo
(a) Let S =" Y;. Prove that C'(m) = max,, I(X,S)

(b) Let C (py|x) = max,, I(px,py|x) be the usual information channel capacity. Prove that

C(pY\X) = max min D(PY|X||QY|I?X) = minmax D(pY|XHQY|pX)
PX Qv v px
This is known as the saddle point property of the capacity function.

(¢) Show using the previous part that

C(m) =min sup D(Binomial(m,z)||qs)
as  x€0,1]

where gg is a distribution supported on {0,1,..,m}



(d) Choose uniform gg to show that
C(m) <logm + O(1)

as m — o0

(e) Choose uniform px to show that for all € > 0, there exists mg(¢) such that for all m > myg(e)

Clm) > 1—ce¢

logm

Given a Markov chain

21 a
X — Y™ —— S(Y)
As sample mean is a sufficient statistic for Bernoulli RVs, I(X,Y™) = I(X,S(Y)), therefore

C(m) =maxI(X,Y™) = max I(X, S)

PX px
2.2 b
We have
xy (2, y)
I , = !
(rx,pyix) (M)ZE;(WPXY(:U ,y) log (x)py(y)
— Z px (7)py|x (y]z) logpyx((y)x)

(z,y)EX XY i
py|x(y\$)
= p(z) > pyix(ylz)log ————

g{ g} Py ()

Let g5, +(|xz) = py(y) be a conditional probability that is independent of X

yey Yl

qY|X(y|33)

Y|x(y|x)

x (ylz) .
I(px,pyix) = Z ZPY|X (ylx) logw = D(pY|XHqY|X|pX)
rzeX yey Y‘X Yy
Moreover, for any distribution gy |x (y|)
pyx (ylz)
I(px,pyix) = Y p(x) Y pyix(yle) logw
zeX yeY Y|X Y
pyix (W) gy x (yl)
:Zp ZPY|X y|x)10g | ( |(E) *‘ ( |£L')
TeXx yey Y\X Yy qY\X Yy
v x (y]z)
= Z ZPY|X ylz) logﬁ + ZP(QT) ZPY\X(QW) log —
reX yey Y|Xx Yy reX yey 4
ayix (ylz)
= D(py|x|lav|xIpx) + Z ZPY|X ylz)log W
reX yey Y‘X Y
Qy X(y|$)
yeY YlX yir
Gy x (ylz)
=D z)lo
(pyixllayx[px) — ZqY\X (ylz) g v 1x W7)
)

= D(pyx|lay|x|px) — D(gy x ([z)|lay|x (|2)
< D(py xllav|x|px)

Therefore, we have



D(pyxllay|xIpx) = I(px,py|x) < D(py|x|lav|x|px)
Then,
I(anpY|X) = ;{{1&1 D(pY|XHQY|X|PX)

As ming,,  D(py|x|lay|x|px) reach its minimum at gy y = py independent of X, therefore,

I(px,py|x) = quin D(pY\X gy [px)

Hence,

C(px,py|x) = max min D(py|x||gv|px)
Px 4qvy|x

By minimax theorem,

C(px,py|x) = maxmin D(py | x||qy |px) = minmax D(py|x||qy [px)
pPx 4y dy PX

2.3 c
We have
C(m) =max I(X,S)
px

= min max D(pS\X | \QS\X Ipx)
gs|x PXx

:minmax/ [ ]PX(CU)D(Z?S|X('|$)\|QS|X('|9C))dx
z€[0,1

ds|x DPXx

Note that, the integral wa[O 1 Px (x)D(ps|x (|z)||gs)x (-|z))dx is maximized when px concentrate at one point such that
it maximizes D(pg)x (:|7)||gsx (:|7)), therefore

C(m) =min sup D(psx(:|7)||gsx(-|z))
51X 2€[0,1)

Given any = € [0,1], pgx(-|z) = Binomial(m, ) and from previous derivations, gg x independent of X gives the
maximum value for D(pg|x (-|2)||gs|x (:|z)), then

C(m) =min sup D(Binomial(m,z)||qs)
45 zef0,1]

24 d

Let gs be uniform

 (m MY k(1 = p)n—k
D(Binomial(m,)||gs) = 3 (k)mk(l ok log (&) (11/m )
k=0

= logm — H(Binomial(m,x)) < logm

Therefore,

C(m) <logm
for all m € N. Another proof is that I(X,S) < H(S) <logm

2.5 e

Lemma 1. For any integer-valued random variable X with variance o2, then

H(X) < %mg {27re <02 + 12)}

Moreover, if X is Binomial(n,p), then 0® = np(1 — p), we have

H(X) < 5 log(np(1 ~ p))



Main Proof:

M-

D(Binomial(m,x)||qs) =

(m) 2 (1 —2)" * log (W)a* (1 —z)nk

\k qs (k)
— — H(Binomial(m,z)) + ]é (’Z) 2F(1—2)" *log qst 5
> — H(Binomial(m, z)) + log é (’Z) 2k (1 — x)”kqstk)] (Jensen)
> —H(Binomial(m, z)) + log ki_o <k>xk(1 - x)"k] (q;k) >1)

TODO - right term is cross entropy

3 Question 3

The problem deals with the converse proof of Shannon’s Channel Coding Theorem under the criterion of an ”average bit
error probability” of decoding
Consider a message W = (W1, ..., W,r) uniformly distributed over {0,1}"%, ie., W consists of nR (treat this as an
integer) independent bits W1, ..., W, g. Consider a sequence of (2nR, n)-codes for the channel with encoder f,, and decoder
¢n- Recall that the average error probability is
)\ave(fn; ¢n) = PT(W 7é W)

where W = ¢n(Y™). Denote by VAV7 the estimate of the i-th message bit W; and let
bi(fns ) = Pr(W; # Wy)

for 1 <i < nR. Furthermore, let the average bit error probability be defined by

nR

bave(fn, ¢n) = % Z bz(fna ¢n)

i=1
(a) Show that bave(fna (bn) < )\ave(fna (bn)

(b) In class we showed the weak converse to Shannon’s channel coding theorem which says that under Agye(fn, ¢n) — 0,
R < C =max,, I(px,py|x). Show that even if byye(fn, #n) — 0, the rate satisfies

R < C =maxI(px,py|x)
pPx

3.1 a
We have

Aave(fs &) = Pr(W # W)
=1- P?"(Wl = Wl,WQ = WQ,...,WRR = WnR)

>1- _n{lir};} Pr(W; =W;) (monotone)
enk
nR
>1- L Z Pr(W;, =W;) (minimum is less than average)
- nR — K2 K2

% nf;(l — Pr(W; = W)

nR
1 ~
nR p

= bave(fnv d)n)



3.2 b

Consider the Markov chain

(Wi, Wa, ., Wag) — X" — Y
Since W is uniformly distributed on {0, 1}"%, bits are independent, then

nR
ZI(Wi§ W) < I(W; W)

=1

nC > I(X™Y"™)

> I(W, W)
nR .
> ZI(Wi§Wi)
i=1
Let pi = P(W; # W;), note that since Py, is uniform on {0,1}, then
I(Wis W2) 2 dy(Pyy g5 (Wi = Wa), (Pw, x Py, )(W; = W)

- db( _pea 1/2)

o i 1 - pi 7 pi

= (1—pe)log g TP log 1/2

=1—1log(l—17p!)

1 i i

= 1n2pe

Then
nR 1
> 7
nC = Z(l In2 )
=1
Then
1
C>R-— Rmbave(fm ¢n)

As bave(fn, ¢n) — 0, we must have R S C

4 Question 4

— (W, W, ...,

WnR)

(DPI)

(for p. small and positive)

[Deterministic Channel] Consider a memoryless channel that takes pairs of bits as input and produces two bits as output
as follows: 00 — 01,01 — 10,10 — 11,11 — 00. Let (X7, X2) denote the two input bits and (Y7, Y3) the two output bits

(a) Calculate the mutual information I(X;, Xo;Y7,Ys) for a given joint PMF of four pairs of input bits. You can express

your answer in terms of

poo = Pr(X; =0,X; =0)
p1o = Pr(X; =1,X,=0)
po1 = Pr(X;=0,X, =1)
p1=Pr(X;=1,X2=1)

(b) Show that the capacity is 2 and indicate the units of capacity

(c¢) Show that, surprisingly
that is, information is only transferred by considering both bits

I(X1,Y1) = 0 for the capacity-maximizing distribution of the input you derived in part ?7?,



4.1 a

I(X1, X2;Y1,Y2) = H(Y1,Y2) — H(Y1, V2| X3, X3)

=H(Y1,Y3) (deterministic)
= H(X1, X5) (injective)
= Z pxlxz log

z122€{00,01,10,11} Doy

4.2 b

I(X1,X5;Y1,Ys) is maximized when X7 X5 is uniform, that is

1
—log— =2
C logl/4

4.3 c¢

PT(XIZ',L‘a}/l:y)
(X1, Y1) ( g{jw riXi=e i =y)los R v = y)
x,Yy ’

Pr(Y =ylX; =
= Z Pr(X; =z,Y1 =y)log r =y|X =)

(z.9)ef0.1)2 Prii=y)
If X is uniform, for every pair (z,y) € {0,1}?, we always have
1
Prfi=ylXi=2)=Pri=y) =

Therefore,
I(Xl, Yl) - 0



