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Chapter 1

CATEGORY THEORY

this was written when | studied MAb5209 - Algebraic Topology by Dr Charmaine Sia

1.1 CATEGORY THEORY

1.2 CATEGORICAL CONSTRUCTION OF HOMOLOGICAL
ALGEBRA

Definition 1.2.1 (initial object, terminal object, pointed category, zero map, kernel, cokernel)

Given a category C, an object 0 is initial if for all X € obC, there is only one map in Hom(0, X), an object = is
terminal if for all X € ob C, there is only one map in Hom(X, x). Category C is called pointed if it has initial and
terminal objects and the unique map 0 — x is an isomorphism. If C' is a pointed category, we use the same symbol
0 for both initial object and terminal object. In a pointed category, there exists a zero map between any two objects
M, N € obC, defined by

Miiv

the composition of M — 0 and 0 — N. Moreover, let f : M — N be a morphism in C, a kernel of f is a map
i : K — M such that fi = 0 and such map is universal, that is, if j : L — M with fj = 0, then it factors through
i: K — M, a cokernel of fisamapk: N — @ such that kf = 0 and such map is universal, that is, if [ : M — P
with [f = 0, then it factor through &k : N — Q

0 0

A category C' has kernels if every morphism has a kernel. A category C' has cokernels if every morphism has a

cokernel.




Definition 1.2.2 (preadditive category, Ab-enriched category)
A category C' is called preadditive category (or Ab-enriched category) if for any two objects M, N € obC,

Hom(M, N) is an abelian group and composition is bilinear, that is, if f, g, h are morphisms in C

flg+h)=fg+ fh
(f+9)h=fh+gh

The collection of morphisms on a preadditive category resembles a monoid

Definition 1.2.3 (additive category)
A category C'is additive if

1. C is pointed
2. C is preadditive

3. C admits finite biproduct

biproduct is when product and coproduct coincide. finite biproduct is the product/coproduct of finitely many objects

Definition 1.2.4 (abelian category)
A category C' is abelian if

1. C'is additive
2. every map in C' has kernel and cokernel
3. every monomorphism in C' is the kernel of its cokernel

4. every epimorphism in C'is the cokernel of its kernel

Remark 1.2.5

The category of R-modules is an abelian category, given any submodule N of M

1. every monomorphism in C'is the kernel of its cokernel says that any map M — @ that sends N to zero factors
through M/N

2. every epimorphism in C' is the cokernel of its kernel says that any map L — M that is zero on M /N factor
through N




Definition 1.2.6 (projective class)
Let C be a pointed category with kernels. A projective class in C is a pair (P,£) where P is a collection of
objects (called projectives) and & is a collection of morphisms (called epimorphisms) such that
1. An object P is projective if and only if P has the universal lifting property against every epimorphism
M — N, that is, given any epimorphism M — N, if there is a map P — N, then it factors through M

2. A morphism f: M — N is an epimorphism if and only if every projective has the universal lifting property
against f, that is, given any projective P, if there is a map P — N, then it factors through M

M1y N

=
~
N
~
N
N

~

P

3. C has enough projectives, that is, given any object M € obC, for every projective P, there exists an

epimorphism P — M.

A similar definition for injective class

Remark 1.2.7
In the category of R-modules, an evidental projective class is the pair (P, ) where £ is the collection of surjective

maps and P is the collection of projective modules

Definition 1.2.8 (chain complex, exact sequence)
In a pointed category with kernels, a chain complex is a sequence such that given any subsequence A — B — C,
A — B factors through ker(B — C), that is, there exists a map A — ker(B — C) such that the diagram below

commutes
A / B C
ker(B — C)

Equivalently, the composition A — B — C' is the zero map. If there is a notion of epimorphism and the map
A — ker(B — C) is an epimorphism, then the sequence is called exact at B. A sequence is called exact sequence
or an acyclic chain complex if it is exact everywhere, possibly except the two ends.

Similar definition for cochain complex




Definition 1.2.9 (chain map)
Given two chain complexes Cs, D, in a pointed category with kernels, for each n € Z, there is a map f,, : C;, —

D,, such that the diagram below commutes, then f, is called a chain map

—— Chg —— Cp —— Cpyg +— ...

J/fn—l lfn J/f‘n,+l

c4—— Dy 1 — Dy +— Dpyq +— ...

Chain complexes and chain maps form a category and it is called the category of chain complexes.

Similar definition for cochain map

Remark 1.2.10 (homology)
Let im f = ker coker f and coim f = cokerker f. The main axiom of abelian category states that the canonical

map f: coim f — im f is an isomorphism.

A f B

N

ker f coim f NI im f coker f

Given a complex L — M — N in an abelian category if gf = 0, one can define homology in three ways

/\/
/\/

coker f Y i im g

ker g

1. coker(im f — ker g)
2. ker(coker f — coim g)
3. im(ker g — coker f)

The first of these corresponds to the usual ker / im and it is not very hard to show that all three ways give canonically
isomorphic objects in an abelian category. It is essential to require the category to be abelian here, the three
possibilities are distinct in a general additive category (with kernels and cokernels). https://math.stackexchange.
com/a/18112/700122



https://math.stackexchange.com/a/18112/700122
https://math.stackexchange.com/a/18112/700122

Definition 1.2.11 (chain homotopy)
Given two chain complexes C,, D, in a pointed preadditive category with kernels. Let f,,ge : Co — D, be two
chain maps. A homotopy from f, into g, is a collection of maps h,, : C,,_1 — D,, such that Oh,,41+h,0 = f,—gn

9 ) 9 )
.<—Cn1<—Cn<—Cn+1<—...

(TDnl%D <TD7L+1<T

If there exists a homotopy from f, into ge, then fo and g, are called homotopic and denoted by f, ~ ge. Being

homotopic is an equivalence relation.

Definition 1.2.12 (homotopy equivalent)
Two chain complexes C,, D, are called homotopy equivalent if there exists chain maps f : Cq — D, and
g:De — C, so that gf ~ 1¢, and fg ~ 1p,. Being homotopy equivalent is an equivalence relation and each

equivalence class is called a homotopy type

Theorem 1.2.13 (fundamental theorem of homological algebra - FTHA)
Let C' be a pointed category with kernels and (P,C) be a projective class in C. Given f: M — M’ in C and

the diagram below

0 M+ Py «+% p 4
lf i fo i f1
€ h d’ h d’
0 M P} P

where both chains are chain complexes, the top chain consists of projectives P, and the bottom chain is exact.
Then,

+ There exists a chain map defined by f,, : P, — P, for every n € Ny

« If C' is preadditive, the lift is unique upto chain homotopy.

Proof.

1. The first statement is proved by induction

Pn72 — Pnfl

frn—2 frn-1

/ /
‘Pn72 P

n—1

Suppose there exist maps f,—1: P,—1 — P, _y and fp,_o: Py_o — P, 5. Let K], | =ker(P,_; — P, _,).
Since the bottom chain is acyclic, the map P, — P)_, factors through K|, _, by an epimorphism.

Since the top chain is a chain complex, the composition P, — P,_1 — P/, _; — P!_, equals P, — P,_; —
P,_5 — P!_, and equals 0 zero, so P, — P,_; — P/, factors through K/ _,



Since P, is projective and P/, — K _ is an epimorphism, P,, — K/ _, factors through P/ by a map f,, : P, — P/,
Base case: n=0,let P,_1 =M,P, =M, P, 2=0,P, ,=0and f,_1=f, fn2a=0

n

. Let f.(l), 2. p, - P) be any two lifts from f: M — M’

M +— P,
fJ/ f(l) {/ \\I f(2)
oy e

M +— P,

We will prove that g, = f.(l) — f.(2) is chain homotopic to zero, that is to find maps h,41 : P, — P, such that
dh+hd=yg

04 pyed p @
Ol gol glJ/

0 ¢ Pj e P

d d

Suppose there exists map h,—1 : P9 — P/ _; and h,_2: P,_3 — P/ _, such that

gn—2 — hp_od = d/hnfl
Pn73 d Pn72 d Pnfl
Pyt Pl ¢ P,

Consider the map g,—1 — hyp_1d: Po_1 — P, _4,

d' (gn-1—hp—1d) =d'gp—1 — d'hp_1d (preadditive
=d'gn-1— (gn—2 — hn—2d)d (induction
=d'gn_1— gn—2d (preadditive, dd =0

—_ — Y— ~—

=0 (ge is a chain map

Let K, =ker(d' : P,_; — P, _,).

Since the bottom chain is acyclic, the map d’ : P, — P/ _, factors through K/ _, by an epimorphism.

hn_1 , < hy
K, _ N
J{ rF\ \\
\\\\\j
! / T pr
Pn72 d Pnfl d Pn

As d'(gn—1 — hpn_1d) = 0, gn—1 — hp_1d factors through K/ _,, thatis, g,—1 — h,_1d equals the composition
P,1— K, _,—=P_,



Since P, _; is projective and P/ — K/ _ is an epimorphism, P,_y — K/ _, factors through P/ by a map
hn : Po_1 — P!, that is, the d’h, equals the composition P,y — P, — K/ _; — P/_; and equals the

composition P,y — K}_; — P/, _4, hence
d/hn =9gn—-1 — hp—1d
Base case: n =0, let P, o =0,P, ,=0,P,_1=M,P, =M, hy,_1 =0, then

d'(gn-1—hn_1d) =0 (d: P,_, — P/ _, is the zero map M’ — 0)

Definition 1.2.14 (resolution, projective resolution)

Let M be an object in a pointed category with kernels. A resolution of M is an exact sequence

0 M+ py«% p 4

If P, are projectives in a projective class (P, £), then the sequence is called P-projective resolution.

Similar definition for injective resolution

Corollary 1.2.15
Let M be an object in a pointed preadditive category with kernels. Any two projective resolutions of M are of

the same chain homotopy type.

Definition 1.2.16 (additive functor)
Let C, D be preadditive categories, a functor F' : C' — D is additive if for every M, N € obC,

Hom(M, N) — Hom(F (M), F(N))

is a homomorphism of abelian . In other words, if f,g: M — N, then F(f+g) = F(f)+ F(g). Moreover, since F’
is a functor if h: N — @, then F(hf) = F(h)F(f). Hence, additive functor on a preadditive category resembles a

morphism between two monoids

Remark 1.2.17 (additive functor preserves chain complex)

Additive functor preserves chain complex. That is, if C, is a chain complex, then

d d d d
PR S o R c, Chi1

Fd Fd Fd Fd
w—— FCp_ 1 < FC, «—— FCpi1 +— ..

the bottom sequence is also a chain complex.

(Fd)(Fd) = F(dd) = F(0) = 0

10



Remark 1.2.18 (additive functor preserves chain homotopy)
Additive functor preserves chain homotopy. That is, if f,g: Ce — D, are chain homotopic by a chain homotopy h,
then, F'(h) is a chain homotopy from F'f to Fg

(Fd)(Fh)+ (Fh)(Fd) = F(dh) + F(hd) (F is a functor)
= F(dh + hd) (F is additive)
=F(f-g) (f~gbyh)
— F(f) - F(g) (F s a functor)

Remark 1.2.19
a functor between additive categories is additive if and only if it preserves finite coproducts - Mac Lane's “Categories

for the working mathematician”

TODO - https://math.stackexchange.com/questions/793029/do-covariant-functors-preserve-direct-sums

Definition 1.2.20 (left derived functor)
Let C be a pointed preadditive category with kernels, a projective class (P, £). Let F': C — Ab be an additive
functor, then the left derived functor of F with respect to (P,&) are L, F : C — Ab defined by

(LaF)(X) = Hu(FP.)

where X < Py < Py < ... is a P-projective resolution.

Remark 1.2.21
One can define the dual notion of right derived functor that is left derived functor by cohomology of injective

resolution.

Remark 1.2.22
As F' is additive and any two projective resolutions of an object are chain homotopic, the left derived functor is

well-defined.

Remark 1.2.23
Tor?* (M, —) is a left derived functor in the cateogry of R-modules

11



Proposition 1.2.24

For any short exact sequence
0—-L—->M-—>N-—=0

There exists a natural long exact sequence

Lo FN

LWFL <~ [,FM —— L;FN

FL FM FN —— 0

Remark 1.2.25

If F'is an exact functor, then L1 FFN = 0. L,, measures how far F' from being exact.

Proof. Proof using fundamental lemma of HA O

1.3 UNIVERSAL COEFFICIENT THEOREM FOR CHAIN COM-
PLEXES OF R-MODULES

Remark 1.3.1 (RMod is abelian)

If R is a commutative ring, the category of R-modules is abelian

Remark 1.3.2 (projective module, projective class in RMod)
In the category RMod, there is a projective class (P, ) defined by epimorphism being surjective homomorphism.

Then, the following are equivalent
1. P € obRMod is projective
2. Every short exact sequence 0 = M — N — P — 0 splits

3. P is a direct summand of a free R-module, that is, there exists Q € obRMod such that P @& Q is a free

R-module.

Proof. TODO O

Definition 1.3.3 (Tor functor)
In the category RMod, define Tor,, : RMod x RMod — Ab such that Tor(—, M) is the n-th left derived functor
of (— x M)

Tory, (N, M) = (Ln(— ® M))(N) = H,(P. ® M)

where N < Py < Py < ... is a projective resolution of N

12



Remark 1.3.4 (some properties of Tor)

Tor,, (A, B) = Tor, (B, A)
Torn(lijrt}n As,B) = liTr[)nTorn(Aa, B)

Tor,(P,B) =0 (if P is projective)

TODO

Definition 1.3.5 (direct sum of chain complexes of R-module - product, coproduct, biproduct)
In the category Ch(RMod), the direct sum @ : Ch(RMod) x Ch(RMod) — Ch(RMod) is defined as follows:

(Ce® Do) =Crn® D,
where C,, Dy € ob Ch(RMod) and the boundary map 9 : (Ce ® De)p, — (Co @ Ds)pn—1 is defined by

0:(C®D)y = (C®D)py
c®d— 0cdod

Definition 1.3.6 (tensor product of chain complexes of R-module)
In the category Ch(RMod), the tensor product ® : Ch(RMod) x Ch(RMod) — Ch(RMod) is defined as follows:

(CO ® Do)n - @ Cp & Dq
ptq=n
where C,, Dy € ob Ch(RMod) and the boundary map 0 : (Ce ® Ds),, — (Coe ® Dg)p—1 is the linear extension of
0:Cp®Dy — (Co ® Deg)n—1 where

I(c®d)=0c®d+ (—1)Pc® dd

Proof. TODO - bilinear chain map factors through tensor product

Lemma 1.3.7 (on the spot categorical lemma)
Let .G : C — D be functors that are natural to the identity functor. Let f : A — B be a morphism in C, if
FA=GAand FB =GB, then Ff =Gf if C = D, then it produces a bunch of commutative squares, easy to

prove
A FA —— GA
lf lFf le
B FB —— GB

13



Theorem 1.3.8 (universal coefficient theorem - UCT)
In the category RMod where R is a PID. Let Cy be a chain complex of free R-modules and N be an R-module.
There is a natural short exact sequence (the map H,,(Ce) ® N — H,,(Cs x N) is natural)

0 —— Hp(Co) @ N —— H,(Co @ N) —— Tory (Hp—1(Ce), N) —— 0

and this sequence splits (but not naturally)

Proof.

We have the short exact sequence of chain complexes of free R-modules

0 Z. C. B.,l — 0

where Z,, = ker(0 : C,, = Cy,—1) and B, = im(9 : Cp,41 — C,) and the boundary maps on Z, and B,_; are zeros.
Note that, B,,_ is free since it is a submodule of free R-module C},, then the sequence splits. Then, the sequence

below is exact and splits
00— Zeg@QAN — Ceo®@N —» Be_1 QN —— 0

where the boundary maps on Z, ® N and B,_1 ® N are zeros and boundary mapon Ce @ N is0®1:c®n+— dc®@n

That induces a long exact sequence

i ———— Hyp1(Be_1 ® N)
(in)x

Hn(Zo ®N) —— Hn(co ®N) — Hn(Bo—l ®N)

(in—1)x
H, 1(Zg®@N) ——— ...
where the connecting homomorphism (i) is induced by inclusion map i, : B,—1 @ N = Z, @ N

Bn—l ® N

Zy@N +—— C,® N
That induces a short exact sequence
0 —— coker(iy ), —— H,(Coe @ N) —— ker(in—1)s — 0
We have another short exact sequence

0 B, — z, Hy(Cy) —— 0

Then, the sequence below is exact (see the motivation of left derived functor)

.. —————— Tory(Z,,N) —— Tor1(H,(C,),N)

P

By®N & Z, @ N ——— H,(Co) 8N ——— 0

i®

14



Note that, both 4, and (i,). are induced from the inclusion B,, — Z, and we have a natural transformation of functors

from the category of pairs of a chain complex and an R-module to Ab,

(Be, N) — H, (Bes) ® N
(Be, N) — H, (Bs ® N)

SO (in)x = in

By, Zn

By®N =H,(B)@N 225" o 7 @ N =H,(Z)® N

|

H,(B, ® N)

(in )«
As Z, is free, Tor1(Z,, N) =0, then

coker(iy). = H,(Co) @ N
ker(iy, ). = Tory(H,(Cs), N)

We have the short exact sequence
0 —— Hy(Co) ® N —— H,(Coe ® N) —— Tori(H,-1(Cs),N) —— 0

The split of this sequence is from the map 3 : H,,(Ce ® N) — coker(iy, ). induced from projection map C,, — Z,, O

1.4 KUNNETH THEOREM FOR CHAIN COMPLEXES OF
R-MODULES

Theorem 1.4.1 (Kiinneth theorem)
In the category RMod where R is a PID, let C,, Dy be chain complexes of R-modules, and C, is degree-wise free

(each C,, is a free R-module). Then, there is a natural short exact sequence (homology cross product is natural)

0— D Hy(Co) ® Hy(Ds) —— H,(Co ® Do) —— @, g1 Tor1(Hy(Cs), Hy(Ds)) —— 0

p+g=n

and this sequence splits (but not naturally)

Proof.

1. Case 1: boundary map of C, is zero

The boundary map (Ce ® Ds),, — (Ce @ D4 )p—1 is the linear extension of

9:C, @Dy — Cp,® Dy 1
cod— (-1)ecwad

15



Hence, we can write the tensor product Cy ® D, as a direct sum of chain complexes

CC®D. :@Cp®Do—p

p

We have
H,(Ce® Ds) = H, (@ Cp® D._p>
p

= @Hn<0p ® Dofp)

= @ Cp ® Hp(De—p) (Cp is free, cons of UCT)
P
= @ Cp, ® Hy(D,) (shifted chain complex)
ptg=n

. Case 2: C, is an arbitrary chain complex

We have the short exact sequence of chain complexes of free R-modules

0 Zo Co B.—l 0

where Z,, = ker(0 : C,, — Cp,—1) and B,, = im(9 : C,41 — C,,) and the boundary maps on Z, and B,_; are
zeros. Note that, B,,_1 is free since it is a submodule of free R-module C,,, then the sequence splits. Then, the
sequence below is exact and splits (different from the proof of UCT, this uses split, direct sum, tensor product of

sequence of chain complexes)
0 e ZO®D. — C.®D. e B.71®D. —_— O

That induces a long exact sequence in homology

o = Hpy1(Be—1® D,)
(i’Vl)*

H,(Zyg ® Dy) — H,(Co ® Dy) —— H,,(Be—1 ® D)

(in—1)«

Hy 1(Ze®Dy) ——— ...

where the connecting homomorphism (i, ). are induced by inclusion map iy, : (Be_1 ® D¢)ni1 — (Ze @ D)y,

(Bo—l ® Do)n+1

(Zo ® Do)n — (Co ® Do)n
That induces a short exact sequence
0 —— coker(ip), —— H,(Coe ® Dy) — ker(in_1), — 0

We have another short exact sequence
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0 B, — 7, Hy(Cy) — 0

Then, the sequence below is exact (see the motivation of left derived functor)

Tor1(Z,, Hy(Ds)) —— Tor1(Hp(C,), Hg(D.))

e —

B, ® Hqy(D,) =i Zp @ Hy(Dy) —» H,(Co) ® Hy(Dy) — 0

Take the direct sum over all pairs p + ¢ = n and note that both 4,, and (i, ). are induced from the the inclusion

B, — Z,, we have a natural transformation of functors from the category of pairs of chain complexes to Ab

(Ae, Bs) — Hy,(Ae ® B,)

SO (in)s = in

J®1=in

@p+q:n BP ® HQ(D°)

|

Hp11(Be—1 ® Do)

@p+q:n Zp ® H‘](DO)

lz

Hn(Zo & Do)

(3n)«

As Z,, is free, Torq(Z,, Hy(D,)) = 0, then

coker (i, ). = @ H,(C,) ® Hy(D.)
pta=n

ker(ip)s = @ Tory (H,(C,), Hy(Ds))

We have the short exact sequence

00— P H,(Cy) ® Hy(Dy) —— H,(Co® Dy) —— @ Tory (H,(C,), Hy(De)) — 0

p+g=n ptg=n—1

The split of this sequence is from the map 8 : H,,(Cs ® Do) — coker(i, ). induced from projection map (Ce ® Ds),, —
(Ze ® Da)n
O

1.5 REAL-WORLD APPLICATIONS

1.5.1 UNIVERSAL COEFFICIENT THEOREM FOR TOPOLOGICAL SPACES
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Theorem 1.5.1 (universal coefficient theorem - UCT)
Let X be a topological space and Co(X) be the singular chain complex of X. The singular chain complex with
coefficients N be defined by

Co(X,N)=Co(X)® N

The homology group with coefficients NV is defined by
H,(X,N)=H,(Cs(X,N))
Then, there is a short exact sequence
0— H,(X)® N — H,(X,N) —— Tor1(H,—1(X),N) —— 0

and this sequence splits (but not naturally)

1.5.2 EILENBERG-ZILBER THEOREM

Remark 1.5.2 (Fun(C,RMod))

Given a category C, Fun(C,RMod) is a pointed preadditive category with kernels (more precisely, abelian
category - will define in the future).

Given a morphism F' — G in Fun(C,RMod) (a natural transformation from F' to G), then the kernel of F' — G is
a morphism K — F such that K(X) is the kernel of F'(X) — G(X) for all X € obC

Remark 1.5.3 (models define projective class in Fun(C, RMod))
Let M be any set of objects in C' (called models), then M defines a projective class (P, £) in Fun(C, RMod) where
a morphism G — F' is an epimorphism (relative to M) if for all M € M, G(M) — F(M) is surjective. Then, the

following are equivalent
1. P € obFun(C,RMod) is projective

2. Pis aretract of coproduct of R Hom(M, —) for some M € M where Hom (M, —) is a functor RMod — Set,
R is the free R-module functor Set — RMod. In the case of R-module, retract of coproduct is the direct

summand of a R-module

Proof. TODO - prove using Yoneda lemma

Remark 1.5.4
Let C = Top and model M = {A™ : n = 0,1,...}, then for each n, RHom(A"™, —) is projective. Note that,
RHom(A™, —) is the n-singular chain complexes with coefficients in R denoted by C,,. Moreover, the sequence

below is a projective resolution of the zero-th homology functor Hy

0 Hy < Cy <2 0, <2

Let Evx be the evaluation functor of topological space X, then the left derived functor Evx on Hy is the n-th

singular homology of X
(Ln Evx)(Ho) = Hn(Co(X)) = Hn(X)

18



Theorem 1.5.5 (Eilenberg-Zilber theorem)
Let X,Y be topological spaces and C, be the singular chain complex functor from Top to RMod, then there are

two chain maps

F:Co(X xY) = Cu(X)® Cu(Y)
G:Co(X)®Cu(Y) = Co(X x Y)

such that F'G and GF are chain homotopic to identity. That is, Ce(X X Y) and Ce(X) x Ce(Y') are of the same
chain homotopy type.

Proof.
idea of proof
In the category of Top x Top, let model M = {(AP, A%) : p,q > 0}. These functors Top x Top — RMod are projective

Cr(X xY) = RHom(A", X) x Hom(A",Y)]
Cp(X) ® Cy(Y) = R[Hom(AP, X)) x Hom(A?,Y)]

As Hy(X xY) — Ho(X) — Ho(Y) is an isomorphism, by FTHA, that induces a chain homotopy equivalence.

0¢—— Hy(XXY) ¢ Co(X XY) ¢—— (X X Y) ¢—— ..

| s s

0 +—— Ho(X)® Ho(Y) +— (Co(X) (ESC.(Y))O — (C.(X)Q;C.(Y))l — .

Corollary 1.5.6

Same chain homotopy type induces isomorphism in homology, that is

H,(X xY) = H,(Co(X)®Ce(Y))

1.5.3 KUNNETH THEOREM FOR TOPOLOGICAL SPACES

Theorem 1.5.7 (Kiinneth theorem)
In the category RMod where R is a PID, let Cy, Doy be chain complexes of R-modules, and C, is degree-wise free

(each C,, is a free R-module). Then, there is a short exact sequence

0 —— @D, gen Hp(Cs) ® Hy(Dy) —— Hp(Co ® Dy) —— @,y Tors (Hy(Cs), Hy(Ds)) —— 0

and this sequence splits (but not naturally)
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Theorem 1.5.8 (Kiinneth theorem)

Let X,Y be topological spaces and R be a PID, there is a natural short exact sequence

0 —— @, yn Hp(X;R) @ Hy(Y;R) — = Ho(X XY) —— @, Tor1(Hy(X; R), Hy(Y; R)) ——

and this sequence splits (but not naturally).

Corollary 1.5.9
If Ho(X; R) is torsion free over R (of the form R & R & ... without any R/nR term), then

Hy(X xY)= @ Hy(X;R)® Hy(Y;R)

pt+g=n

Reserve for theory of categories
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Chapter 2

RING AND IDEAL

2.1 RING HOMOMORPHISM, IDEALS, QUOTIENT RING

2.1.1 RING AND RING HOMOMORPHISM

Definition 2.1.1 (associative ring, commutative (unital) ring)

An associative ring R is an additive abelian group (R, +) equipped with a multiplication X : R x R — R such that

1. the multiplication is associative, that is
(ab)c = a(be)

for all a,b,c € R

2. the distributive laws hold in R, that is
(a+b)e=ac+ bc and c(a+ b) = ca + cb
for all a,b,c € R
If the multiplication is commutative, that is, ab = ba for all a,b € R and there is an element 1 € R such that
la=al =a

for all a € R, then (R, +, X, 1) is called a commutative (unital) ring. The element 1 is called multiplicative identity

or unity.

Remark 2.1.2

From now on, whenever we mention ring, that will mean commutative (unital) ring
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Definition 2.1.3 (ring homomorphism)
A map f: A— B of aring A into a ring B is called a ring homomorphism if

1. f: A— B is a group homomorphism of the additive groups

2. f(zy) = f(z)f(y) for all x,y € A

3. f(la)=1p

2.1.2 IDEAL AND QUOTIENT RING

Definition 2.1.4 (subring)
A subring S of a ring R is a subset if R that is also a ring

Definition 2.1.5 (ideal)
A ideal I of a ring R is an additive subgroup of R that is stable under multiplication by ring elements, that is for
each r € R, the multiplication map by r is

r:RxI—1T

(r,i) — ri

(note that, ideal is not a subring)

Definition 2.1.6 (quotient ring)
Given an ideal I of a ring R, the quotient group R/I inherits a naturally defined multiplication from R which makes

it into a ring, namely, the quotient ring. The multiplication in R/I is as follows:

x:R/IxR/I — R/I
(e+Ly+I)—ay+1

for all x,y € R. Moreover, the natural projection

¢:R— R/I

z—x+1

is a surjective ring homomorphism. We also write © + I = z = [z] = ¢(x)

Theorem 2.1.7 (the first isomorphism theorem for rings)
Let f: A — B be a ring homomorphism, then ker f is an ideal of A, im f is a subring of B, and f : A — B factors
through A/ ker f by the natural projection ¢ : A - A/ ker f by a ring isomorphism A/ ker f = im f

A—>1meB

| A

A/ ker f
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Proof. TODO

Theorem 2.1.8 (the forth isomorphism theorem for rings)
Let I be an ideal of R, there is a one-to-one correspondence between the set of ideals in A containing I and the

set of ideals in A/I given by the map ¢ : A - A/I

Moreover, consider the partial order by inclusions of ideals, the correspondence is also order preserving, that is, given

ideals J, K containing I in R, then J C K <— JCK

o eem
= - 3

I
{0)

R
R/I

Proof. TODO

Remark 2.1.9 (the second and third isomorphism theorems for rings)
Let R be aring

1. (the second isomorphism theorem) Let S be a subring and I be an ideal of R, then

S+1_, S

I Snli

2. (the third isomorphism theorem) Let I, .J be ideals of R with I C .J, then

R/L_R

JII T

Remark 2.1.10 (existence of ideal)

Given any ring R, there always exist at least two ideals
1. the zero ideal: (0) = {0}

2. the whole ring R = (1) = (u) for any unit u

2.2 PRIME IDEAL AND MAXIMAL IDEAL

Definition 2.2.1 (zero divisor, unit)
A zero divisor x in ring R is an element that divides 0, that is, there is y € R such that xy = 0. A unit x in ring
R is an element that divides 1, that is, there is y € R such that xy = 1. The set of units forms the multiplicative

group R*

2.2.1 PRIME IDEAL AND DOMAIN
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Definition 2.2.2 (domain)
A ring R is a domain if xy = 0 impliesx =0 or y =0 for all x,y € R

Definition 2.2.3 (prime ideal)
A non-zero proper ideal p of ring R is prime if zy € p implies z € p or y € p for all x,y € R

Proposition 2.2.4
An ideal p of R is prime if and only if R/p is a domain

Proof. An ideal p of R is prime <= zy € pimpliesz €porycp < Ty=Ty e pimpliesz cporyecp <

R/p is a domain

2.2.2 MAXIMAL IDEAL AND FIELD, LOCAL RING

O

Definition 2.2.5 (field)
Let R be a ring with 1 #£ 0, then the following are equivalent

1. every non-zero element in R is a unit
2. the only ideals in R are (0) and R
3. every map R — S into a non-trivial ring S is injective.

The ring R satisfying one the those conditions is called field

Proof.

(1 = 2) Let A be a nonzero ideal of R, then there exists a nonzero x € A. Since R is a field, x is an unit. Then,

R=(x) CA hence A=R

(2 = 3)If ¢: R — S is a ring homomorphism, then ker ¢ is an ideal in R. Since S is non-trivial, ker ¢ = (0) = {0},

that is, ¢ is injective.

(3 = 1) Let z € R that is not a unit, hence (z) # R. Then, R/(z) is not trivial. The natural projection

¢ : R — R/(z) is injective by the premise, hence (z) = ker ¢ = {0}. Then, z =0 O
Definition 2.2.6 (maximal ideal)
A proper ideal m of R is maximal if there is no proper ideal a such that
mCaCR
Proposition 2.2.7
An ideal m of R is maximal if and only if A/m is a field
Proof. prove by the characterization of field and order-preservation of fourth isomorphism theorem O
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Remark 2.2.8

every field is a domain implies every maximal ideal is prime.

Proposition 2.2.9

Every proper ideal is contained in a maximal ideal (Zorn lemma)

Definition 2.2.10 (local ring, residue field)
A ring A is local if it has exactly one maximal ideal m. The field K = A/m is called residue field. We usually denote
(A, m, k)

Proposition 2.2.11

Propositions on local rings
1. Let A be a ring and m be a proper ideal of A such that every z € A —m is a unit. Then, (A, m) is a local

ring.

2. Let A be aring and m be a maximal ideal of A such that every element of 1+ m = {1 + 2 : z € m} is a unit
in A. Then, A is a local

Proof.
(1) Any other maximal ideal contains a unit, hence it is the whole ring. Then, A is local
(2) Let z € A —m, since m is maximal, then the ideal (z,m) = A. Hence, 1 = rz + m for some r € R, m € m, then

zy=1—m € 1l+4+m, zis a unit. From 1, A is a local ring. O

2.3 RADICAL

2.3.1 RADICAL

Definition 2.3.1 (radical)
Given any ideal I of ring R, then the radical of I, denoted by VI, is defined by

VI=r(I)={zec R:a" eI for somen > 1}

Proposition 2.3.2
Given any ideal I of ring R, the radical /T of I is an ideal

Proof.

(VT is a group) 0 € VI. If z € VT, then 2™ € I for some n > 0, then (—x)" = (—1)"z" € I, hence —x € V1. If
z,y € VI, then z",y™ € I for some n,m > 0, then (z 4 y)" =1 = Sptm=t (nFm=lyghyn+m—1-k ¢ T since each
ghyrtm=1=F c T forall 0< k<n+m—1, thatis, c +y € VI

(VT is stable under multiplication by ring elements) If z € /I, then 2" € I for some n > 0. If r € R, then
(rz)" = r"z™ € I, hence rz € /T O
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Proposition 2.3.3
Given any ideal I of ring R and ¢ : R — R/I, then

VI = ¢~ (Mry1)

where g/ is the nilradical of R/I, that is, the radical of the zero ideal of R/I

Remark 2.3.4
Let I, J be ideals of R and p be prime ideal of R, then

WI=vi

VI =VInJ=VInVJ

VI=R < I=R

VI+JT=\VI+VI

VPT =p (for every n > 1)

Proposition 2.3.5
Given any ideal I of ring R, then

Vi= () »

p prime and ICp

Proof.
(C) For any prime ideal p such that I C p, if 2 € \/T, then 2™ € I C p for some n > 0. Since p is prime, = € p
(D) Let « € VI, then 2™ € I for some n > 0. Suppose there is a prime ideal p such that I C p and = ¢ p. This is a

contradiction since z" € p implies x € p. O

2.3.2 NILRADICAL

Definition 2.3.6 (nilpotent, nilradical)
A element x of a ring R is called nilpotent if 2™ = 0 for some n > 0. The nilradical of a ring R is the collection of

nilpotent elements, denoted by nr = +/(0)

Remark 2.3.7

Given a ring R, R/ngr has no nonzero nilpotent element.

Proof. Let x € R such that 2 = 0, then 2 = z" = 0, that is, 2" € ng, hence, 2™ = (™)™ = 0 for some m > 0,

that is, x is nilpotent O

Corollary 2.3.8

The nilradical nr of R is the intersection of all prime ideals of R
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2.3.3 JACOBSON RADICAL

Definition 2.3.9 (Jacobson radical)

Given a ring R, the Jacobson radical is

JR)= ()] m

m maximal

Proposition 2.3.10
Given a ring R, = € J(R) if and only if 1 — zy is a unit in R for all y € R

Proof.

(=) Let x € J(R), suppose 1 — zy is not a unit, then 1 — zy belongs to some maximal ideal m. Since z € m and
1 ¢ m, this is a contradiction

(<= ) Let 1 —zy be a unitin R for all y € R and there is a maximal ideal m such that ¢ m. Since m is maximal,

(m,z) = R, then 1 = m + ra for some m € m and r € R. Hence, m = 1 — rz is a unit, this is a contradiction. O

2.4 OPERATION ON IDEAL

2.4.1 IDEAL GENERATED BY SET

Definition 2.4.1 (principal ideal, ideal generated by a set)
Let A be a subset of ring R, then the ideal generated by A is the smallest ideal containing A, denoted by (A). This
is well defined since the intersection of arbitrary number of ideals is an ideal. An explitcit construction of (A) is as
follows:

(A) = RA={ra +..+rpa,:71,....7 € R,ay,...,a, € A,n >0}

A principal ideal is an ideal generated by one element. In particular, the principal ideal generated by z € R is

(z) ={rx:r € R}

2.4.2 OPERATION ON IDEAL
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Definition 2.4.2 (sum, product, intersection, union)
Let I, J be ideals of ring R, define the following ideals

1. sum of ideals
I+J={i+j:ieljeJ}

arbitrary sum of ideals is defined by ), ; a; = {aj, + ...+ aj, : ji,....,Jn € I,n € L>0}

2. product of ideals
IJ = {i1jr +i2j2 + ... +injn e € I,jo € J}

3. intersection of ideals
InJg

Remark 2.4.3
Let I, J, K be ideals, then we have the following

L IJ+K)=IJ+IK
2. IJCINJCICI+J
3. (I+)INJ)CIJ

4. the smallest ideal containing [ and J is [ + J

Definition 2.4.4 (coprime)
Two ideals I, J in R are called coprime (or comaximal) if I +J =R

Proposition 2.4.5 (chinese remainder theorem, CRT)
Let I and J be ideals of ring R, define the homomorphism

¢:R— R/IXR/J

re—(r+Ir+J)

Then
1. kerp=1INJ
2. I+ J=RimpliesINJ =1J

3. I+ J = Rif and only if ¢ is surjective. Hence, ?

R/IJ~R/INJXR/IXxR/J

4. InJ=(0) if and only if ¢ is injective

9the statement is also true for the case of n ideals and ideals being pairwise coprime

Proof.
(ker ¢ = I N J) the elements in R that are sent to (0,0) in R/I x R/J are exactly those in both I and .J
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(I+J=RimpliesINJ=IJ)IfI+J=R,thenINJ=R(INJ)C1IJ. Since JCINJ, thenINJ=1J
(I+J =R if and only if ¢ is surjective) If I + J = R, then 1 =i+ j for some i € I and j € .J, we have

Hence, for any (Z,y) € R/I x R/J with x,y € R, then ¢(jx +iy) = (Z,y). That is, the map ¢ is surjective. By the
first isomorphism theorem, we have the isomorphism as required. In the contrary, if ¢ is surjective, there exists ¢ € R
such that ¢(x) = (1,0), thatis, 1 —x € I and « € J. Therefore, 1 € I + J, thatis, [+ J =R

(INnJ =(0) if and only if ¢ is injective) this is true since ker¢p = I N.J O

Remark 2.4.6

In general, union of ideals is not an ideal.

Proposition 2.4.7
Let A and B be ideals and I be an ideal contained in AU B, then I C A or I C B. Let py,po,...,pn be prime

ideals and I be an ideal contained in U?:l p;, then I C p; for some i

Proof.

(the case of two ideals) If T /@ A, then there exists a €¢ I — A. If I /@ B, then there exists b € I — B. Consider the
elementa+b€1l,a+b¢ Aand a+b¢ B, contradiction

(the case of n prime ideals) We will prove by induction. The statement when n = 1 is true. If n > 1 and suppose the
statement is true for all 1,2,...,n — 1. For each i, let z; € I such that z; € p; — U#i p;. If this is not possible, then

the statement falls back into one of the cases 1,2,...,n — 1. Consider the element y € T
n
Yy = lexg...xi,1$i+1...1'n
i=1

For each i, the term zqxo...x;—12;41...2, & P; Since p; is prime and all other terms belong to p;. Therefore, y ¢ p;.

That is a contradiction. O

Proposition 2.4.8
Let Ay, As, ..., A, be ideals and p be a prime ideal containing ﬂ?zl A; # @, then p D A; for some i. Moreover, if
p =, Ai then p = A, for some i

Proof. Suppose p 2 A; for all 4, then for each i there exists x; € A; — p. Hence, [Tz; € (| A; but [[x; ¢ p since p is
prime, contradiction. Moreover, if p = () A;, then p C A; for all i. Hence, p = A; for some 4 O

Definition 2.4.9 (ideal quotient, annihilator)
If A, B are ideals in a ring R, their ideal quotient is

(A:B)={r€R:2zBC A}
In particular, (0, B) is called the annihilator of B, denoted by anng(B)

anng(B) = (0,B) ={r € R: 2B =0}
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2.5 EXTENSION AND CONTRACTION

Let f : A — B be a ring homomorphism, if a is an ideal of A, then the image f(a) is generally not an ideal in B. Let
f:Z — R be the natural inclusion and a = (2), then a is an ideal in Z but not an ideal in R. On the other hand, if b

is an ideal in B, then the preimage f~1(b) is always an ideal in A

Definition 2.5.1 (extension, contraction)

Let f: A — B be a ring homomorphism.

1. Let a be an ideal in A, the ideal generated by the image f(a) is called extension of a under f denoted by

a°= f(a)B={ab:a € f(a),b € B}

2. Let b be an ideal in B, the preimage f~1(b) is called contraction of b under f, denoted by

b°=f1b)=bNnA

Proposition 2.5.2

Let f: A — B be a ring homomorphism, contraction by f maps primes into primes

Proof. TODO O

Proposition 2.5.3
Let f: A — B be a ring homomorphism, a C A, b C B be ideals

1.aCa*and b® C b
2- aGC6 — aC and bCGC — b@

3. TODO - proposition 1.17

Proof.
TODO O

2.6 SPECTRUM OF RING
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Definition 2.6.1 (spectrum of ring, Zariski topology)
Let R be a ring and the spectrum of R be defined by

Spec R = {p prime in R}
Moreover, Spec R admits a topology generated by the collection of closed sets
{V(I): I ideal in R}

where V() is the set of prime ideals containing I. The topology is called Zariski topology. Under Zariski topology,

given any ring homomorphism f : A — B, contraction under f defines a continuous map

f* : Spec B — Spec A

prr fHp)
Remark 2.6.2
Using this language, the radical of an ideal I of ring R is
Vi= () »
peV(I)
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Chapter 3

MODULES

3.1 MODULE AND MODULE HOMOMORPHISM

Definition 3.1.1 (module)
An module M over a ring R is an abelian group in which R acts linearly on: that is, there is a multiplication map
-t Rx M — M such that

rx+y)=re+ry
(r+s)x =rz+ sz
(rs)z = r(sx)

o = g8

forall r,s € Rand z,y € M

Definition 3.1.2 (module homomorphism)

Let M and N be R-modules, a map f: M — N is an R-module homomorphism (or R-linear) if

flx+y) = f(z)+ f(y)
flazx) = af(x)

foralla € Aand x,y € M

Remark 3.1.3 (Homp(M, N) is an R-module)

Let M and N be R-modules, the set of R-module homomorphisms of M into N, denoted by Hompg(M, N) is
naturally an R-module by defining addition + : Homg (M, N) x Homg(M, N) — Homg(M, N) and multiplication
-: Hompr(M, N) x Homg(M, N) — Hompg(M, N) as follows:

(f +9)(@) = f(x) + g(x)
(rg)(z) = rg(z)

for all x € M, f,g € Homg(M,N), and r € R
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Remark 3.1.4

Let M be an R-module, then there is a natural isomorphism

Hompg(R, M) = M
fe f()

Let I be an ideal of R, then there is a natural isomorphism
Hompg(R/I, M) = MII]

where M[I]={m e M :im =0forall i € I}

Remark 3.1.5 (functor Hompg (L, —) and Hompg(—, L))
Let L be a R-module, Hompr(L, —) is a covariant functor and Homp(—, L) is a contravariant functor. If f : M — N

is an R-module morphism, then the induced morphism is defined by

f* :Hompg(L, M) — Hompg(L, N)

g~ fg
f* :Homp(M,L) < Hompg(N, L)

gf <g
L M-t N
gl o . lg
f\\J gf \U
M- N L

3.2 SUBMODULE AND QUOTIENT MODULE

Definition 3.2.1 (submodule)
A submodule N of an R-module M is a subgroup of M and closed under multiplication by elements of R, that is,

RN CN

N is also an R-module.

Remark 3.2.2
Let A be a ring, then A is naturally an A-module. The submodules of A as an A-module is precisely the ideals of A
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Definition 3.2.3 (quotient module)
Let NV be a submodule of an R-module M, then the quotient group M /N is also an R-module and called quotient

module with multiplication defined by

Ty =7Y
for all x,y € M. Moreover, the natural projection

¢: M — M/N

T

is a surjective R-module homomorphism.

Remark 3.2.4
Let f: M — N be an R-module homomorphism, let

kerf={xeM: flx)=0}C M
imf={f(z):z e M} CN

Then, ker f is a submodule of M, im f is a submodule of N

Theorem 3.2.5 (the first isomorphism theorem for modules)

Let f : M — N be an R-module homomorphism, then f : A — B factors through M/ker f by the natural

projection and a module homomorphism

M%imf

| <

M/ ker f

Theorem 3.2.6 (the fourth isomorphism theorem for modules)
Let N be a submodule of M. There is a one-to-one correspondence between the set of submodules of M containing
N and the set of submodules of M/N given by the map ¢ : M — M/N

P = ¢(P)

Moreover, consider the partial order by inclusions of submodules, the correspondence is also order preserving, that
is, given submodule P, Q containing N in M, then PC Q <= P CQ

N P Q M
0} —— P Qs M/N

3.3 OPERATION ON SUBMODULE
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Definition 3.3.1 (sum, intersection)
Let M be an R-module and P and @ be submodules of M, define the following modules

1. sum of submodules
P+Q={p+q:pePqeq}
P + @ is the smallest submodule containing P and Q.

2. arbitrary sum of submodules

ZNZ = {njl + .o+ Ny, ‘), Jr € 1Kk € ZZO}
el

3. intersection of submodules
PNQ

Proposition 3.3.2 (the second and third isomorphism theorems for modules)
If L 2 M O N are R-modules, then

If P and @ are submodules of M, then

Remark 3.3.3
Let f : M — P be a R-module morphism such that N C ker f for some submodule N of M, then f factors
uniquely through the natural projection M — M /N by a map f': M/N — P defined by f/(z) = f(z). Thisis a

consequence of the second isomorphism theorems for modules.

Remark 3.3.4 (IM-notation)
Let M be an R-module and I be a subset in R, then

IM = {ilml +iomo 4 . F 1My £ 81, .eny tpy € I,ml,...,mn S M} CM

if I is an ideal in R, then I M is a submodule of M.
Let A be a subset of R, then RA = (A) is the ideal generated by set A.
Let f: A — B be aring map, and a C A be an ideal in A, then f(a)B is the extension of a in B

3.4 DIRECT SUM AND DIRECT PRODUCT
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Definition 3.4.1 (direct sum, direct product)

Let (M;)icr be R-modules, define the direct product [],.; M; and direct sum &, _; M;

iel
@Mi = {(mi)iel € HMZ : m; are all zeros but a finite number}
il i€l

In particular, if M and N are R-module, M & N = M x N. Direct product and direct sum are R-modules with

addition and multiplication defined element-wise.

3.5 EXACT SEQUENCE

Definition 3.5.1 (complex, exact sequence)

Given a sequence R-module maps
s My LMy L M ——
for every i € Z. The sequence is called a complex if
im(f: M;—1 — M;) Cker(f: M; — M; 1)
for every i € Z. The sequence is called exact at M; if

1m(f 2 Mi—l = Ml) = ker(f g Mz = Mi+1)

The sequence is called exact if it is exact at every i € Z

Remark 3.5.2

Some example of exact sequences

1. 00— M J N is exact if and only if f is injective

2. N 2 Q@ —— 0 is exact if and only if g is surjective

3. 0 M —y 0 is always exact

f

4. 0 M N 2% Q 0 isexactif and only if f is injective, g is surjective, and im f = ker g.

A sequence of this form is called short exact sequence (SES).

5. given any f: M — N, there are two short exact sequences

0 ker f M—t s imyf 0

0 im f N coker f —— 0
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3.6 FINITELY GENERATED MODULE
FINITELY PRESENTED MODULE

Definition 3.6.1 (free module)

A free R-module is a module M isomorphic to R4 for some set A

Definition 3.6.2 (finitely generated (f.g) module)
Let M be an R-module, if there exists a finite set {x1, z2,...,2,} € M such that every element z € M can be
expressed as

T =1r1x1 +1r202 + ... + 1Ty

for some 71,79, ...,7, € R. Then M is called finitely generated module.

Proposition 3.6.3

M is a finitely generated R-module if and only if there is an exact sequence
R —— M —— 0

so that the map R — M maps the i-th basis vector of R" into z;

Corollary 3.6.4
A-module M generated by one element is the same as a quotient module of A, that is, there exists an ideal a in A
so that M =2 A/a

Definition 3.6.5 (finitely presented (f.p))

M is finitely presented R-module if and only there is an exact sequence

R™ R M 0

Remark 3.6.6 (finitely generated module but not finitely presented)
Let K be a field, R = K[x1,x2,...] be the polynomial ring of countably infinite number of variables over K,

m = (z1,22,...), and M = R/m = K. Then M is finitely genrated but not finitely presented as R-module.

TODO
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Proposition 3.6.7

Given a short exact sequence

Then,

1. If M and @ are finitely generated then N is finitely generated

2. If M and @ are finitely presented then N is finitely presented

Proof.
1. (If M and @ are finitely generated then N is finitely generated)
homework 1 (chapter 2 - problem 9)
2. (If M and @ are finitely presented then N is finitely presented)

TODO - use snake lemma

Lemma 3.6.8 (snake lemma)

Let R be a ring, given a commutative diagram of modules and module homomorphisms

0----- ” Ml “ M2 b M3 0
J/fl lf2 lfg,
0 Nl N2 d N3 ***** > 0
and rows are exact, then there exists a natural exact sequence
0 ------ » ker fi —— ker fo —— ker f3
5
coker f; —— coker fo —— coker f3 ----- » 0

Moreover, if there are maps 0 — M; and N3 — 0, then there are maps 0 — ker f; and coker f3 — 0. The

connecting homomorphism ¢ : ker f3 — coker f; is defined by
1. given z € ker f3 C M3
2. since b is surjective, pick y € M so that by = x, then 0 = fsz = f3by = dfay, thus, foy € kerd =imc
3. since c is injective, there is a unique z € Nj so that cz = foy
4. define § : ker f3 — coker f; by d(x) = [2]

the construction is independent of the choice of y
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Remark 3.6.9 (natural exact sequence)

By natural, we mean

N 3 a M, b Ms 0

0 ------—-- Fr----1 > M| f M, J M; 0
0 Ny fﬁ N f*g Ng -------- fro---- > 0
0 N! N d A » 0
induces
0 ----- » ker fi — ker fo — ker f3 —2— coker f; — coker fo — coker f3 ----- > 0
0----- » ker f| — ker f, —— ker f} —>— coker f| —— coker f; —— coker f} ----- > 0
Proof. TODO O

Lemma 3.6.10 (Nakayama lemma - useless version)

Let A be a ring and M be a finitely generated A-module. If ¢ € Hom 4 (M, M) is an R-module endomorphism such
that im ¢ C I M for an ideal I of A. Then there is an equation in Hom 4 (M, M)

" +a1¢" '+ .+ ap19+an =0

for some aq,as,...,a, € I

Proof. Let {x1,x2,...,x,} generates M. Since im ¢ C IM, then for each i = 1,...,n, ¢(z;) € IM, we can write

Glai) = i

j=1

for some a;; € I. We can rewrite the equation for each i =1,...,n

(0ij¢ — aij)x; =0
1

J

n

where 0;; = 1 if and only if ¢ = j, otherwise d;; = 0 (Kronecker delta). We can rewrite the system of equations in

matrix form

AZ =0

where & = (z1,%2,...,x,) € M™ is a vector of n-dimension and A € M, [Hom 4 (M, M)] with A;; = d;;¢ — a;; is a

n x n matrix. Consider the ring Hom 4 (M, M) with multiplication defined by function composition, we have *

det(A)I,, = adj(A)A

ladj(A) is the adjugate matrix of A
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Hence,

det(A)x,
det(A
T2 et AT = adi(A) AT = 0
det(A)z,
Thus, det(A)x; = 0 for each i = 1,2,...,n. Hence, det(A) = 0 in Hom4 (M, M). Hence, there is a polynomial as
required. O

Corollary 3.6.11
Let M be a finitely generated A-module and M = IM for an ideal I of A, then there is a € A so that a = 1
mod I and aM =0

Proof. Let ¢ = idy; : M — M. Nakayama lemma implies that there exists a, € I such that idy; +a, = 0 €
Homy (M, M). Leta=14a, € A, then aM =0 O

Lemma 3.6.12 (Nakayama lemma - version 1)
Let M be a finitely generated A-module. If I C J(A) is an ideal of A and IM = M, then M =0

Proof. Let a € A so that @ = 1 mod I such that aM = 0. Since I C J(A), then a € A* is a unit of A, hence
M=atlaM =0 O

Lemma 3.6.13 (Nakayama lemma - version 2)
Let M be a finitely generated A-module. If I C J(A) is an ideal of A and N is a submodule of M such that
M =IM+ N, then M = N.

Proof. Let Q = M/N be an A-module, observe that I(M/N) = (IM + N)/N
1Q = I(M/N) = (IM + N)/N = M/N = Q

By Nakayama lemma version 1, Q = 0, hence M = N O

Remark 3.6.14
Given any R-module M and ideal I of R, M/IM is a R/I-module

Proof. IM is a submodule of M, then M/IM is a quotient group of M. We need to define the action of R/I on
M/IM. Let r € R, m € M, define

X : R/I x M/IM — M/IM
(r,m) — 7m

The action is well defined. Let r1 —r € I and m; —m € IM, then

Fimy —rfm=rim; —rm=ri(m —m)+(r1 —r)ym=20
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Lemma 3.6.15 (Nakayama lemma - version 3)
Let (A,m,k) be a local ring. If M is finitely generated A-module and {z1,xo,...,x,} € M/mM generates the

k-vector space M/mM, then any choice of lifts {Z1, Zo, ..., Z,,} generates M

Proof. Let N be the submodule of M generated by {Z1, Z2, ..., Z, }, then M = N +mM. By Nakayama lemma version
2, N=M L]
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Chapter 4

LOCALIZATION

4.1 LOCALIZATION OF RING

Definition 4.1.1 (multiplicatively closed set)
Let A be a ring and a subset S of A is a multiplicatively closed if 1 € S and S is closed under multiplication, that

is, 1,82 € S implies s1s2 € S. In other words, S is a submonoid of the multiplicative monoid of A

Remark 4.1.2
If p is an ideal in a ring A, then S = A — p is multiplicatively closed if and only if p is prime.

Theorem 4.1.3 (localization of ring, ring of fractions)

Let A be a ring and a multiplicatively closed subset S C A. Then, there exists a naturally associated ring S™1A,
namely ring of fractions, and a ring map ¢g5 : A — S~!A such that for any ring map f : A — B such that
f(S) C B*, then f factors through ¢ by a unique ring map g : S™'A — B.

A%B

/X
d)sl o0

S—1A

The process of passing from A into S~!A is called localization.

Construction. Construct the ring S~1A by
ST1A=AxS/~

where (a, s) ~ (a1, s1) if and only if there exists ¢t € S such that ¢(sja — sa;) = 0. The equivalence class of (a, s) is

denoted by 2. The addition and multiplication are defined by

a aq si1a + say

S S1 5§51
a ay aaq
S S1 551

42



The additive identity and multiplicative identity of S~1A are

1
O:gandlzi

Themap ¢pg: A— S 1As

Remark 4.1.4
From the universal property, any construction satisfying the universal property is unique up to isomorphism. More-

over, ¢g is not injective in general. Observe that
1. a€kergpg < (a,1) ~(0,1) <= Js€ S,sa=0
2. for each s € S, ¢g(s) is a unit in S~ A since (s/1)(1/s) =1/1

3. ¢g is the universal map sending S into units in domain ring

Proof.

(<=) The ring map f': S~'A — B maps units into units, then the composition f’¢s : A — B maps S into units of
B

(=)

Existence of f': S™1A — B, define

fl8A=B
S f@f(s)!
1" is well defined because if a1/s1 = a/s, then there exists ¢ € S such that ¢(sja — sa;) = 0. Then
@) f(s1)f(a) = f(£)f(s)f(a) =0
Since f(t), f(s), f(s1) are units in B, then
fla)f(s)™" = flar)f(s1) ™"

Uniqueness of f': S™'A — B, for any map g: S™'A — B satisfies the same condition. We have

ORI CREONTES
o) =o(32) ~o(5)o2) ~siorer = (2

Hence,

another proof for uniqueness using ker f DO ker ¢g, then f factors through ¢g - need elaboration O

Corollary 4.1.5
¢s : A — S™1A is an isomorphism if and only if S C A*
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Proof.

(=) Foreach s € S, ¢5(s) is a unitin S7L1A, since g5 : AX — (S~1A)* is a morphism of multiplicative groups and
it is injective, s is a unit in A. Hence, S C A%

(<=)IfSCA* let1s:A— A, then 14 factors through ¢5: A — S~ tAbyamap f:S7tA— A

A4, 4 A 514
/‘! /,7
<bs\[ //f ¢SJ/ /’/15*1,4
S1A S14

¢s is injective since fog = 14. Moreover, let ¢g: A — S™1A, then ¢g factors uniquely through ¢g: A — S™'A by
the map 1g-14 : S7'A — S~'A. Thatis, any map g : S™'A — S~ A such that g¢s = ¢g, then g must be 1g-14.
We have

(psf)ds = ¢s

Hence, ¢sf = 1g-14, thus ¢g is surjective. O

Remark 4.1.6
If S contains no zero divisor, then ¢g is injective. In particular, if A is a domain, then ¢g is injective for all S.

Moreover, S~1 A is also a domain.

Proof. TODO O

Remark 4.1.7
Given a ring A, if S,T are multiplicatively closed subsets of A and .S C T'. Then localizing at S then localizing at

T is equivalent to localizating at 7', that is,

TTHAZ ¢s(T)7H(ST1A)

Proof. Given any f : S™*A — B such that f¢g sends T into units of B, then f sends ¢5(T) into units of B. Both
STIA - T tAand S71A — ¢s(T) 1 (S~ LA) satisfy the same universal property.

T

A s-ta—7' 3B
- U
. //,/’ /:/,// /’ffz ////fl
Pt 7
T'A ¢s(T)~1(S71A)

Remark 4.1.8
Let A be aring, f € A, and S = {1, f, f2,...} be a multiplicative closed set. Let Ay = S~!A4, then

Ay = Alz]/(1 - fz)

Given any ¢ : A — C that sends f into units in C, extend % into ¥’ : Alx] — C with ¢/(z) = ¥(f)~%
Then, ¢'(1 — fx) = 0. Thus ¢’ factors uniquely through the natural surjection A[z] — A[z]/(1 — fz) by a map
" Alx]/(1 - fz) = C
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4.2 EXTENSION AND CONTRACTION

Theorem 4.2.1
Let R be a ring and S be a multiplicatively closed subset of R, and a map ¢g : R — S~ 'R, then there is a bijection

{p prime in R such that p C R — S} = {q prime of S™'R}
a:prp©

B:q°<iq

Definition 4.2.2 (saturation)

If S is a multiplicatively closed subset of a ring R, let a be a subset of R, define the saturation of a with respect to
S by

a® ={a € R:as € a for some s € S}

Note that, a C a® and a® = g, then a is called saturated.

a® = J,eg(a: s) where each (A : B) is the collection of elements x such that multiplication by = sends B into A

Proposition 4.2.3

If a is an ideal in R then ker g5 = {0} and a® is an ideal

Proof.
(ker g5 = {0}%)
r€kerpg < (x,1) ~(0,1) <= tx =0forsomet e S «— zc {0}°

(a5 is an ideal) if a,b € a”, then there exists ¢, s € S such that ta,sb € a, then ts(a + b) € a and t(ac) € a for all
c€ R. Thus, a+b € a® and ac € a° for all ¢ € R. Hence, a° is an ideal. O

< 4=72in S~LA for somex €aands e S

Lemma 4.2.4
Let S be a multiplicatively closed subset of a ring R and ¢5: R — S™'R

1. If b is an ideal in S™1R, then b€ is saturated and b = b<e
2. If ais an ideal in R, then a® = (a%)¢, a® =a*“, anda C R— S <= a°*C S~ 'R

3. If pis a prime ideal in R such that p C R — S, then p = p° and p® is a prime ideal of S™'R

Proof of Lemma.

(b€ is saturated) Since b¢ C (b¢)°, we will show that (b¢)% C b°. Let z € (b¢)°, that is, there exists s € S such that

xs € b°. Hence %* € b. We have 7 = %% € b. Then, z € b°

(b = b°°) Since b 2 b°°, we will show that b C b*°. Let T € b,

1
T_T%chp = zeb® = Zepe — LT cpee
1 s1 1 s 1s
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(a® = (a®)¢) Since a C a”, then a® C (a®)¢, we will show that (a®)¢ C a®. Let x € a”, then there exists s € S such

that zs € a. Hence £5 € a®. We have £ = 221 € q°. Then, ¢g(a”) C a®. As a° is an ideal, (a¥)° is the ideal
generated by a subset of a®. Therefore, (a®)¢ C a®
(a¥ C a%¢) We have a® C (a®)°¢, because (a)¢ = a®, then a® C a®°
(a¥ D a%) Let x € a%, then £ € a® = (¢g(a)). Hence
r ria roa Ty @
T"aiteit Tal
for some 71,79,...,7, € R, s1,82,...,8, € S, and ay,az,...,a, € a. This simplifies into § = % for some a € a and

s € 5. Thus, there exists ¢t € S such that tsz = ta € a. Therefore, 2 € a°

(@aNS=0 = a°# 5 'R)scanlS = $ca® = 1=321ca®* = a*=5"'R

(aNS =0 <= a®# S 'R)a* =S5"1R = a% =0a° = (S7'R)° = R. Hence, there exists s € S such that sl € a.
Thus, SNa#£ @

(p = p®) Since p C p°, we will show that p° C p. Let = € p°, that is, there exists s € S such that zs € p. Since p is
primeand s€ SCR—p, thenz €p

(p® is prime in ST!R) Note that, p¢ is proper since p NS = &. Now, suppose %% € p°©, then % = < for some c € p
and u € S. Hence u(ab) = ¢(st) € p. Since p is prime and u € S C A — p, then ab € p. Hence, a € p or b € p. Then

@ =2alecpeord=>01cpe Thatis, p°is prime. O

Proof of Theorem.

(a is well-defined) The lemma implies that extension of a prime ideal that does not intersect S in R is prime in S™'R.
Therefore, « is well-defined.

(B is well-defined) q prime implies q¢ is also prime. Moreover, q = q° is proper in S!R, then q°N S # @. Therefore,
[ is well-defined.

(v and § are isomorphisms) The lemma implies that

For any prime ideal p in R such that pN S = &, we have

For any prime ideal q in ST'R, we have

Hence, fa=1and af =1 O

Remark 4.2.5 (An equivalent formulation of the previous theorem)
Let S be a multiplicatively closed subset of a ring R and the natural map ¢5 : R — S™!'R. Then ¢g induces an
injective map
¢% : Spec ST'R — Spec R
qq°

pep

with the image
{p prime ideal in R such that p C R — S}
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Remark 4.2.6 (localization on complement of prime ideal, local ring)
Let p be an ideal in A, then S = A — p is multiplicatively closed if and only if p is prime. When p is prime, we write
A, = S7'A. The natural map ¢s : A — A, induces an injective map

@5 : Spec A, — Spec A

with image
{q prime ideal in A such that q C p}

In particular, A, is a local ring since it admits the unique maximal ideal p© = pA,.
x
pAp, = {;:xep,seA—p}

quotienting at a prime p is like getting the primes outside of p, localizing at p is like getting the primes inside of p

Proof. Let q be a prime ideal in A,. We have, q° = ¢%(q) C p. Then q° C p°. From the previous lemma, q = q°°.

Hence, any prime ideal is contained in p°© O

Remark 4.2.7
If p1 C po are prime ideals of a ring A. The extension p; Ap, of py is a prime ideal in Ay, and the localization of
Ay, with multiplicatively closed set A, — p1A;, equals Ay,

2

(AP2)P1Ap2 = Am

Proof. TODO ]

Remark 4.2.8 (localization in Zariski topology)

If S={1,f, f? ...}, then Spec Ry — Spec R is an injective map with image X = Spec R — V(f). That is the set
of prime ideals that do not contain f. Thus, the localization on the ideal generated by f is analogous to restriction of
the spectrum of R into a basic open set in Zariski topology. Similarly, image of the image ¢% : Spec S™'A — Spec A

is an open set in Zariski topology for any multiplicatively closed set.

4.3 LOCALIZATION OF MODULE
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Definition 4.3.1 (localization of module, module of fractions)
Let S be a multiplicatively closed subset of a ring A and M be an A-module. Construct the S~ A-module S~ M

as follows:
S™TIM =M x S/ ~

where (my, s1) ~ (mag, s2) if and only if there exists ¢t € S such that ¢(som; — syms) = 0. The equivalence class

of (my, s1) is denoted by Z—‘ll The addition and scalar multiplication on S~'M are defined by
my | Mz _ satma t+suma

S1 52 5152
a mq am;i

S S1 S§81

The zero in S™'M is 0 = %

chatgpt told me there’s a universal property for localization of module - here is my attempt

Remark 4.3.2 (another characterization of localization of module)

Let S be a multiplicative subset of a ring A and M be an A-module. Then, the localization of M at S is an
A-module S™'M together with a map ¢ : M — S~'M. Moreover, localization of module satisfies the following
universal property: If f: M — N is an A-module map such that S acts invertibly on IV then f factors uniquely
through ¢ : M — S=*M

M—1 N

4{ 9.7
S—IM

Moreover, the universal property implies that S~1M is unique upto isomorphism.

Proof for existence. Every ring element s € S defines a map s : N — N by n +— sn. S acts invertibly on IV, that is any

ring element s € S induces an automorphism s: N — N on N. For every s,t € S, as automorphisms on N, we have
stot™b=(st) P =(ts) P =t"tos!

Define g : S™'M — N by ™ s f(s~'m) for every m € M and n € N, then for every m,mi,mo € M, every

S
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$,81,82 € s, every a € A, we have

Somy + S1m2
5152

5152)71(527711 + s1m2))

—~ == —
—~ o~

It is clear that go¢p = f O

Proof for uniqueness. If there is a map h : S™'M — N such that h¢ = g¢, hence (h — g)¢ = 0. Without loss of
generality, assume f = 0, we want to show that any g such that g¢p = 0, then g = 0. Suppose g # 0, that is there exists
m € M and s € S such that g(%) # 0. We have

m m
sg(f) = g(*) = (99)(m) =0
s 1
which is contradiction since s : N — N is an automorphism. [

turn out, chatgpt didn’t hallucinate on this

Remark 4.3.3 (localization)

One can see localization of module as the initial object in a certain category

Remark 4.3.4 (localizing modules as a functor)
Let S be a multiplicatively closed subset of a ring A and f: M — N be an A-module morphism. Then there is an

induced S~ A-module morphism

STUf:STIM = STIN
m . f(m)

S S

That is, S~1 is a functor from A-mod into S~ A-mod
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Proposition 4.3.5 (localization is exact)

Let S be a multiplicatively closed subset of a ring A, then S~ is exact. That is, if M L> N —2 5 L isexact

. st s-! .
at N, then the induced sequence S—'M S 61N 29 511 s also exact at STIN

Proof.
(im S~'f Cker S1g) Let 2 € S™'M, then

(st s ) = (sg K _ Dm0

(imS~'f DkerS~'g) Let n € N and s € S so that 2 € ker S~'g C S™'N, that is 0 = (S~'g)2 = 2% jn S-IN.

S

Then, there exists t € S such that tg(n) = 0 in L, hence g(tn) = 0, thus tn € ker g implies there exists m € M such

that f(m) = tn. Hence
flm) tn n

_ m
(571 = 2

ts  ts s

Proposition 4.3.6 (localzation commutes with sum, intersection, quotient of submodules)

TODO - cololary 3.4

4.4 LOCAL PROPERTIES

Proposition 4.4.1 (being zero module is a local property)

Let M be any A-module, the following are equivalent
1. M=0
2. My = 0 for every prime ideal p of A

3. My = 0 for every maximal ideal m of A

Proof. It is clear that 1 = 2 = 3, we will show that 3 = 1. Suppose M # 0, let x € M so that x # 0. Let
ann(z) = {a € A:ax =0}

ann(x) is a proper ideal of A because if otherwise, 1 € ann(z) = x = 1o = 0. This, there exists a maximal ideal m
containing ann(x). Let § € My, since My = 0, we must have T = 0 in M. That is, there exists t € A — m so that

tz =0, hence, ¢t € ann(x). However, by definition of m,
(A—m)Nann(z) =2

That is a contradiction. O
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Proposition 4.4.2 (being injective and being surjective are local properties)

Let f: M — N be any A-module morphism.
1. The following are equivalent:
(a) fis injective
(b) fo=S"1f: M, — N, is injective for every prime ideal p of A
(€) fm=S"1f: My — Ny is injective for every maximal ideal m of A
2. The following are equivalent:
(a) f is surjective
(b) fo=S71f: M, — N, is surjective for every prime ideal p of A

(€) fm=S"1f: My — Ny is surjective for every maximal ideal m of A

Proof.
la = 1b because 0 — M — N being exact at M implies 0 — M, — N, being exact at M, since S~! is an exact
functor, 16 = 1c is clear. We will show that 1¢ = 1la. Let K = ker f, then the following two sequences are exact

!

0 K M N

0—>K,11*>Mmi>Nm

fm being injective implies K, = 0. By the previous proposition, K = 0, hence f is injective
2a => 2b because M — N — 0 being exact at N implies M, — N, — 0 being exact at N, since S™! is an exact
functor. 2b = 2c is clear. We will show that 2c = 2a. Let L = coker f, then the following two sequences are

exact

M N L 0

fo

fm being surjective implies Ly, = 0. By the previous proposition, L = 0, hence f is surjective.
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Chapter 5

TENSOR PRODUCT

5.1 TENSOR PRODUCT OF MODULES

Definition 5.1.1 (bilinear map, multilinear map)
Let M, N, L be A-modules. A map b: M x N — L is A-bilinear if it is A-linear in each component, that is

b(my + ma,n) = b(my,n) + b(mz,n)
b(m,ny + na) = b(m,ny) + b(m,nz)

ab(m,b) = b(am,n) = b(m, an)
forall a € A, mi,mo € M, and ny,ns € N. The set of all A-bilinear maps M x N — L is denoted by
Bily(M x N, L)
and it carries a A-module structure induced from L, that is

(f +9)(m,n) = f(m,n) + g(m,n)
(af)(m, n) = af(mv n)

Similar definition for A-multilinear maps

Theorem 5.1.2 (tensor product)
Let M, N be A-modules, there exists an A-module denoted by M ® 4 N together with a bilinear map by,y :
M x N - M ® N so that for every A-module L the map below is an A-module isomorphism

Homu (M ®4 N, L) =5 Bily (M x N, L)
f = fbunw

Construction. Let F' be the free A-module generated by M x N. Let R C F be the submodule generated by the
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elements

(m+my,n) — (m,n) — (mq,n)
(m,n+ny1) — (m,n) — (m,ny)
a(m,n) — (am,n)

a(m,n) — (m,an)

forallae A, m,my € M, and n,n; € N. Set M @ N = F/R. Let the equivalence class of (m,n) denoted by m ® n.
Define

buniv: M x N = M & N

(m,n) —»m®en
O
Proof. It is clear that the composition fb,.;, is bilinear. Conversely, consider the bilinear map b : M x N — L, define
b:F— L

Z ai(mi, nl) — Z aib(mi, Tll)

As R C b, by property of kernel, b factors through F/R=M® N by auniquemap §: M@ N — L

M><Nc—>F*»F/R:M®N

e

The construction makes a pair of isomorphisms Hom(M ® N, L) — Bil(M x N, L) and Bil(M x N,L) — Hom(M ®
N,L). O

Proposition 5.1.3

Some properties of tensor product induced from the universal property

M@A=AM=A
M@N=NM (since Bil(M x N, L) 2 Bil(N x M, L))
(Mi®M)®N= (M ®N)® (M ®N)
(MRN)®RL=2M®(N®L)

Remark 5.1.4 (associativity of tensor product for modules of non-commutative rings)
Let A and B be any ring (possibly non-commutative), M be a right A-module, N be a left B-module, and L be a
(A, B)-bimodule. Then, M ® 4 L and L ® 5 N are (A, B)-bimodules and

(M®aL)®@pN=M®s(L®pN)
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Remark 5.1.5 (tensor product as a functor)
Let f1 : M7 — N and g : My — N5 be A-module morphisms, there is an induced A-module morphism defined by

f®g: M ® My — Ny ® Ny
my @ mg = f(m1) ® f(ma)

Then (—® L) can be defined as a functor from A-module into A-module. For any A-module morphism f: M — N,
the induced morphism is defined by f @ 1, : M QL - NQ L

Remark 5.1.6 (extension of scalars)

Let ¢ : A — B is a ring map, B is naturally an A-algebra

AxB—B
(a,b) — ab = ¢(a)b

If M is an A-module and, then M ® 4 B carries a B-module structure with scalar multiplication in B-module defined
by

Bx(M®aB)— M®aB
(b,m; @ b;) = m; @ bb;

The scalar multiplication is compatible with A-module, that is,

P(a)(m@b) =m ¢(a)b
=m®ab
=am®b
=a(m®b)

Any ring map ¢ : A — B induces a functor from A-module into B-module defined by (— ®4 B)

Proof. TODO

Proposition 5.1.7 (localizing modules is tensor product)
Let S be a multiplicatively closed subset of a ring A and M be an A-module, then there exists a canonical

isomorphism of S~!A-module
(S7'A) @ M = S7IM

Proof. Define the map

(ST'A) x M — S™'M

a am
(¢ m) o @
S S
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is A-bilinear that induces a unique A-module morphism

fr(STTA oM —S'M

a am
—Q®mr— —
s s

this map is surjective since every > € S~'M is mapped from 1 @ m € ST'A® M. We will show that it is injective.
Let 3o, “®@m; € STTA®@ M, let s =[], s; and t; = [];; s, then

a; B tia;
57 ®m; = Z X m;

That is, every element of S™'A ® M is of the form 1 ® m for some s € S and m € M. Now, if 2 ® m € ker f, then
™ —(in S~1M, then there exists t € S such that tm = 0. So

1

1
- @m=—Qtm=0
S ts

Hence, ker f =0 O

Proposition 5.1.8 (tensor-hom adjunction)
Let M, N, L be A-modules, then

Hom(M ® N, L) = Hom(M, Hom(N, L))

Proof. Hom(M ® N, L) 2 Bil(M x N, L) 2 Hom(M, Hom(N, L)) O

5.2 EXACTNESS OF TENSOR PRODUCT

Definition 5.2.1 (exact functor)
For any exact sequence 0 > M — N — L — 0

Let F' be a covariant functor from A-module into A-module
1. Fis left exact if 0 - F(M) — F(N) — F(L)
2. Fis right exact if F(M) — F(N) — F(L) =0
Let G be a contravariant functor from A-module into A-module
1. G is left exact if 0 — F(L) — F(N) — F(M)
2. Gisright exact if F(L) - F(N) - F(M) — 0

A functor is called exact if it is both left exact and right exact.

note, one can prove that we don't require the original sequence 0 — M — N — L — 0 to be complete
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Lemma 5.2.2 (Hom functors are left exact)
For any A-module P, the covariant functor Hom(P, —) and the contravariant functor Hom(—, P) are left exact.

That is, if the first row is exact then the following two rows are exact

0) ~commee > M : N P ) e > 0

0 —— Hom(P, M) <2 Hom(P,N) —2— Hom(P, L)

0 —— Hom(L, P) —22 Hom(N, P) —2— Hom(M, P)

Moreover, the statement is if and only if. That is, if one of Hom sequences is exact for every A-module P, then the

original sequence is exact

Proof. Below is a sketch proof for the (= ) direction, the (<= ) direction can be constructed
(¢ is mono = ¢; is mono) Let a and b be two maps in Hom(P, M), then i;(a) = ia,i1(b) = b, since ¢ is mono,

ia = 1b =—> a = b, that is 71 is mono
Mty N

- -

P __-" b

(imé C kerp = imi4; C kerpy) Let a € Hom(P, M), then pyii(a) = pib. As pi = 0, then pyi; = 0, that is

imi; C ker py

(7 is mono and imé = kerp = imi; D kerp;) Let a € kerpy, thatis pi(a) = pa = 0. Since i : M — N is the kernel
of p: N — L, then a factors uniquely through ¢ by a map b: M — P. Hence, a = i1(b), that is a € im i

M<—*sN -2,

(p is epi = po is mono) Let a and b be two maps in Hom(L, P), then pa(a) = ap,p2(b) = bp, since p is epi,
ap =bp = a =01, that is ps is mono.

> P
)
’ ’ a
/o ap
N —— L
(imi C kerp = impy C keris) Let a € Hom(L, P), then ispa(a) = api. As pi = 0, then ispe = 0, that is

im py C kerio

3 P
api ,/’/:/
s - a
=T ap
M —— N — L
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(pis epi and imi = kerp = impy C keris) Let a € keriy, that is ix(a) = ai = 0. Since p : N — L is the cokernel
of i : M — N, then a factors uniquely through p by a map b: L — P. Hence, a = p2(b), that is a € im po

O
Proposition 5.2.3 (adjunction induces exact functors)
Let (F,G) be an adjunction of A-modules, that is, for any A-modules M, N, then
Hom(F (M), N) = Hom(M,G(N))
Then, F'is right exact and G is left exact
Proof. For any A-module P
(F is right exact) the following rows are exact
M N L 0
0 —— Hom(L,G(P)) —— Hom(N,G(P)) —— Hom(M, G(P))
0 —— Hom(F(L),P) —— Hom(F(N),P) —— Hom(F (M), P)
FM) ——  F(N) ———  F(L) ———— 0
(G is left exact) the following rows are are exact
0 M N L
0 —— Hom(F(P),M) —— Hom(F(P),N) —— Hom(F(P), L)
0 —— Hom(P,G(M)) —— Hom(P,G(N)) —— Hom(P,G(L))
0 —mMmM8M GM) — G(N) ——  G(L)
O

Corollary 5.2.4 (tensor product is right exact)
Tensor-hom adjunction Hom(M ® N, L) = Hom(M, Hom(N, L)) where F = (—® N) and G = Hom(—, L). Then,

(— ® N) a right exact covariant functor. That is, for any A-module P, the following rows are exact

M N L 0

MP —— NP — L®P —— 0
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Definition 5.2.5 (flat module)
An A-module L is flat if the functor (— ® L) is exact. Equivalently, for any injective map M < N, the induced
map M ® L — N ® L is also injective.

Proposition 5.2.6
Let S be a multiplicatively closed subset of a ring A4, then S~ A is flat.

Proof. Since (S~!—) is an exact functor from A-module into A-module and (S7'—) = (S™'A® —). Then S~'4 is
flat. O

Proposition 5.2.7 (flatness is a local property)

Let M be any A-module, the following are equivalent

1. M is flat
2. M, is flat over A, for every prime ideal p of A

3. My, is flat over Ay, for every maximal ideal m of A

Lemma 5.2.8 (useful calculation technique)
Let ¢ : A — B be aring map, I be an ideal of B and M be an A-module, then by right exactness of tensor product,
the sequences below are exact

0 I ¢ B b

B/I ——— 0

I@aM 2 BRAM —» B/IQs M — 0
Then, B/I ® 4 M = coker(i ® 1). In particular, when B= A, ¢ =14 and [ is an ideal in A, then
AT @ M= M/IM
when B = A, T is an ideal of A and M = A/J, then

AJT@a AJT = AJ(I+J)

Proof.
(A/T @4 M = M/IM)
ToaM 2% A M —=s M

a@dm ———> a@m ——— am

Every element a @ m € I ® 4 M is mapped into the element am € M, hence the image of (i ® 1) in M is IM. Hence,
coker(i ® 1) 2 M/IM
(AJIT@s AJJ=ZA/(I+J))

58



T@ AT 25 Aws A)T —= A)T

a®b a®b ab

Every element a @ b € I ®4 A/J is mapped into the element ab € A/J for a € I and b € A. Hence, im(i ® 1) in A/J
s {i+J:iel}y=1/J=(+J)/J, then

All A
(I4+J)/J IT+J

coker(i ® 1) =

5.3 TENSOR PRODUCT OF ALGEBRAS

Theorem 5.3.1 (tensor product of algebras)
Let B and C be A-algebra and two maps from the initial object A of the category A-algebras into B and C. Then
the A-module B ® 4 C' carries an A-algebra structure and is the pushout of the diagram B + A — C

/l\

B®saC -----

\T/

Construction. We will define multiplication on B ® 4 C'. Consider the multilinear map

BxCxBx(C—-B®yC

(b1, ¢1,b2,¢2) — biba @ cico

The map induces a bilinear map 1 : (B®C) x (B®C) - B C
BxCxBxC

|

(BeC)®@(B®C) ----- »BeC

o

(BC)x (B ()

The multiplicative identity on B Cis 1® 1 O
Proof. TODO - proof the universality [
Remark 5.3.2

Let B be an A-algebra (there is a natural map ¢ : A — B defined by ¢(a) = alp)), then

B ®4 Alr] = Blx]
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Proof. The isomorphism as A-module can be proven by writing A[z] = @, ; A, then B® Alz] = B®4 (D, A) =
D, BoaA =6, ,B = B[z]|. The proof for A-algebra can be done by constructing isomorphisms f : B® 4 Alz] —
Blz] and g : Blz] = B ®a Alx] by

f Z b; ® Zajacj = Z Zaijbil’j

i

g ija:j :ij ®
J J

(alternative proof using universal property) The image of composition A — B — Blz] is identical to the image of the

composition A — A[z] — B[x] which is the subring A of B in Blz]

Let f: B — D and g : A[z] — D so that the diagram commutes. We will construct the map h : Blz] — D so that the

diagram commutes. For any b,z™ € B[x], define

For any b € B, hB3(b) = h(b) = f(b). For any a,z™ € Alz], ha(a,z™) = h(apz™) = f(an)g(z™). Note that,
flan) = g(an), then ha(ay,z™) = g(ay)g(z™) = g(a,z™). Hence, the diagram with h commutes

Now, if hy : B[x] — D is another map that makes the diagram commutes, then we must have hy(b,) = h18(b,) = f(bn)
and hi(z™) = hia(z™) = g(a™), then

hl(bnxn) = hl(bn)hl (In) = f(b")g(z") = h(bnx")

Hence, h is unique. O

Remark 5.3.3
Calculate C®p C

Proof. We have C = R[x]/(z? + 1), and the exact sequence

(224 1) @r C 2% R[2] @ C — R[z]/(22 +1) @ C —— 0
Then
C®xC =Rz]/(22 +1) ®x C
= (R[z] ®4 C)/im(i ® 1)
We have
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(22 +1) @ C —2L  Rlz]@g C ——~— C[a]

f@) (2?2 +1)®@cr— f@)(2?+1)®@c — cf(z)(2? +1)

Hence, im(i ® 1) in C[z] is the ideal generated by (22 + 1), then
C®r C = Clz]/(z* + 1) = Clz]/(z +)(x — i)
By CRT for coprime ideals (z +4) and (z — 1)
C®r C = Clz]/(z +)(x — i) = Clz]/(z +4) x Clz]/(z — i) =C x C

Note that, the map C ®g C — C x C is defined by a ® b — (ab, ab)

Remark 5.3.4
For any Galois extension of fields E/F
E®pE = Edes(E/F)

never studied any field theory - | absolutely have no idea what a Galois extension is

5.4 TEASER

Remark 5.4.1

Tor and Ext functors

Remark 5.4.2

If L is a flat module and the top sequence is exact, then the bottom sequence is also exact

0 M N L 0

0 — M@P —— NP —— NQP —— 0

An A-module M is flat if and only if for any ideal I C A, the canonical map
I®saM—IM

is an isomorphism
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Chapter 6

NOETHERIAN RING

6.1 NOETHERIAN RING

Definition 6.1.1 (Noetherian ring)

Given a ring A, the following are equivalent

1. Ascending chain condition (ADC): every chain of ideals in A stablizes

L CIL,ClIs...

That is, I,, = I,,41 for large n
2. Every ideal I in A is finitely generated

3. For any A-modules N and M so that N C M, M is finitely generated implies NV is finitely generated

A ring A satisfies one of those conditons is called Noetherian ring.

Proof.
(1 = 2) Suppose an ideal I of A is not finitely generated, there exists a sequence a1, as,as, ... € I that generate I,

that is, I = (a1, as, as, ...), then there exists a chain
(a1) € (a1,a2) € (a1,a2,a3) € ... C 1

so that infinitely many number of inclusions are strict.
(2 = 3) Induction of minimal number of generators of M
If M is generated by 1 element, namely m, then any element in M can be written by am for some a € A. The map
p:A—M
a v am

is a surjective A-module morphism, then M = A/ ker ¢. ker ¢ is a submodule of A as A-module and also an ideal of A

be cause if r € A and a € ker ¢, then
¢(ra) =r¢(a) =0

Hence, M = A/I for some ideal T of A. Now, any submodule N in M corresponds to an ideal in A/I and any ideal in
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A/T corresponds to an ideal J in A containing I. Since J is finitely generated, then J/T in A/I is finitely generated,
then N is also finitely generated.

Suppose 2 = 3 for every number of generators 1,2,...,m — 1 of M. If M is generated by {z1,x2,...,2,}, let M;
be the submodule generated by 1, then M/M; is generated by {Zs,...,Z,}. Let N be a submodule of M, then the

following two sequences are exact

0O —— NNM; —— N —— N/(NNM;) —— 0

I I

0 M, M M/My ——— 0

N N M is finitely generated since it is a submodule of M; which is generated by 1 elements. N/(N N M) is finitely
generated since it is a submodule of M/M; which is generated by n — 1 elements. Hence N is finitely generated due to
exactness of the top sequence.
(3 = 1) Given a chain of ideals

I, CI, Cls...

Then I =

generated as an A-module implies I is finitely generated as an A-module which is also finitely generated as an ideal. Let

nen In is also an ideal. Ideals in A are the submodules of A as an A-module. Therefore, A is finitely

I = <],‘1, o, ...,.13»,,L>

Each z; € {z1,22,...,2,,} belong to some I, in Iy, 5, Is..., let Iy be the the smallest ideal in the chain containing
{1,229, ...;Zm}. Then
I= <J)17$2, a-rm> CIvCI

Hence, I, = I,41 foralln > N ]

Remark 6.1.2

Some examples of Noetherian rings

1. Z is Noetherian, all fields are Noetherian
2. If Ais Noetherian and I is an an ideal of A, then A/I is Noetherian

3. If A is Noetherian and S is a multiplicatively closed subset of A4, then S~ A is Noetherian

Proof.

(2) one to one correspondence between ideals of A/T and ideal of A containing I

(3) Any ideal I of S71A is extended from ideal J of A which is finitely generated, if J = (z1,%2,...,2,), then
I= (%22, 20 O

17 s

Theorem 6.1.3 (Hilbert basis theorem)

If A'is a Noetherian ring, then A[z] is also Noetherian

Proof. If a nonzero ideal T in A[z] is not finitely generated, we inductively construct fo(z), f1(z), f2(x),... € Alx] and

ideals I, = (fo(x), f1(x), ..., fn(x)) as follows:
Pick a nonzero polynomial fo(z) € I of minimal degree, set

Iy = (fo(x))
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If we already picked fo(x), f1(z), ..., fn_1(z), pick a nonzero polynomial f,(z) € I — I,,_1 of minimal degree, set

In = (fO(x)afl(x)a »fn(l))

By construction, the sequence of degrees of fo(z), fi(x), f2(x), ... is non-decreasing, that is
deg fo(x) < deg fi(z) < deg fa(z) < ...
Let a,, € A be the leading coefficient of f,(x) and J C A be the ideal
J = (ag, a1, az,...)
Since A is Noetherian, J is finitely generated, hence
J = (ap,a1,...,an—_1)

for some N € N. Thus,

N-1

aN = Z Yii
i=0

for some y1, 92, ...,yn—1 € A. Consider the polynomial

N—1
g(z) = Z yspdes I (@) =deg fi@) ¢ (3) = 38 N @) 4 p(a)
i=1
where degh(x) < deg fy(x). Since g(x) is a Ax]-linear combination of f;(z), g(z) € In_1. f(x) ¢ In_1, then
fn(z) —g(x) ¢ In_1. This is a contradiction of minimality of degree of fy(x) because fy(z) — g(x) ¢ In—1 and

deg(fn(z) — g(z)) < deg fn () N

Corollary 6.1.4

If Ais Noetherian, then A[z1, 2, ..., Z,] is also Noetherian

Remark 6.1.5

If A is Noetherian, then the power series ring A[[z]] is also Noetherian

Proof. HW O

Definition 6.1.6 (finitely generated algebra, finite presented algebra)
Let A be a ring and B be an A-algebra. B is called finite generated (or finite type) as an A-algebra if the inclusion
A — Alxy, 9, ..., x,] factors through B

Alzy, za, ..., Tp]

|

A— B

That is, there exists an isomorphism B = M for some ideal I of A[x1,z2,...,x,]. If moreover, I is a

finitely generated as an A[z1, 2o, ..., ,]-module, B is called finitely presented A-algbera.
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Proposition 6.1.7
If A is Notherian, then any finitely generated A-algebra is Noetherian.

6.2 A PREVIEW OF DIMENSION THEORY

Definition 6.2.1 (height, Krull dimension)
Given a prime ideal p of a ring A, define the height of p by

htp = sup{n > 0 : there exists a chain of prime ideals (0) =po T p1 S P2 C ... T pp, =}
The dimension of A is defined by

dimA= sup htp
p prime in A

Remark 6.2.2

Some examples of dimension

1. dimk = 0 for any field k&
2. dimZ =1 (htp =1 for any prime p in Z)

3. dimk[z1, x2, ..., ] > n for any field k ((z1) € (z1,22) € ... € (T1,22,..,2p))

Theorem 6.2.3
If A is Noetherian, then
dim A[z] =dim A + 1

will be proved in chapter dimension theory

Remark 6.2.4
If Ais Noetherian, then ht p is finite for any prime ideal p of A. However, dim A can be infinite (Nagata 50s)

Remark 6.2.5
If A is not Noetherian and dim A is finite, then

dim A + 1 < dim Afz] < 2dim A

There are examples exhibiting every possibility of this range
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Chapter 7

INTEGRAL DEPENDENCE

7.1 INTEGRAL DEPENDENCE

Remark 7.1.1 (ring extension)

If ring map A — B is injective, we usually write A C B or A < B. The ring map A — B is called a ring extension.

Definition 7.1.2 (integral)
Given a ring extension A — B, an element z € B is integral over A if it satisfies a monic polynomial with coefficients
in A, that is

" +az" 4 ... +a,=0

for some a1, as,...,a, € A

Remark 7.1.3

Some examples of integral: Z — Q, the integral elements over Z is Z

Proposition 7.1.4

Given a ring extension A — B, let « € B, the following are equivalent:

1. x is integral over A
2. the ring A[z] C B is finitely generated A-module
3. A[z] is contained in a subring C of B such that C'is also a finitely generated A-module

4. there exists a faithful A[z]-module M which is finitely generated as an A-module An R-module M is faithful
if and only if anng(M) = {r € R:rM =0} =0 if and only if R — Hompg(M, M) is injective.

Proof. (1 = 2) If z is integral over A, then
" = —(a12" " + .. Fay)

for some ay,as,...,a, € A. That is 2™ can be written as a polynomial of degree < n — 1, hence A[z] is generated by

1,z,22%, ..., 2" 1 as an A-module.
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(2 = 3) take C' = A[x]
(3 = 4) take M = C which is a faithful A[z]-module since yC' =0 = y1 =0
(4 = 3) Consider the A[z]-module endomorphism

¢: M — M

m = Trm
By Nakayama lemma useless version for ideal A in A[z], then there is an equation in Hom 4(,1(M, M)
¢n + alqsnfl +..+a, =0

for some a1, ay, ...,a, € A. Since M is faithful, the map A[x] — Hom 41,)(M, M) is injective. Taking the preimage of
" + a1¢p—1 + ... + an under Alx] — Hom 4, (M, M) is

" +az" 4. 4a, =0

Corollary 7.1.5
Given a ring extension A < B and x1, 9, ...,z, € B are integral over A, then Alxy,xs,...,x,] C B is a finitely

generated A-module

Proof. Prove by induction. Base case n = 1 is from the previous proposition. Suppose the statement is true for n — 1,
since g, ..., x, are integral over A, they are also integral over A[z1]. Moreover, A[z1] <— B is also a ring extension,

hence A[z1][za,...,z,] C B is a finitely generated A[z;]-module, that is also a finitely generated A-module. O

Definition 7.1.6 (integral closure, integrally closed, integral ring extension)

Given a ring extension A — B, the subset C' C B of integral elements over A is a subring of B.
1. C is called the integral closure of A in B, denoted by A5
2. if C = B, A — B is called integral ring extension

3. if C' = A, Ais called integrally closed in B

Proof. If x,y are integral over A, then C' = Alx,y] is a finitely generated A-module and x 4y and xy are elements of
C, hence Alx + y], Alzy] € C. By (3 = 1), x & y and zy are integral over A O

Remark 7.1.7

Some example of integral closure

1. Z < Q, then 292 = 7,

2. 7 Q[VE], then Zi<CV3] = 7[145]

Proposition 7.1.8 (transitivity of integral dependence)

If A— B and B < C are integral ring extensions, then A < C'is an integral ring extension
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Proof. Let x € C, since B — C is integral ring extension, then
"+ b 4+ b, =0

for some by,...,b, € B. Since A — B is integral ring extension, then the subring B’ = A[by, ..., b,] of B is a finitely
generated A-module. Note that, z is integral with respect to the ring extension B’ < B, hence B’[z] is a finitely

generated B’-module. B’ is a finitely generated A-module, hence B’[z] is a finitely generated A-module. Thus
Alz) C B'[z] C C

Hence, « is integral with respect to the ring extension A — C' O

Remark 7.1.9
Given ring extension A < B, if x is integral over A in B, then A[z] is a subring of the integral closure of A in B

and A — Alz] is an integral ring extension. In other words, integral closure of A in B is the union of subrings A[z]

Proof. For any y € Alz], Aly| is contained in A[z] and A[x] is a finitely generated A-module, by 3, y is integral over A
in Alx] O

Corollary 7.1.10 (integral closure is idempotent)
Let A — B be a ring extension and C' be the integral closure of A in B, then C'is integrally closed in B.

Proof. Let x € B integral over C, then C' — C|[x] is also a integral ring extension. Hence A — C|[z] is an integral ring

extension. Hence, © € C[x] is integral over A, so x € C. O

Proposition 7.1.11 (integral dependence under quotient and localization)

Let A < B be an integral ring extension

1. Let b C B be an ideal, let a = b¢ = b N A be the contraction of b

A/a— B/b

is also an integral ring extension.

2. Let S C A be an multiplicatively closed subset, then

S~ 'A< S7B

is also an integral ring extension.

Proof.
(1) Let b € B/b, lift b € B satisfies
b4+ ab" '+ ... 4a, =0

for some aq, ...,a, € A, mod b gives
b a4 4a, =0

(2) Let 2/s € S™'B, for x € B and s € S, then

" +az" 4. 4a, =0
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Then,

" aq ! ag T2 an,
on " o en—1 7n—2+"'+7:0
s s s s2s s™
in ST1B. Hence, z/s is integral in S~ A O

7.2 THE LYING-OVER THEOREM
THE GOING-UP THEOREM

Proposition 7.2.1
Let A — B be integral ring extension of domains, then A is a field if and only if B is a field. In this case, A — B

is an algebraic extension.

Proof.
(=) If Ais a field, let € B be nonzero, let

" +az" M 4. a1z +a, =0

for some ay,...,a, € A be the polynomial of smallest degree that z satisfies. Since B is a domain, if a,, = 0, then
(x" Y +a12" 2+ ... 4+a,_1)r =0, hence 2" ! +a12" 2+ ...+ a,_1 = 0 contradicts the minimality of degree. Hence,
an # 0. Then

y=—a (z" ' +a2" %+ .. +a,_1)€EB

is the inverse of x

(<=)If Bis afield, let 2 € A be nonzero, x~! € B is integral over A, then
" +az" M+ +a,=0

for some aq,...,a, € A. Hence
7 = —(a1 +asx+ ... +a,x" ) € A

O
Corollary 7.2.2
Let A — B be integral ring extension, q be a prime ideal of B and p = q° = q N A be the contraction of q. Then,
q is maximal if and only if p is maximal.
Proof. A/p < B/q is a integral ring extension of domains.
q is maximal <= B/qisafield < A/pis afield <= p is maximal
O

Proposition 7.2.3 (lying over theorem: part 1)
Let A — B be a integral ring extension, given q; C g2 prime ideals of B such that g N A = g2 N A = p, then
1 = g2
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Proof. The integral ring extension A — B induces another integral ring extension A, — B,

A—— B

|

A, —— By

Let m = pAy, ny = q1 By, and ng = q2 B, Then, ny N A, =nyN A, =m. Since A, — B, is an integral ring extension,

ny, ny are maximal ideals. Since n; C ng, ny = ny. Hence, q1 = q2 O

Theorem 7.2.4 (lying over theorem: main statement)
Let A — B be an integral ring extension, p C A be a prime ideal, then there exists prime ideal ¢ C B so that
qgN A =p. In other words, the induced function

Spec B — Spec A

is surjective

Proof. Given any prime ideal p C A, the integral ring extension A — B induces another integral ring extension A, — B,

A—— B

|

A, —— B,

Let n be a maximal ideal in B, then nN A, is the unique maximal ideal in the local ring A,, hence nN A, = pA,. Let
q=nN DB, qis prime since it is a contraction of prime ideal. Moreover, qN A =p since (nNB)NA=(nnNA,)NA,
then the map Spec B — Spec A is surjective. O

Theorem 7.2.5 (going-up theorem)
Let A <— B be an integral ring extension. Let p, be a chain of prime ideals in A and g, be a chain of prime ideals
in B

Spec B q1 P2 Pm
Spec A p1 Po P Pn

sothat g; N A=pforalli=1,2,....,m. Then q, is extended the the chain

Spec B q1 Pa Pm an
L] | |
Spec A P1 Pa Pm Pn

sothat ;N A=p;foralli=1,...,n

Proof. The proof of the general case can be reduced to the case when m =1, n = 2.

A— B

l l

Alpy —— B/m
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Let A = A/p; and B = B/qy, because p; = q; N A, then A — B is an integral ring extension extension. Let
Pa = pa2/p1 C A, then py is a prime ideal in A. Spec B — Spec A is surjective, there exists a prime ideal § C B so that
GgNA=p, Takeq=gnNB O

Corollary 7.2.6
If A< B is an integral ring extension, then dim A < dim B

Proof. omitted O

7.3 INTEGRALLY CLOSED DOMAIN
THE GOING-DOWN THEOREM

Proposition 7.3.1
Let A < B be a ring extension, let C' be the integral closure of A in B, let S C A be a multiplicative subset of A,
then S~'C is the integral closure of S™!A in S~'B

Proof. A — C is integral ring extension, then S~1A — S~1C is also an integral ring extension. For any b/s € S™'B
being integral over S™!A, that is

o oaq b an

— = +ot —2=0

sm s sl Sn

for some aq,...,a, € A and sq,...,s, € S. Let t = s7...5,,, multiply both sides by s"t", we have

t ns"t"
bty + L peynt 4 2
S1 Sn
Hence, bt is integral over A, that is bt € C. Hence, b/s = (bt)/(st) € S~1C O

Definition 7.3.2 (total field of fractions)

Let A be a domain, then
Frac(A) = (A—{0})'A

is a field and it is called the total field of fractions of A

Definition 7.3.3 (integrally closed domain)
A domain A is called integrally closed if it is integrally closed in Frac(A)

Theorem 7.3.4 (being integrally closed is a local property)

Let A be an domain, the following are equivalent

1. Ais integrally closed
2. A, is integrally closed for all prime ideal p in A

3. A, is integrally closed for all maxmal ideal m in A
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Proof. Let K = Frac(A) and C is the integral closure of A in K with f: A< C'is an integral ring extension. Then
A is integrally closed in C'if and only if f is surjective if and only if f; is surjective for all prime ideal p. f, is surjective
for all prime ideal p if and only if A, is integrally closed for all prime ideal p. f, is surjective for all prime ideal p if and

only if fu is surjective for all maximal ideal m if and only if Ay, is integrally closed for all maxmal ideal m O

Definition 7.3.5 (normal domain)

A domain A is normal if A, is a integrally closed for every prime ideal p

Lemma 7.3.6
Let C be the integral closure of A in B and a be an ideal in A, then the integral closure of a in B is vaC

Proposition 7.3.7
Let A C B be domains, A be integrally closed and = € B be integral over an ideal a in A, then z is algebraic over

K = Frac(A) and if its minimal polynomial over K is
"+ at" 4. +ay

then ay, ..., a, lie in \/a wtf is this?

Theorem 7.3.8 (going-down theorem)
Let A — B be integral ring extension of domains, A is integrally closed in K = Frac(A), let pe be a chain of prime

ideals in A and q, be a chain of prime ideals in B

Spec B q1 P2 Pm
LD |
Spec A P1 Pa P Pn

so that ¢; N A =yp; for all i =1,...,m. Then g, is extended to the chain

Spec B q1 Po P an
Spec A P Pa P P

sothat g N A=p; foralli=1,...n
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Chapter 8

COMPLETION

Reference book: Matsumura - Commutative Ring Theory

8.1 LINEAR TOPOLOGY AND COMPLETION

Definition 8.1.1 (topological abelian group, linear topology)
An abelian group M is a topological abelian group if M is endowed with a topology so that the addition M x M — M

and inverse M — M are continuous. The topology on M is called linear topology

Remark 8.1.2 (fundamental system of open neighbourhoods of 0)

For any element a € M, addition by a is a homeomorphism M — M. Hence, U is a neighbourhood of 0 if and
only if a + U is a neighbourhood of a, that is the collection of neighbours around 0 generates the whole topology.
We will restrict ourselves to the special kind of topologies occuring in commutative algebra, namely, assume that

0 € G has a fundamental system of open neighbourhoods consisting of subgroups of M.

Definition 8.1.3 (linear topology on module and ring)
Let M be an A-module, given a collection M = {M)} ca of submodules of M. M generates a linear topology on
M with basis

{x+My:2zeMMeA}

Under this topology, addition and A-action by any element a € A are continuous

Mx M-I M a: M2 M

(z,y) =z +y T = ax

M is said to be linearly topologized by M. When M = A, then ring multiplication is also continuous, M is said to

be a topological ring.
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Definition 8.1.4 (separated module)
The separated module associated with M is defined by

M®eP = M/ m M,
HEA

The separated module M?*¢P inherits the quotient topology under the map M — M?®°P, then it is Hausdorff. If
M = M?°P or equivalently ﬂ#GA M,, =0, then M is called separated (or Hausdorff)

Remark 8.1.5 (quotient space M /M), has discrete topology)
M, is both open and closed, the quotient space M /M, inherits the discrete topology.

Remark 8.1.6 (directed set)

In this chapter, we will assume that the collection M = { M)} ¢ca is a directed set. That is, M is a partially ordered
set by inclusion and given any two submodules My, M,, € M, there exists a submodule M, € M that is contained
with both M) and M,,. With A being a directed set, one can define the inverse limit M = Y&HAGA M /M.

Definition 8.1.7 (completion, complete)
Let M = I'Ln)\EA M /M) be the completion of M. For any v > p (that is, M, C M,), there is a canonical map

Gt M/M, » M/M,
x4+ M, =2+ M,

with the property that ¢, ¢, = ¢, for all A < p < v, The limit exists and can be characterized as a submodule
of H/\eA M/M)

M= {(xk)AeA € H M/My :Vu < v, ¢u(x) :Iu} - H M/M)

AEA AEA

The completion M inherits the subspace topology from [], ., M/My. M is said to be complete if M=M

Remark 8.1.8 (completion)

In category theory words, M together with {p,, : M — M/M, defined by (z))xen — xl,} R is the limit of the
ve

diagram consists of maps {¢,,, }

Spa,

M/M, T» M/M,

In other words, any module N together with maps {N — M /M, },ca factor uniquely through M.
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Remark 8.1.9
The projection map M — M /M, factors through M by the map ¢ : M — M. Each M — M /M)y is surjective,

then each p, is also surjective.

MY N

\ I

M /M,

We also have ker ) = [, My = ker(M — M*°?) and im ) is dense in M

Proof. TODO - if have time O

Proposition 8.1.10
Given M topologized by {My}rea

1. M is linearly topologized by the collection of submodules {ker py}rea
2. kerpy is the closure of ¢(My) in M

3. M is complete in the sense that M/ 2 M where M is the completion of M over the collection of submodules

{ker px}xea (in Bourbaki terms, complete and separated)

Proof.

« (M is linearly topologized by the collection of submodules {ker py}xen)

We will show that the linear topology generated by {ker py}ica on M is precisely the (linear) subspace topology
on M by M s H/\€A M/My. Let Uy C M for some finite subset [ C A be any basic open set around 0, then

Uy is of the form

Ur=Mn|][{o}x [ M/M

pel AEA-T

Observe that if v > p (that is M, C M,,) for all j € I, then kerp, C U; due to the commutativity of the diagram

below

l

" Tlaea M/MAN

= ™~

v

M/M, M/M,
Hence, the topology generated by {kerpx}aca is finer than the subspace topology on M. On the other hand,
Ur C kerp,, for any i € I. Hence, M is linearly topologized by {ker px}ica

* (kerpy C (M)
For any & = (;)ren € kerpy, £y = 0. Since M is linearly topologized by {kerp,},ca, then we need to show
that « + ker p,, intersects ¢ (M)) for all v € A. Since A is directed, let x> v and p > A, then
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M v ]\f
\Z p“&

M/M, \rye M/M, o M /M)y

pu sends x + kerp, into {z,}, let y, € M be the lift of z, under the quotient map M — M/M,. Then
Y(y,) — « € kerp,,. Hence, ¥(y,) €  + kerp,. Because kerp, C kerpy and = € kerpy, then ¢(y,) € kerpy,
that is, y,, is sent to 0 € M/M), hence y,, € M. So, y, € (x +kerp,) N(M),). Because kerp,, C kerp,, so
Yu € (x +kerpy) Np(M))

« (kerpy = ¢(M)))
ker py is the preimage of the closed set {0} C M /M), hence kerp, is closed. ¥(My) C kerpy C (M)) implies

kerpy = ¢(Mx)
+ (completeness of completion)

Note that, the surjectivity of py gives that

~

=~ M/M
ker py /My

Thus, the completion M of M linearly topologized by {ker py}aea is

Remark 8.1.11 (cofinal directed sets)

Different set of submodules can generate the same topology on M. In fact, {Mx}rea and {M¢}ec= generate the
same topology if and only if for all A € A, there exists £ € = so that My D M¢ and for all £ € =, there exists A € A
so that M¢ O M) (A and Z are said to be cofinal)

Proposition 8.1.12
Given M topologized by {My}aca, let N be a submodule of M, observe that the closure of N in M is

N = ﬂN+M,\
AEA

Proof.

rEN <= (x+M\)NN#Dforevery \€ A < zx € ﬂN+M)\
A€A

Proposition 8.1.13
Given M topologized by {M)}xca, let N be a submodule of M, let

M} =im(My < M - M/N) = M,/N

then the quotient topology on M /N is the linear topology induced by {M]}rea
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Proof. For any subset U C M
1. U € M/N is open in M/N with the quotient topology

2. U is open in M

3. for every z € U, there exists A\ € A, z + M), CU

4. for every y €¢ U C M/N, there exists A € A, y+ M CU C M/N
5. U is open in M/N with the linear topology

l &= 2 += 3 & 4 <=5 O

Remark 8.1.14

Some remarks

1. M/N is separated <= N C M is a closed set
2. subspace topology on N is the linear topology generated by {N N M) }xea

3. the sequence

LN _)%%M/N_ M
NNMy ~ My " kerpy N+ M,

0 —0

is exact and compatible with A

4. the sequence
0—N—= M- M/N—0

is exact

8.2 [-ADIC COMPLETION

the ring of 10-adic integers is defined as a set of formal sums

Zyo = {:N:Zailoi ta; € {0,1,2,3,4,5,6,7,8,9}}

i=0
where there is a natural inclusion Z < Zy by writing a natural number in base 10. One also write an element of Zjg

by ...asasaiag. I-adic completition is a generalization of 10-adic integers

Definition 8.2.1 (I-adic topology, I-adic completion, I-adically complete)

Let M be an A-module and I be an ideal of A, then the direct set {M,IM,I>M, ...} linearly topologizes M. The
linear topology on M is called I-adic topology. The completion M = @1" M/I™M is called I-adic completion. If
M = M then M is called I-adically complete.

Remark 8.2.2 (I-adic completion functor)
Let an A-module M be equipped with the I-adic toplogy, then M is naturally a A-module. More generally, I-adic

completion is a functor from A-module into A-module.
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Remark 8.2.3 (Cauchy sequence)
A sequence x1, o, ... € M is called Cauchy if for any r > 0, there exists N > 0 so that for every m,n > N

Ty — Ty € 1I"M

Informally, elements of the sequence become arbitrary "close" to each other as the sequence progresses where the

notion of closeness is defined by the [-adic topology. Endow Z with the 10-adic topology, then the sequence
1,11,111,1111, ...

does not converge in Z but converges into >~ 10" € Zj,

Remark 8.2.4 (p-adic integers)
Why completion? get more units and ring becomes simpler. Let A = Z, I = (p) for some integer p (p is often
prime), then
Zp=A={ (an)n>1 € H Z/(p") : ap, mod p™ = ayy, for all m <n
n>1

1+ pis not a unit in Z but a unit in Z,. Let a = (ay)n>1 € Z, so that
an=1—p+p*— ... £p" !

then (14 p)a=1in Z,. Z, is called p-adic integers

Proposition 8.2.5
If A =7>1, then the map M — m is surjective, that is

M/N = M/N

Proof. TODO - approximation argument

8.3 MORE /-ADIC COMPLETION

Proposition 8.3.1
Let I be an ideal in a ring A and M be an A-module

1. If Ais I-adically complete, then I C J(A) is in the Jacobson radical

2. If M is I-adically complete, then multiplication by 1 + a is an isomorphism on M

Proof.
(1) forael, (1+a)(l1—a+a*—a3+..)=1. Notethat 1,1 —a,1 —a+a?...is a Cauchy sequence

2) M = M is an A-module, for a € I, 1 +a € A is a unit in A. Hence, multiplication by 1 + a in M is an

automorphism
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Definition 8.3.2 (complete local ring)

If (A, m) is a local ring such that A is m-adically complete, then A is called complete local ring

Remark 8.3.3
Some examples of complete local ring
Ly, k[[]], K[l 1, s n]

for some field k&

Remark 8.3.4

For any local ring (A, m), then (fl,mfl) is a complete local ring

Theorem 8.3.5 (Hensel lemma)

Suppose (A, m, k) is a complete local ring. Let F' € A[X] be a monic polynomial. Suppose that there is a
factorization F = gh in k[X] for some coprime monic polynomials g, € k[X]. Then there exist lifts g, h € A[X]
so that F' = gh

Proof. TODO - approximation argument

Remark 8.3.6
let A=2Zs5, f=a>+1,thenk=Fsand f =22 +1=2%—4= (z+2)(x—2) € Fs[z], by Hensel lemma,
f = 1112 in Z5[.’£], that is \/*1 € Z5

Theorem 8.3.7
Let M be an A-module and I be an ideal of A, assume A is I-adically complete and M is I-adically separated, that is
ﬂnZl I"M = {0}. If wy,ws,...,w, € M/IM generate M /I M as an A/I-module, then any lifts wy, wa, ..., w, € M

generate M as an A-module.

Proof. Pick wy, ..., wy, since {wy, ..., w,} generates M/IM as an A/I-module, then
M= Aw;+IM

Then,
IM = I(Z Aw; + IM) =Y 1Aw; + M
Keep iterating, for any r > 1, we have

I"'M = Z I"Aw; + "' M

i=1
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Now, fix any & € M, we can write

£E= Zaiwi +& (for some & € IM and for some a; € A)
& = Zailwi +& (for some & € I?M and for some a;1 € IA)

& = Zaigwi +& (for some &3 € I°M and for some o € I?A)

Then, for any n > 1,
§€= (ai+an+ ..+ ain)w; + &

Since A is I-adically complete, let b; = a; + a;1 + a;2 + ... € A. Then,

€= bw; € (| I"M = {0}

n>1

Remark 8.3.8

Let M be equipped with a linear topology by {M)}xca, if N C M is a submodule, the subspace topology on N is
not the linear topology by { M) N N}ea

Even in I-adic topology. Given ideal I C A and an submodule N C M, the [-adic topology on N might not be the
subspace topology on NV relative to the I-adic topology on M

Let A =7, I = (p) for some prime p. N =7, M = Q, then

I"M =Q,I"N = p"Z

Theorem 8.3.9 (Artin-Rees lemma)
Let A be a Noetherian ring and ideal [ in A, let M be a finitely generated A-module and N be a submodule of M,

then there exists ¢ > 0 such that for all n > ¢

I"M NN =I""°(I°M N N)

Proof.
(2) obvious
(©) A is Notherian, let I = (a1, ...,a,) and M = > Aw;. Any element in I"™M can be written as

> f@w

1<i<s

where @ = (ay,...,a,) € A", f; € B = A[X4,...,X,] is a homogeneous polynomial (all terms have the same degree)

of degree n. For each n > 1, let J,, be the set of s-tuple of homogeneous polynomials of degree n in B so that
Z1§i§5 fi(a)wi eEN

In =1 (f1, ., fs) € B®: f; is homogeneous of degree n and Z fi(@w; € N » C B?
1<i<s

Then, B?® is an A-module and J,, is a submodule of B®. Let ring C' be the B-module generated by UnZl J, CB%. A
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being Noetherian implies B being Noetherian implies C' being Noetherian. Write

C = Z B’Uj
1<5<t
where v; € B® is a B-linear combination of elements in {J,,},,>1. Without loss of generality, assume each v, lies in one
of {Jn}n>1, then

v; = (Ujla ...,Ujs) € de

for some d; > 1. Note that, each vj; € B is a homogeneous polynomial of degree d; . Let ¢ = max{d;}i<;j<;. Now,
forany n =3, i<, fild)w; € "M NN with (fi1,..., fs) € J, € C. Since C =37, ., Bvj, then

(fla"'afs) - Z pj(x)vj
1<j<t
for some p;(x) € B = Alxy,...,x,]. Since v; = (vj1,...,v;5) € Jg;, each vj; € B = Alxy,...,x,] is a homogeneous
polynomial of degree d;. Each f; € B = Az, ..., z,] is a homogeneous polynomial of degree n. Hence, we can choose

p;(z) so that each p;(z) is a homogeneous polynomial of degree n — d;, then

> fi@ws

1<i<s

= > wi Y pi(@)v(a)

1<i<s  1<j<t

= Z p;j(a@) Z vji(@)w; € I"M NN

1<j<t 1<i<s

n

Note that, 3, ;. v;i(@)w; € N by definition of Jy; and >, ;. vji(@)w; € I M, moreover, p;(@) € I""% =
I"=c1°=% Hence,
pi(@) Y vi@w; € I" IS (I M AN) € I"(I°M N N)
1<i<s

son € I"¢(I°M N N) this proof is disgustingly genius >_ < O

Corollary 8.3.10
Let A be a Noetherian ring and ideal I in A, let M be a A-module

1. If M is finitely generated, then for any short exact sequence 0 - N — M — @ — 0, the induced sequence
O—>N—>M—>Q—>0isexact

2. If M is finitely presented, then the natural map M ® 4 A — M is an isomorphism

Proposition 8.3.11
An A-module M is flat if and only if for every ideal I C A, the natural map I ® 4 M — M is injective

Proof. TODO - black box - will be proved after homological algebra O

Theorem 8.3.12
Let A be a Noetherian ring and ideal I in A, then I-adic completion A is a flat A-module
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Proof. the composition is injective for any ideal I C A

I S Te,A— A

Theorem 8.3.13
Let A be a Noetherian ring and ideal I in A, let M be a finitely generated A-module and N be a submodule of M.
If M is equipped with I-adic topology, the I-adic topology on NN coincides with the subspace topology of N < M

where

Proof. TODO ]

Theorem 8.3.14
Let A be a Noetherian ring, I be an ideal of A, and M be a finitely generated A-module, then

M@AﬁgM

Hence, if A is I-adically complete, so is M

Theorem 8.3.15 (Krull)
Let A be a Noetherian ring, I be an ideal of A, and M be a finitely generated A-module, let N = ﬂn21 I™M.
Then, there exists a € A sothata=1 mod I and alN =0

Proof. By Nakayama, it is enough to show that N = IN. By Artin-Rees, N = I"M NN C IN for sufficiently large n.
Hence, N = IN O

Theorem 8.3.16 (Krull intersection theorem)

The theorem consists of two parts

1. Let A be a Noetherian ring and I be an ideal of A with I C J(A), then for any finitely generated A-module

M, the I-adic topology is separated and any submodule is a closed set.

2. If Ais a Noetherian domain and I C A is a proper ideal, then

(I"=0

n>1

Proof.

(1) using the notation in Krull theorem, there exists a € A so that a = 1 + z for some z € J(A), so a is a unit in A.
Since, aN = 0, then N =0, hence M is separated. If L C M is a submodule, M/L is also I-adically separated, hence
L is closed in M

(2) using the notation in Krull theorem, let M = A. 1 ¢ I, so a # 0, so a is not a zero-divisor, hence aN = 0 implies
N=0 O

Remark 8.3.17

In particular, if (A, m, k) is a Noetherian local ring, then m-adic topology on A is separated, that is, [, m" = (0)
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Remark 8.3.18 (Matsumura CRT p63 - some results from local Noetherian ring)
Let (A, m) be a local Noetherian ring, then

L N>y m" =ker(yp: A— A)=0

2. For M a finitely generated A-module and N C M a submodule

(YN +m"M) =N

n>1

3. The completion A of A is faithfully flat over A; hence A C A and IAN A = I for any ideal I of A

4. Ais again a Noetherian local ring, with maximal ideal mA and it has the same residue class field as A;
moreover, fl/m”/l =A/m" foralln>1

5. If A'is a complete local ring, the for any ideal I # A, A/I is afgain a complete local ring.

Theorem 8.3.19 (Cohen structure theorem)

Let (A, m) be any complete local ring, then

R[[z1,22, ..., Znl]
I

A=

where n can be given explicitly and R is either a field (dimension 0) or discrete valuation ring (dimension 1)

83




Chapter 9

SOME OTHER CLASSES OF RINGS

9.1 ARTINIAN RING

Definition 9.1.1 (Artinian ring)
A ring is Artinian if it satisfies the decending chain condition (DDC): any decending chain of ideals

L D1, D ..

must stablize, that is, I,, = I, for large n

Remark 9.1.2

Some examples and non-examples

1. Let k be a field, k[z,y]/(2®, xy, y?) is Artinian because it is of finite dimension
2. For any nonzero integer n, Z/nZ is Artinian
3. Z is not Artinian

4. If Ais Artinian and I is an ideal of A, then A/I is Artinian

Proposition 9.1.3
If A is a domain and Artinian, then A is a field

Proof. We will construct the inverse of any nonzero element = € A. We have the decending chain
2
() D (z%) D ...

Hence, by DCC, (2") = (z"*1) for some n > 0. 2" € (z"*1) implies 2™ = 2"y for some y € A. Since A is a domain,

left cancellation works, 1 = zy O

Corollary 9.1.4

Every prime ideal in an Artinian ring is maximal
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Proof. Let p be a prime ideal in Artinian ring A, then A/p is also Artinian. Since A/p is a domain, then it is also a

field. Hence p is maximal. O

Proposition 9.1.5

Aritinian ring has only finitely many maximal ideals

Proof. Let my, mo, ... be maximal ideals of an Artinian ring A, then
m omms O ...

is a decending chain. Since each pair of maximal ideals are coprime (or comaximal), by CRT,

A _ A A
— = — X ... X —
mp..m, M m,

Note that, the RHS admits precisely n prime ideals of the form

A A
— X ... X x {0} x X oo X —
my m;_1 m;41 my
A A . . . . . . . . .
Hence, . #* CT— That is, the decending chain consists of all strict inclusions. By DDC, the chain stablizes.
Hence, A has finitely many maximal ideals. O

Corollary 9.1.6

The nilradical and Jacobson radical of an Artinian ring is of the form

na = J(A) = ﬂ m; =my..m,

1<i<n

where the last inequality is due to maximal ideals being comaximal

Proposition 9.1.7
If A is Artinian, then n’jl = 0 for some large k. In other words, let my,...,m, be the maximal ideals of an Artinian

ring A, then m¥...m* = 0 for large k

Proof. By DDC,
na2n32 ...

must stablize to some ideal a. We will show that a = (0). Suppse a # 0, observe that a? = (n%)? = n%* =1k = a. Let

Y ={bC A:bisideal and ba #£ 0}

then 3 2 0 since A € ¥. Due to Zorn lemma and DCC, let ¢ be a minimal element in X, pick = € ¢ so that za # 0.
Since

(za)a = z(aa) = za # 0
then (z) € X, but (z) C ¢. By minimality of ¢ = (z). Moreover, xa € %, then ¢ = (z) = za. Now, z € (z) = zaq,
then x = zy for some y € a C 4. Replace z by zy, we have z = zy = 2y? = 2y® = .... Since y € n4, we have

x = xy"™ = 0 for some n. This contradicts with za # 0 O
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Corollary 9.1.8
Let A be an Aritinian ring, then
A=A x ... x A

where each A; is Artinian and local

Proof. A n
A = —_— = ——
(0)  mh, .., mk

since m¥ and m% are comaximal for i # j (TODO - exercise), then by CRT

A:Akx Xik
my my

k

%

If nis a maximal ideal in A/mf, then it is maximal in A and n DO m

is local. Moreover, quotient of Artinian ring is Artinian.

9.2 LENGTH AND ARTINIAN RING

’, then n O m;, hence n = m;. That is, each A/mi—c

O

Definition 9.2.1 (length)
Define the length of an A-module M by

l4a(M) = sup{n € N : there exists a chain of submodules M = M,, D M,,_1 2 ... 2 My ={0}}

Remark 9.2.2
A ring A is Artinian if and only if [4(A) < o0

Remark 9.2.3

Some examples

2. 1z(Z/6) = 2 since the only chains in Z/6 are Z/6 2 3Z/6 2 0 and Z/6 2 2Z/6 2 0

Remark 9.2.4

Some facts about length

1. 14 is uniquely characterized by two properties

(a) 1a(A/m) =1 for any maximal ideal m C A

(b) f0 = K - M — Q — 0 is a short exact sequence of A-module, then [4(M) =14(K) +14(Q)
2. la(M) = n if and only if there exists a chain
0=MyC M C..C M, =M

such that each M;/M;_; is A-simple, that is M;/M;_1; = A/m for some maximal ideal m of A
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Theorem 9.2.5

The following are equivalent

1. Ais Noetherian and (0) = ny...n; with each n; is a maximal ideal (there are possibly duplicates)
2. A is Noetherian and dim A =0

3. A is Artinian

Proof.
(1 = 2) Let p be any prime ideal, then
0)=n;.y Cp

Then at least one n; C p, then p = n; maximal
(2 = 3) Let
A={ICA:I4A/]) =}

Suppose [4(A) = oo, then A # & since (0) € A. Due A being Notherian and Zorn lemma, Let J be a maximal element
of A. We will show that J is prime, or equivalently S = A/J is a domain. Suppse ab = 0 for a,b € S being nonzero ,
then

1s(S/a),ls(S/b) < o0

Because if [g(S/a) = oo, then oo = lg(S/a) = 14(A/(J,a)), then (J,a) € A which contradicts the maximality of J.
(S/a = S/(a) = S/aS is the quotient group of S over the ideal generated by a in S). Note that the natural map
S — a8 defined by = — ax factors through S/b, so the map S/b — aS is surjective. The second row in the diagram

below is exact

AN

0 S/b as 0

Hence, lg(aS) < 15(S/b) < co. But, the sequence below is exact

0 aS S Sla —— 0

Hence, I5(S) = lg(aS) +1s(S/a) < oo. Due to the correspondence of ideals, [4(A/J) = ls(S), this is a contradiction.

So, J is prime. So, J is a maximal ideal, hence I 4(A/J) = 1 which is a contradiction. Hence, [4(A) < o0

k k

(3 = 1) proved earlier. (0) =% =m}..mFk

Remark 9.2.6
Let A ong 2nng 2D ninaong 2.2 0 and

A ng...n;

N1 Np..n;N; 41

is a field, that is a dimension 1 vector space. Hence

LaA) =Y dim(n“l'“”">

Lnng
1<i<i 1 7 Wi+1

which is finite. (from characterization of length)
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Remark 9.2.7
Given a chainof ideals 0 C ... C I,,_1 C I, C ... C A. Then

0< . <IA(In_1) Cla(Ln) C ... Cla(A)

9.3 EUCLIDEAN DOMAIN
PRINCIPAL IDEAL DOMAIN
UNIQUE FACTORIZATION DOMAIN

Definition 9.3.1 (Euclidean domain (ED))
A ring A is an Euclidean domain if there exists a norm function f : A — {0} — N so that for every a,b € A, there
exist ¢,r € A so that

a=qgb+r

with » =0 or f(r) < f(b).

Definition 9.3.2 (principal ideal domain (PID))

A ring A is a principal ideal domain if every ideal of A is principal

Definition 9.3.3 (irreducible, associate)

a € A is called irreducible if a = bc implies b or ¢ is unit. a,b € A are called associate if a = ub for some unit u

Definition 9.3.4 (unique factorization domain (UFD))

A ring A is a unique factorization domain if every a € A can be written as
a = a1a...ay

where each a; is irreducible and the decomposition is unique up to associate.

Proposition 9.3.5

{ED} ¢ {PID} ¢ {UFD}

Remark 9.3.6

Some examples, non-examples

1. k[z,y] € {UFD} — {PID} for a field k
2. Z]y—=19] € {PID} — {ED}
3. Zl[i], k[z] € {ED} for a field k
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Proof. proof idea for PID C UFD Let A be a PID, observe that a nonzero prime ideal p, then p is maximal. This is
because if p = (z) C (y), then there exists a € A so that = ay. Thus, y divides 0 in A/p. A/p is a domain, then
y=0in A/p. Hence (y) = (z). Now, for any nonzero = € A, A/(x) is Noetherian and every prime ideal is maximal,

so A/(x) is Artinian. Hence, A/(z) is a product of Artinian local rings

A/@) =TT (Asm)

1<i<l
Let I; = (A — A;)"'m; = (a;) be the lift of my in A. If ¢; is the smallest integer so that m{* = 0, then

1
_ el e
r =ajl'..q

9.4 PRIMARY IDEAL

A non-example for UFD is Z[v/—5]
6=2-3=(1+v-5)(1-+v-bH)

and 2,3,1+ +/—5,1 — /=5 are irreducible in Z[\/—5]. It can be seen by defining the norm function on Z[/-5] as

follows

N:ZV-5]—=1Z
a+ bv—=5+— a® + 5b°

norm is multiplicative, that is N(zy) = N(2)N(y), and N(x) =1 <= =z is a unit. Suppose 2 can be factored into
zy, then 4 = N(2) = N(z)N(y), if z = a + by/=5 then N(z) = 2, then a® + 5b® = 2, the equation does not have
solution in Z, so N(x) = 1 or N(y) = 1, that is, either x or y is a unit. Moreover, 2 is not associate with 1 + /=5 or
1 —+/—5since 4 = N(2) # N(1++/-5) = 6. Hence, 6 admits two different decompositions into irreducibles, Z[/—5]
is not a UFD.

Another non-example for UF D is Z[£,,] where &, = €™/ is the n-th root of unity. In Z[&,], 2" +y™ can be factorized
into

2" +y" = (z+y)(z+ &)@+ Ey) . (z+ €7 y)

If Z[¢,] is an UFD, then Fermat last theorem (2™ = 2™ + y™) holds for n. However, this is not the case for all n, Z[¢,]
is an UFD for many n < 90 and no n > 90. This section is motivated by a solution for Fermat last theorem for many n

by defining a weaker notion of irreducible decomposition. The answer will be revealed at the end of Dedekind domain.

Definition 9.4.1 (primary ideal)
Given a ring A, an ideal [ is primary if zy € I implies x € I or y"™ € I for some n > 1

Proposition 9.4.2

An ideal I is primary if and only if every zero divisor in A/I is nilpotent
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Remark 9.4.3

Some examples and non-examples
1. if p is a prime, then p is primary and also p is radical, that is p = \/p
2. (2% xy) C k[z,y] is primary for a field k

3. let A= {p(T) € Z[T) : 3 divides p’(0)}, then p = (3T, T2, T3) is prime but p? is not primary

Definition 9.4.4 (p-primary)
If I is a primary ideal, then p = /T is prime, we call I a p-primary ideal.

Proposition 9.4.5

Given any ideal I, if v/T is a maximal then I is a primary ideal.

Proof. Let m = /I, we have m/I C A/I is the unique prime ideal (every prime ideal containing I must contain m) if
and only if all non-unit elements of A/ are in m/I. Then, any zero divisor of A/I is in m/I. But all elements of m/I

are nilpotent, hence I is primary. O

Lemma 9.4.6
Given a Notherian ring A

1. I is p-primary then p~ C I for large N
2. I is m-primary for some maximal ideal m if and only if A/I is Artinian local

3. I is m-primary for some maximal ideal m and I A,, = m" A, for some n, then [ = m"

Proof.
(1) A is Noetherian, then p = (as,...,ay). I is p-primary, then for every i, there exists e; > 1 so that a;* € I. Let

N=e +..+e,, thenpVN C T
(2 <) Let n C A/I be the unique maximal ideal, so

m=(A—>»A/ ) 'n=nnA

is the lift of n in A. Since A/I is Artinian local, then n¥ = 0 for some k, then m* C I, that is m C v/I. Since m is
maximal, m = /I
(2 =) Construct N so that m" C I, then

A/m - A/T

is surjective. Since A/m” is Artinian local, then A/I is also Artinian local.
(3) Let ¢ : A — Ay, then
IC o HIAL) = ¢ H(m"Ay) = ker(A — Ay - An/(m™Ay))

Since m is maximal, there is an isomorphism A, /(m"Ay,) = A/m™ and the composition A — Ay = Ay /(M"Ay) =
A/m™ is precisely the projection A - A/m™. Hence, I Cm"™ (TODO - check)

Let @ = m™/I be a quotient module, will show that @ = 0. It suffices to show that @, = 0 for all maximal ideal n.
Indeed, if n = m, then Q@ = 0 because TA,, = m™ Ay, if n #m, then Q, = A,/A, =0 (TODO - check). O
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Theorem 9.4.7

Let A be a dimension 1 Noetherian domain, then every nonzero ideal I C A admits unique factorization

for I; be a primary ideal and \/I; # \/I; for i # j

Proof. Note that, in A, every nonzero prime ideal is maximal. Then, A/I is Noetherian and dimension 0, hence A/I is

Artinian, hence

A/r= 1] 4

1<j<1
for some Artinian local ring (A4;, m;). Let I; = ker(A - A/I - A;), then A/I; = A;. By the previous lemma, I; is

mj-primary for some maximal ideal m; C A. Then

I=ker(A—-» A/I)=1..],

Remark 9.4.8

Z[¢,) is a dimension 1 Notherian domain.

9.5 DISCRETE VALUATION RING

Definition 9.5.1 (valuation ring)
A domain B is called a valuation ring of K = Frac(B) if for each nonzero x € K, either z € Borz~! € B

Definition 9.5.2 (discrete valuation, discrete valuation ring)

A discrete valuation on a field k is a map V : kX — Z so that
1. V(zy) =V (z)+ V(y)
2. V(z+y)>min{V(z),V(y)} and the equality holds if V(z) # V(y)

For convention, define V(0) = co. Let
Oy ={ze€k:V(z) >0}

be a subring of k. A ring of the form Oy is called discrete valuation ring (DVR).
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Remark 9.5.3

Some examples

1. On field Q, let p be a prime

Vo: Q¥ = Z

n G
p— = n

Then, Oy =Z/(p)
2. On field k[t]

Vi k[t] = Z
G

g9(t)

Then, Oy = k‘[t](t)

Remark 9.5.4 (structure of ideals of DVR, uniformizer)

Let (A,v) be a discrete valuation ring
1. forz € kX, 0=v(1) =v(z ') = v(z™t) + v(z)
2. ue A = v(u)=0
3. forz,y € A, () =(y) < x=uy < v(zr) =wv(y) for some unit u € A

4. let I C A be a nonzero ideal, let z € I with minimal valuation, then x € k*, let y € I, then x’ly € k has
valuation

v(e™ty) = v(y) —v(x) >0
So, 271y € A, hence y = (z71y)x in A, so y € (z). That is, every ideal of A is principal.
Hence, every ideal in A is of the form
L={zeA:v(x)>i}i>0

Moreover, there exists an element x € A so that v(z) =1 and I; = (2°) and z is called a uniformizer.

Lemma 9.5.5

Let (A, m, k) be Artinian local ring, then the following are equivalent
1. every ideal is principal
2. m is principal

3. dimpm/m? <1
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Proof.
(2 = 3) Let m = (z), there exists a surjective map

po A, m_ (@)
m2  (2?)

3

&»—>aw+x2

hence, dim;, m/m? < dimk = 1

B=1)

If dim m/m?, then m/m? = 0, then m = 0 by Nakayama lemma. Hence, A is a field.

If dimj m/m? = 1, then there exists 2 € m whose image under the map m — m/m? generates m/m?. By Nakayama
lemma, m = (z). Now, suppose a nonzero ideal I C A that is not principal, there exists n > 1 so that I C m™ but
I ¢ m™ T Hence, there exists y € I so that y = 2™t for some ¢ ¢ (z), but (z) = m is maximal, so ¢ is a unit, hence
I=(a"). AisaDVR O

Proposition 9.5.6 (characterization of discrete valuation ring)

Let (A, m, k) be a dimension 1 Noetherian local ring, then the following are equivalent

1. A is discrete valuation ring

2. A is normal domain (A, is integrally closed for every prime p C A)
3. mis principal

4. dimgm/m? =1

5. every ideal in A is of the form (z!) for some [ > 1

Proof. TODO O

9.6 DEDEKIND DOMAIN

Proposition 9.6.1

Let A be a dimension 1 Notherian domain then the following are equivalent

1. Ais a normal domain
2. A, is a normal domain for every maximal ideal m

3. Ay, is a discrete valuation ring for every maximal ideal m

Definition 9.6.2 (Dedekind domain)

A ring A is a Dedekind domain (DD) if it is a dimension 1 Notherian normal domain

Remark 9.6.3 (equivalent formulation for Dedekind domain)

A ring A is a Dedekind domain if and only if it is a dimension 1 Noeatherian integrally closed domain
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Remark 9.6.4

Z[¢,] is a Dedekind domain for every n

Proposition 9.6.5

Let A be a Dedekind domain then any nonzero primary ideal is a power of primes

Proof. Let I be a nonzero primary ideal, then I is m-primary for some maximal ideal m. But A, is DVR, then
ITA,, =m"A,, for some n. Hence, I = m"™ (TODO - check) O

Theorem 9.6.6

Let A be a Dedekind domain and I be a nonzero ideal then I admits a unique decomposition
1= H ps
1<i<l

for some prime ideals p; and e; € N.

we proved this in section of primary ideal

Relation to Fermat last theorem: By Kummer, for "regular" prime p € [0,100], the structure of Z[¢,] implies Fermat
last theorem for n = p. Back to Z[v/—5], it is not a UFD but a DD, 6 can be decomposed into irreducibles in at least

two ways
6=2-3=(1+v-5)(1—V-5)
We have a decomposition of ideals
(6) = (2)(3) = (1 +vV=5)(1 - V=5)

However, (2),(3),(1 4+ +/—=5),(1 —+/—5) are not prime ideals. They can be decomposed further into product of prime

ideals as follows:

(2) = (2,1 +V=5)?

(8) = 3.1+ V=5)(3.1 - V=5)
(1+V=5) = (3, 1+ V=5)(2, 14+ V=5)
(1-v=5) = (3,1~ V=5)(2, 1+ V=5)

We have a decomposition of prime ideals

(6) = (2,1 4+ v=5)%(3,1+ vV=5)(3,1 — V/=5)

Remark 9.6.7

Alexander Youcis - This is really a remarkable thing!

9.7 FRACTIONAL IDEAL, INVERTIBLE IDEAL

Since PID is both UFD and DD, next, we quantify the difference between DD and PID.
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Definition 9.7.1 (fractional ideal)
Let A be a domain and K = Frac(A), let M be an A-submodule of K (or any finite field extension of K) such
that there exists © € A — {0} so that M C A. M is called a fractional ideal of A. We write

A:M)={zecA:aM C A}

then (A : M) is an ideal of A and (A : M) # 0 if and only if M is fractional

Remark 9.7.2
xM is a A-submodule of A which is an ideal of A. M C 27 'A is a A-submodule of K generated by 27!, hence
M = z~1J for some ideal J of A

Some examples

1. Any ideal I of A is a fractional ideal

2. Any y € K generates a fractional ideal M = yA

Every finitely generated A-submodule of K is a fractional ideal of A because if M = A{%""? Z—”} is a finitely
generated submodule of K, then x = by...b,, verifies M being a fractional ideal.

Conversely, if A is Noetherian, every fractional ideal of A is finitely generated because xM is an ideal of A

Definition 9.7.3 (invertible ideal)
Let A be a domain and K = Frac(A), let M be an A-submodule of K such that there exists a A-submodule N of
K so that

MN=A

then, M is called an invertible ideal of A

Remark 9.7.4
Invertible ideals of A form a group and the principal invertible ideals form a subgroup of invertible ideals. An the

quotient is called class group Cl(A)

Proposition 9.7.5
Let A be a domain and K = Frac(A), if M is a invertible ideal and M N = A for some A-submodule N of K, then
N is unique and equal (A : M)

Proof. Since (A: M)M C A for any submodule M, then

NC(A:M)=(A: M)MN C AN C N

Proposition 9.7.6

Any invertible ideal is finitely generated A-module, so it is fractional
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Proof. If M is invertible, then A = M (A : M), then
1= leyl
for some x; € M,y; € (A: M). If x € M, then

r=1lr = sz(ylm)

That is, {x;} generates M as an A-module O

Proposition 9.7.7
Let M C K be a fractional ideal, the following are equivalent

1. M is invertible
2. M is finitely generated and M,, is invertible in A, for every prime ideal p

3. M is finitely generated and My, is invertible in Ay, for every maximal ideal m

(3 = 1 without M being finitely generated)

Proof.

(1 = 2) A=M(A: M) implies A, = M,(A: M), = M,(A, : M,), then M, is invertible (TODO - check)

(3 = 1) Consider I = M(A : M) C A. It is equivalent to show that I = A for every maximal ideal m. Indeed,
Iy = My (A : M) = A, hence I = A (recall that M =0 < M, = 0 for all maximal ideal m) O

Lemma 9.7.8

If Ais a local domain and every nonzero fractional ideal is invertible then A is a principal ideal domain

Proof. TODO ]

Proposition 9.7.9

If A is a local domain, then A is a discrete valuation ring if and only if every nonzero fractional ideal is invertible

Proof.
(=) Let m = (x), then every ideal of a local DVR is of the form (z™). Let M be a nonzero fractional ideal, then
x™M C A for some large n. As ™M is another ideal, then 2" M = (z*) for some ¢, hence M = z'""A. M is invertible
with

(A: M)=2"""A

(=)
Any fractional ideal of A is invertible, hence any ideal of A is invertible, hence any ideal of A is finitely generated, hence

A is Noetherian. Suppose A is not DVR, let
¥ = {nonzero proper ideal I C A : I # m"for every r}

Since A is Noetherian, pick a maximal element € ¥. Then Q C m, hence m™'Q C A is a proper ideal of A. If
Q2 =m~1Q, then mQ = Q, then Q = 0 by Nakayama lemma. So Q C m~1Q, hence by maximality of Q, m~1Q = m",
so Q =m"*! O
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Theorem 9.7.10

Let A be a domain, then A is a Dedekind domain if and only if all nonzero fractional ideals are invertible.

Proof.

(==) If a nonzero A-module M is fractional, then M is finitely generated. For every prime ideal p, M, is a fractional
ideal of A,. Hence, for every prime ideal p, M, is invertible, hence M is invertible

( <= ) Every nonzero ideal I of A is invertible, hence I is finitely generated, then A is Noetherian. It is equivalent to
show that for every nonzero prime ideal p, A, is DVR, that is every ideal I N A, is invertible. Let J =1N A, then J is
invertible, then I = JA, = J; is invertible. O

Corollary 9.7.11
If A is a Dedekind domain, then nonzero fractional ideals form an abelian group I4 under multiplication. If
I C K = Frac(A) is a fractional ideal, then for every nonzero prime ideal p of A, I A, is fractional ideal of A,,

hence

TODO

9.8 PROJECTIVE MODULE

Definition 9.8.1 (projective module)

An A-module P is projective if one of the following

1. P is a summand of a free A-module
2. Hom(P, —) is exact

3. for every diagram, there exists a unique map P — M making it commutes

Proof.
TODO O

Proposition 9.8.2

If Ais a Noetherian local ring and M is a finitely generated and projective A-module, then M is free

Proof. TODO ]

Proposition 9.8.3 (projective is locally free, rank of projective module)

Let A be a Noetherian ring and M is a finitely generated A-module, then M is projective if and only if M, is free
for every prime ideal p of A

The rank of M is defined as the rank of free module M,

Proof. TODO - looks like M is locally free - OMG, it is locally free sheaf - see notes O
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Definition 9.8.4 (rank of a module - https://mathoverflow.net/a/30024/146879)
Let A be a domain and K = Frac(A), the rank of an M-module is defined by

rank M = rankyg K ® 4 M

when M = Al is a free module, then rank M = |I|, when M is projective, then rank M = rank A,. For projective
module M, rank M is also the size of maximal linearly independent set.

Consider a projective module P of finite type over a commutative ring A. It corresponds to a locally free sheaf F
over X = Spec(A). The rank of F at the prime ideal p is that of the *free* A,-module F,.

Remark 9.8.5
If Ais a normal domain, any fractional ideal is a projective module of rank 1, for Dedekind domain, it is easy to see
that

Iy =p" Ay, = 4,

Proposition 9.8.6
If Pi, Py, and P; ® 4 P, are projective over a domain A and P; and P, are finitely generated of rank n; and no,

then rank(P; ® P) = ning

Remark 9.8.7
Rank 1 projective modules form a monoid under tensor product, moreover, it is a group with inverse of P defined
by P* = Hom 4 (P, A). For a domain A, define the Picard group Pic(A) by the set of rank 1 projective modules up

to isomorphism.

Theorem 9.8.8
If A is a Dedekind domain, then

9.9 GEOMETRY

Some applications/connections of commutative algebra in/to geometry

Definition 9.9.1 (finite-type algebra over field)
Let k be a field, A is a k-algebra of finite-type if there exists a surjection

klxy,..,zp] > A
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Proposition 9.9.2
If K is a field and a finite-type k-algebra, then K is a finite field extension of k, that is, K can be realized at a

finite dimension k-vector space

Proof. TODO

Theorem 9.9.3 (weak nullstellensatz)

Suppose k is an algebraically closed field, then

1. every maximal ideal of k[z1, ..., z,] is of the form
(901 — Q1.0 Ty — an)

for some point (a1, ...,a,) € k"

2. If f1,..., fm € k[x1,...,x,] are polynomials such that

V(fi,eoo, fm) ={z € AL : fi(z) =0 for every f;} =&

then (f1,..., fm) =1

Proof. TODO

Remark 9.9.4

Some remarks on nullstellensatz

1. A} = k" is called affine n-space over k

2. let f1,..., fm € k[z1, ..., x,], then the set of common zeros (zero locus) of f1,..., fm
V(fiyeoos fm) = {x € A} : fi(x) = 0 for every f;}

is called an affine variety.

3. nullstellensatz connects classical geometry in an elegant way. every maximal ideal in k[x1, ..., ;] corresponding
to a single point in A7, when the affine variety V(f1, ..., fim) is empty, then there is no corresponding maximal

ideal

Theorem 9.9.5 (strong nullstellensatz)

Suppose k is an algebraically closed field. Let f, f1,..., fm € k[z1, ..., zy], and

V(fla ) fm) C V(f)

then f¢ € (f1,..., fm) for some d € N

Proof. TODO
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Remark 9.9.6 (geometric version of strong nullstellensatz)
Let k be an algebraically closed field, a C k[z1, ...,z,] be an ideal. The variety V (a) is the set of common zeros of

polynomials in a
V(a)={x € A} : f(z) =0 for every f € a} C A}

The ideal I(V(a)) C k[z1, ..., z,] of a variety V(a) C A7 is the set of polynomials that vanish on V(a) C A}
I(V(a)) ={f € k[z1,....,z5] : f(x) =0 for every x € V(a)} C [z, ..., zy]
strong nullstellensatz states that I is an isomorphism

I : {algebraic sets in A}} = {radical ideals of k[z1, ..., x,]}

V(a) — va

Theorem 9.9.7 (Noether normalization theorem)

Let k be a field and A be a finite-type k-algebra, then there exists x1, ..., 2, € A so that

¢ k[X1, .., Xn] = A
Xi — T;
and A is finitely generated as a module over the image or equivalently A is integral over k[x1, ..., x,]. Moreover,

z1, ..., Ty are algebraically independent over k, that is, z; does not satisfy any nontrivial polynomial equation with

coefficients in &

Proof. TODO - | have to skip many proofs since proof-reading requires a lot of time - while understanding the statement

is more important. O
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Chapter 10

HOMOLOGICAL ALGEBRA

10.1 BASIC HOMOLOGICAL ALGEBRA

Concrete version of Homological Algebra

Definition 10.1.1 ((co)chain complex)
TODO

Note that, the category of (co)chain complexes is also abelian

Definition 10.1.2 ((co)homology)

For any n € Z, homology H,,(—) is a functor in the category of chain complexes defined by

_ker(d: Cp, = Cp_1)
- 1m(d 3 Cn+1 — Cn)

H,(C.)

Similar definition for cohomology

Definition 10.1.3 (category of (co)chain complexes, short exact sequence)
TODO

Lemma 10.1.4 (fundamental lemma of homological algebra)
A short exact sequence of (co)chain complexes 0 — L, — M, — N, — 0 induces a natural long exact sequence in

(co)homology

- H7z+1(N-)
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Definition 10.1.5 ((co)chain homotopy)
TODO

Proposition 10.1.6

homotopic (co)chain maps induce the same map in (co)homology

Definition 10.1.7 (projective module and projective resolution)

An A-module P is projective if one of the following

1. P is a summand of a free A-module
2. Hom(P, —) is exact

3. for every diagram, there exists a unique map P — M making it commutes

P
z’/ l
N

M —
Given any A-module M, there exists an exact sequence
.. > PP, —>FPy—>M—0
where Py, P, ... are projective. Then the sequence
. > Pb— P — Py —0

is called a projective resolution for M

Remark 10.1.8

We can break the projective resolution into short exact sequences

0—>Ky —-Ph—M—0
0> Ky —>PL—>Ki—0

0= K3 —>P,—> Ky —0

where Ky = ker(Py — M) and K; = ker(P,y1 — P;) fori > 1

Proof. TODO - fill up

Remark 10.1.9

If A is Noetherian and M is finitely generated then there exists a free resolution P, so that each P, is finitely
generated.

pseudo-coherent A-module
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Definition 10.1.10 (Tor)
Define Tor?, (—, N) by the left derived functor of (— @4 N)

Proposition 10.1.11 (properties of Tor)

Some other properties for Tor
1. Tor? (M, N) = Tor2 (N, M)
2. Tor(M,—) =0 for every n >1 <= Tor{"(M,—) =0 <= M is flat
3. Tord(M,N) =M ®4 N
4. M is projective =—> M is flat

5. (left derived functor) given a short exact sequence 0 - A — B — C' — 0, then there exists a long exact

sequence

.. —— Tory(C, N)

TOI'l(A,N) — TOI‘l(B7N) — TOI‘l(O, N)

e =

AN — BN —— CQN —— 0

Why Tor? (read why left derived functor)
Let z € A be a nonzero divisor and any A-module M, then the SES0 — A LA A/xz — 0 induces a LES

Torf(A/z, M) - A@ M 225 A@ M — AJz @ M — 0

Hence, Tory(A/x, M) = ker(x ® 1) = {m € M : xm = 0} which is the torsion-submodule of M

Theorem 10.1.12

Let M be an A-module, the following are equivalent

1. M is flat

2. for every injective map 0 — N — Nj such that N;/N is finitely generated, then 0 = N @ M — N1 ® M is

exact
3. for every ideal I in A, Tor;(A/I, M) =0

4. for every ideal I in A, the map I @ M — A® M = M induced from I — A is injective

Proof. TODO
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Definition 10.1.13 (injective module and injective resolution)

An A-module I is injective if one of the following

1. Hom(—,I) is exact

2. for every diagram, there exists a unique map N — I making it commutes

P

S
~
~
~
~
~

M—— N
Given any A-module N, there exists an exact sequence
O—-N—=Iy—->6LHL— 1, — ..
where Iy, I, ... are projective. Then the sequence
0—=>Ip—> 1 =1y — ..

is called an injective resolution for N

Remark 10.1.14
Q/Z is an injective Z-module

Definition 10.1.15 (Ext)
Define Ext’y (—, V) by the left derived functor of Hom(—, N).
Define Ext’s (M, —) by the right derived functor of Hom (M, —)
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Proposition 10.1.16 (properties of Ext)

Some other properties for Ext
1. M is projective — Ext";(M,—) =0 for every n > 1

2. (right derived functor) given a short exact sequence 0 - A — B — C — 0, then there exists a long exact

sequence

0 —— Hom(M,A) —— Hom(M, B) —— Hom(M, C)

Ext'(M,A) —— Ext'(M, B) —— Ext'(M,C)

P

Ext®(M,A) ——— ...
3. (left derived functor) there exists a long exact sequence

0 —— Hom(C,N) —— Hom(B, N) —— Hom(A4, N)

Ext!'(C,N) —— Ext'(B,N) —— Ext'(4, N)

e

Ext*(C,N) —— ...

4. (Baer criterion) An A-module M is injective if and only every map I — M from an ideal I can be extended
into a map M — A. In particular, if A is a PID, M is injective if and only if it is divisible, that is, for every

nonzero a € A and every m € M, there exists n € M so that an = m

10.2 COMOLOGICAL INVARIANT OF MODULES

Definition 10.2.1 (projective dimension)
Given an A-module M, define

projdim 4 M = min{d € Z>( : there exists a projective resolution 0 = Py — ... = Py - M — 0}

if there is no finite length projective resolution for M, define projdim 4 M = +o0
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Remark 10.2.2

Some remarks
1. M is projective <= projdim, M =0

2. let A = k[z] for some field k and M = A/(x), then projdim 4 M = 1 with the projective resolution
0— k[z] 5 k[z] = M — 0

3. let A = k[x]/(2?) for some field k and M = A/(x), then projdim 4 M = +o0

4. let A=Clx,y, 2] and M = Frac(A), then

2 if CH is true
projdim 4, M =
3 if CH is false

Proposition 10.2.3

Let M be an A-module, then the following are equivalent
1. projdimy M <d
2. Exty(M,—)=0foralli>d+1

3. Ext4™ (M, -) =0

Remark 10.2.4

there is a similar notion for injective dimension injdim and similar proposition with Ext(—, N)

Corollary 10.2.5
Given a short exact sequence 0 - M — P — N — 0, and P is projective

1. if N is projective then projdim 4 M =0

2. if N is not projective, then
projdim 4 M = projdim 4 N — 1

Given a Noetherian local ring (A, m, k), and a map ¢ : M — N of finitely generated A-modules, then ¢ : M®k — N®k

is a map of k-vector spaces, then by Nakayama lemma
1. ¢ is surjective if and only if ¢ is surjective
2. ¢ is an isomorphism if and only if ¢ is surjective and ker ¢ C mM
If M and N are free (if and only if projective in Noetherian local ring), then

1. if ¢ is an isomorphism then M and N has the same rank as A-modules

2. if ¢ is surjective, then ¢ is an isomorphism
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Definition 10.2.6 (minimal free resolution)

Given a Noetherian local ring (4, m, k) and an A-module M, a minimal free resolution of M is an exact sequence
do dy €
o > Lo — Ly — Log—>M —0

so that
1. each L; is a finitely generated free A-module
2. each d; : Lty ®k — L; ® k is zero, or equivalently imd; C mL;_;

3. €: Lo®k — M ® k is an isomorphism

Remark 10.2.7

We can break the free resolution into short exact sequences

0Ky —>Lo—>M—0
0Ky —>L1 K —0

0*>K34)L24)K2*>0

where Ky = ker(Lg — M) and K; = ker(L;11 — L;) for i > 1, then 2 and 3 are equivalent to

Lo@k=E2MQQE
Li®k=2K ®k
Lo®k=2Ky®k

Remark 10.2.8
Minimal free resolution exists for every A-module M and moreover, any two minimal free resolutions are term-wise

isomorphic and compatible with differential maps

Proposition 10.2.9

Let M be a finitely generated A-module and L, be a minimal free resolution of M, then
1. rank 4 L; = dimy, Torf(M, k) for every i > 0

2. projective dimension can be characterized by the length of minimal free resolution, that is, minimal free

resolution is the length of the shortest projective resolution

projdim 4 M = sup{i € Zsg : Tor;"(M, k) # 0} < projdim 4 k

10.3 ANOTHER PREVIEW OF DIMENSION THEORY
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Remark 10.3.1 (Serre-Auslander-Buchsbaum - turning point for homological algebra)

Let A be a Noetherian local ring
1. dim A < dimj m/m? < co
2. the following are equivalent
(a) dim A = dimy m/m?
(b) projdim 4 k < 400
(c) projdim 4 M < +oc for every finitely generated module M
3. if A is regular then A, is also regular.

to the best of Prof Hansen's knowledge, (3) can only be proved using homological algebra techniques

Definition 10.3.2 (regular sequence)
Let M be an A-module, elements f1, ..., f,. € A form a M-regular sequence if (1) M/(f1,..., fr)M # 0 and (2) the

following functions are injective

fllM—>M
fo: M/f1M — M/ fi M

f,’ : M/(fl, ...,fi_l)M — M/(fl, 0o0g) fi—l)M

(1) implies f1,..., f are not unit (2) implies f; is not zero or zero divisor on A, f5 is not zero or zero divisor on
A/ f1A, ..., fi is not a zero divisor on A/(f1, ..., fi—1)A

Remark 10.3.3

Some remarks on M-regular sequence

1. If A=k[z1,...,x,] for some field k and M = A, then x1,..., 2z, is a regular sequence

2. If f1,..., fr form a M-regular sequence then so is

a1 Ay
1 a"'afr,
for every o; € Z>;

3. If A is Noetherian local, M is finitely generated, and fi, ..., f- is a M-regular sequence, so is
Joys o fo(r

for every o € S, element of symmetric group of r elements
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Definition 10.3.4 (depth)
Let M be an A-module and I be an ideal of a ring A, then

I contains a M-regular sequence of length r <= Ext’,(A/I,M) =0 Vi <r

In particular, inf{i > 0 : Ext% (A/I, M) # 0} is the maximal length of every M-regular sequence in I. Let (A, m, k)
be a Notherian local ring, define depth 4 M

depth . M = inf{i > 0 : Ext% (k, M) # 0}

Remark 10.3.5

Some remarks on depth

1. depth 4 & = 0 because there is no k-regular sequence
2. A=kK[[z1,...,xy,]] for some field k, then depth, A =n = dim A

3. depthy A <dimA

Theorem 10.3.6 (Auslander—Buchsbaum formula)
If A is a Noetherian local ring and M is a finitely generated module with projdim 4 M < +o0, then

projdim 4 M + depth 4 M = depth, A

After André Weil published his famous Fermat's last theorem proof, homological algebra is the tool to strim down his

proof.
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Chapter 11

DIMENSION THEORY

Remark 11.0.1 (dimension, projective dimension, embedding dimension)

dimension of a variety is like manifold dimension. embedding dimension is like the dimension of the tangent space.

11.1 NOETHERIAN RING

Definition 11.1.1 (minimal prime)
Let p be a prime in A, then

htp = sup{n € N : there exists a chain of primes pg C p1 C p2 C ... C p,, = p}
which is also codim V (p) in Spec A (in manifold sense) and

dim A = sup ht p
pCA

If [ is an ideal in A, then a minimal prime p over I is the minimal element of the poset set of primes containing [

ordered by inclusion. Minimal prime over I is also the minimal prime in A/T

Theorem 11.1.2 (Krull principal ideal theorem)
Let A be a Noetherian ring and any = € A, then any minimal prime over the principal ideal (x) has height htp <1

Theorem 11.1.3 (Krull height theorem (KHT))
Let A be a Noetherian ring

1. given xy,...,x, € A, any minimal prime p over finitely generated ideal (z1, ..., ;) has height htp <n

2. if g is a prime of height n then there exists x1, ..., z,, such that g is minimal over the finitely generated ideal

(1, .y Zn)

Proof. TODO
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11.1.1 CONSEQUENCES OF KRULL HEIGHT THEOREM FOR LOCAL
RING

Corollary 11.1.4

Some corollaries of KHT

1. If (A, m) is a Noetherian local ring, then dim A = htm < oo

2. If A'is a Noetherian ring, and p C A is a prime, then htp < 400

Lemma 11.1.5 (prime avoidance lemma)
Let I be an ideal in a ring A, let Ji, ..., J,, be ideals in A such that for all but < 2 of them are not prime. If I £ J;

for every i = 1,...,n, then

re
i=1

Corollary 11.1.6

If k& is an algebraically closed field, then dim k[x1,...,x,] =n

Proposition 11.1.7

Let I be an ideal in a Noetherian local ring (A, m), the following are equivalent

1. mis a minimal prime over [
2. VI=m
3. I is m-primary

4. m™ C [ for large n

Definition 11.1.8 (system of parameters (SoP))
By KHT, given a Noetherian local ring (A, m) with dim A = ht m = n < oo, we can choose exactly n elements
Z1,..., Ty, € A so that m is minimal over (z1, ..., x,), that is (z1,...,2,) is m-primary. Such a list is called a system

of parameters of A

Proposition 11.1.9
Let (A, m) be a Noetherian local ring and x4, ..., z,, be some elements in m with m < dim A, then the following

are equivalent

1. z1,...,,, can be extended into a system of parameters
2. dimA/(x1,....,xm) <dimA —m

3. dimA/(z1, ..., ) =dim A —m
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Proof.

(2 = 1) Pick a system of parameters yi, ..., yq of the local ring A/(x1, ..., Z,,) of dimension d, then (y1,...,yq) is m-
primary in A/(z1, ..., 7., ), that is every element z+a 171 +...4An Ty € MA(T1, ..., T,y ) satisfies (z4+a1 21 +... 4T, )F =
X 4 by 4 o+ by € (Y1, ..., ya) for some k, so 2F € (21, ..., %pm, §1, ..., Ja) Where §; € A is a lift for y;. Hence,

(1, ey Ty Y1, .-, Ya) is m-primary. So, m is minimal prime over (21, ..., Ty, §1, ..., §a), by KHT,
dimA=htm < dim A/(z1,...,Tm) + m < dim A

So dim A = d + m. Hence, (21, ...,%n, 1, ..., Jd) iS @ System of parameters for A

(1 = 3) Choose y; so that (21, ...,Tm,y1,...,¥a) is a system of parameters for A, then any element z + ajx; +
oo ATy € M A (31, .0, Ty, satisfies 28 + a1z + o+ AT = (2 4+ @121 + oo+ G T)F A+ b1z + o by Ty, €
(14 eers Ty Y1, -y Ya) for some k. Hence, (41, ...,¥q) is m-primary in A/(x1,...,Z.) where g; € A/(z1,...,2y) is the

projection of y;, so d = dim A/(x1, ..., z,,). Hence

dimA/(z1, ..., %m) =d=dim A —m

11.1.2 CONSEQUENCES OF KRULL HEIGHT THEOREM FOR NON-LOCAL
RING

Lemma 11.1.10

Let A be Noetherian and p C A be a minimal prime, then any element = € p is a zero divisor.

Proof. If p is minimal, then dim A, = htp = 0, A, is local Noetherian of dimension 0, so it is local Artinian. So, the
maximal ideal pA, is nilpotent. That is, for any nonzero element x € p, let n be the smallest integer so that " = 0
in A,. Hence, 2"y = 0 in A for some y € A —p. Since y # 0 and 2"~ # 0 in A, z(z" " 'y) = 0 implies z is a zero

divisor. O

Theorem 11.1.11

Let A be a Noetherian ring and z is a non zero-divisor, then

dimA/(z) <dimA -1

Proof. (Assuming 0 < dim A and dim A < 4+00) Given any maximal chain of primes in A/(x) of strict inclusions

Since x € pg is a non zero-divisor, hence pg is not a minimal prime, we can extend the lifted chain by the minimal prime
contained in pg. Hence
dimA/(z) <dimA -1
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Remark 11.1.12
x being a non zero-divisor is necessary, if not let A = k[z,y]/(x,y) for some field k, then dim A = 1, and
dim A/(z) = dimk[y] =1

Theorem 11.1.13
Let A be Noetherian, then
dim A[z] = dim A + 1

and
dim A[[z]] =dim A + 1

Proof. TODO O

Theorem 11.1.14
Let A — B be a map of Noetherian rings. Let q C B be a prime ideal and p = g N A, then

ht q < htp + dim By/pB,

if going-down theorem holds for A — B, then ht q = htp + dim B,/pB,

Remark 11.1.15
A local homomorphism of Notherian rings (A, m) and (B, n) is a ring map ¢ : A — B so that m = n N A, then

dim B < dim A 4 dim B/pB

if the map is flat, then the equality holds.

11.2 REGULAR NOETHERIAN LOCAL RING

11.2.1 AUSLANDER-BUCHSBAUM-SERRE THEOREM

Theorem 11.2.1 (Auslander-Buchsbaum-Serre)

Let (A, m, k) be a Noetherian local ring, then the following are equivalent

1. Ais regular, that is embdim A = dim A
2. projdim 4 k < o0
3. projdim 4, M < oo for every finitely generated A-module M

Moreover, A is regular implies every localization A, is regular.

The proof of Auslander-Buchsbaum-Serre theorem, consists the proving the following inequalities assuming projdim 4 k£ <

+00
dim A < embdim A < projdim4 k = depthy, A < dim A
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Definition 11.2.2 (cotangent space, embedding dimension)
Let (A,m,k) be a Noetherian local ring, then m/m? is a k-vector space and called cotangent space. Define the
embedding dimension of A by

embdim A = dim; m/m?

Remark 11.2.3
Embedding dimension of A is also the least # number of generators s > 0 of m. Since m is minimal over itself, by
KHT

dimA =htm < s = embdim A

?that is also the rank of m as an A-module

Proof. A is Noetherian, so m is finitely generated. Let s be the least number so that x1, ...,z generates m, so Z1, ..., T
also generates m/m?, so embdim A < s. On the other hand, pick a basis y1,...,, on the k-vector space m/m?, by

Nakayama lemma, the lifts ¢, ..., §,- also generates m, hence embdim A > s.
O

Definition 11.2.4 (I-depth)
Let I be an ideal in a ring A, then I-depth of an A-module M is defined by the maximal length of a M-regular

sequence contained in I, or equivalently
depth; M = inf{i > 0 : Ext’ (A/I, M) # 0}

When (A4, m) is a Noetherian local, we write depth 4 M = depth,,, M

Remark 11.2.5

If A=kl[[z1,...,x,]] for some field k, then z1,...,x, is a A-regular sequence, then

depth, A >n

Theorem 11.2.6
Let (A, m, k) be a Noetherian local ring, then depth 4, A < dim A

Proof. We will prove by induction

base case: If dim A = 0, since A is Noetherian local of dimension 0, A is Artinian local, so m is nilpotent, that is,
element every element of A must be either a unit or a zero-divisor. We need to show that depth, A = 0, that is
there is no A-regular sequence in A. Suppose there is an A-regular sequence x1, ..., x,, then z; cannot be unit since
A/(z1,...,z)A # 0. Moreover, x1 cannot be zero divisor since z; : A — A is injective. So, no A-regular sequence
exists in A, hence depthy A =10

induction case: when dim A =n > 0, if depthy A = 0, we are done. If depth, A = > 0, pick a maximal A-regular

sequence ai,ds, ...,a, € A. Note that, (@ .fZF?A)/(al) = @ a;‘m a5 S° A ™) # 0 and each a; : A/(ay,...,a;) —

A/(ay, ..., a;) injective imply as, ...,a, € A/(a) is a A/(a)-regular sequence, then

depthy A —1 < depth () A/(a)
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Since a is not a zero divisor, dim A/(a) < dim A — 1 =n — 1, by induction hypothesis for A/(a)
depth /() A/(a) <dim A/(a) <dim A — 1

Hence,
depth, A < dim A

Theorem 11.2.7 (Auslander-Buchsbaum formula)
Let (A, m, k) be a Noetherian local ring and M be a finitely generated module with projdim 4 M < +o0, then

projdim 4, M + depth4 M = depth, A

In particular, projdim 4, M < +00 = projdim 4 k = depth4 A

Proposition 11.2.8
Let (A, m, k) be any Noetherian local ring, let s = embdim A, then

dimy, Tor (k, k) > (j)

for every i =0, ..., s. Recall that
projdim 4 M = sup{i > 0 : Tor;*(M, k) # 0} < projdim 4 k

Then, Torf(k:, k) # 0 for every i = 0, ..., s, hence embdim A < projdim 4 k

Definition 11.2.9 (Koszul complex)

Let A be aring and 1, ..., x, € A, define the chain complex K¢ = Ko(1, ..., 2,; A) as follows: foreach p =0, ...,n,

Kp = @ Aei

i={i1<...<ip}

let

where each i is a ordered subset of {1,...,n} of size p, denoted by i = {i; < ... <i,}. Otherwise, if p #0,...,n,
then K, = 0. The differentials are defined by

dy: K, — K,

P
r—1
€{ix<...<ip} T Z(_l) Clir<..<ip<..<ip}
=il

where {i; < ... < iy < o < ipt = {i1 < ... <ip_1 <ipy1 < ... < iy} is the original set dropping i,
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Remark 11.2.10

Let (A, m, k) be a Noetherian local ring, s = embdim A and let (z1,...,25) = m, then there exists maps
fo: Ke(21,...ws; A) = Lo

realizing K; as a summand of L; since rank K; = (Z)

11.2.2 REGULAR IMPLIES FINITE PROJECTIVE DIMENSION

Definition 11.2.11 (regular system of parameters (RSoP))
Let (A, m, k) be a regular Noetherian local ring of dimension n, we can choose a system of parameters z1, ..., 2,

generating m, such a system of parameters is called a regular system of parameters.

Remark 11.2.12

k[[z1,...,xn]] is regular Noetherian local ring with 1, ..., z,, being a regular system of parameters

Proposition 11.2.13
Let (A, m, k) be a regular Noetherian local ring of dimension n, let x1,...,x; € m for i < n, then the following are

equivalent

1. z1,...,x; can be extended into a regular system of parameters
2. im(x1,...,z;) in m/m? as a k-vector space are linear independent

3. A/(x1,..., ;) is regular Noetherian local of dimension n —

Theorem 11.2.14

If A is regular Noetherian local ring then A is a domain

Corollary 11.2.15
A regular Noetherian local ring with x1, ..., x,, being a regular system of parameters, then x4, ..., ,, is also a A-regular

sequence.

Lemma 11.2.16
If 0 = My — My — M3 — 0 is a short exact sequence, then

projdim 4 M3 < max{projdim 4 M, 1 + projdim 4, M, }

11.3 REGULAR NOETHERIAN RING
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Definition 11.3.1

A Noetherian ring A is regular if A, is regular for every prime p if and only if Ay, is regular for every maximal m

Remark 11.3.2

Some remarks on regular ring

1. if A is regular so are A[x] and A[[z]]

2. if Ais local, let A denote the m-adic completion, then

A'is regular <= A is regular

3. if A is local and m-adic complete, then

AZ R[[x1, ..., zn]]/T

for R being either a field or discrete valuation ring. Moreover if A is regular, then

A= R[x1, ..., Tp]]

this is called Cohen structure theorem
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Chapter 12

HOMEWORK 1

Problem 12.0.1 (chapter 1 problem 1)
Let « be a nilpotent element of a ring A. Show that 1+ = is a unit of A. Deduce that the sum of a nilpotent

element and a unit is a unit.

Proof. Let x € ng, then —x € ng, that is (—z)™ = 0 for some n > 0. We have
L=1—(-2)" = (1+a)(1+(-2) + (-2)* + .. + (-2)" )
Hence, 1 + z is a unit. Now let uv = 1 for u,v € R, we have
(u+z)(v+x) =uv +ux + v+ 22 =1+ (ux + zv + 2?)

Since ng is an ideal, ur + xv + 2% € ng, therefore, 1 + (ux + zv + x?) is a unit. Let w € R be the inverse of
1+ (uz + zv + 22), we have

(utz)v+z)w=1

Hence, both v + z and v + z are units. O

Problem 12.0.2 (chapter 1 problem 2)
Let A be a ring and let A[x] be the ring of polynomials in an indeterminate x with coefficients in A. Let f =

ap + a1z + ... + apz™ € Alx]. Prove that
1. fis aunitin Alx] <= ag is a unitin A and ay, ..., a, are nilpotent.
2. fis nilpotent <= ag,as, ..., a, are nilpotent
3. fis a zero divisor <= there exists a # 0 in A such that af =0

4. f is said to be primitive if (ag, a1, ...,a,) = (1). Prove that if f,g € A[z], then fg is primitive <= f and

g are primitive

Proof.

1. (fis aunitin Alx] <= ag is a unit in A and a1, as, ..., a, are nilpotent) The statement is true for degree zero

polynomials. Suppose n > 1

- et the inverse o x) be polynomial g(x) = bg + 01 + 02x“ + ... of degree m, that Is b, an
Let the i f f(x) be polynomial bo + b bya? fd hat is b,, # 0 and

bni1 = bymyo = ... = 0, then f(x)g(z) = 1 implies agby = 1, hence ay is a unit. We will show that a’"1b,, . = 0
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for all » =0,1,...,m by induction. The statement is true when r = 0 since a,b,, = 0. When 0 < r < m, assume
that the statement is true for all 0,1,...,7 — 1, that is
anby, =0

2
anan—l =0

aybm—ry1 =0
We want to show that a’,"1b,,_, = 0. The degree n + m — r coefficient of f(x)g(z) is zero, that is
Anbm—r + @p—1bp—ri11 + ... + a0bm—rgn =0
Multiply both sides by a],, we have
a:ﬂ'lbm,r +an—1a,bm—ry1 + ... + 0@, byp—rpn =0

By the induction assumption, we induce that a’*'b,, . =0 for all r = 0,1, ...,m. Let » = m, then a™ by = 0.
Since b is a unit, a1 =0, that is, a, € na. Note that a,, € 1Al is also nilpotent in the ring Afx]. Therefore,
f(x) — apz™ is a sum of a unit and a nilpotent element which is a unit in A[z]. Hence, using the same proof,
an—1 € Na. Inductively, all ay,asq,...,a, € N4

(<= ) If ap is a unit and ay,...,a, € na, then ag is also a unit in A[z] and a1z, ...,a,2" € nap). Therefore,

f(z) =ao+ a1z + ... + a,x™ is a sum of a unit and a nilpotent element which is a unit in A[z]
. (f is nilpotent <= ag,ay, ..., a, are nilpotent)

( = ) If f(x) is nilpotent, 1 + f(x) = (1 + ag) + a1z + azx® + ... is a unit. Then, 1 + ag is a unit and
a1, ...,an € Na. Moreover, f(z)™ = 0 for some m > 0. That implies af* = 0 for some m > 0. Hence, ay is also

nilpotent.
(<) If ap,a1,...,an € Ma, then @’ = af* = ... = a™ = 0 for some m > 0. f(2)™ TV is a sum of terms,
where each term is a product of (n + 1)m elements from the set

{a07 a1 x, "'7anzn}

By pigeonhole principle, for every term, there is an element appearing at least m times. Hence, f(x)("“)m is a

zero polynomial, that is, f(z) € 4[4
. (f is a zero divisor <= there exists a # 0 in A such that af = 0)

(=) Let g(z) = bo + biw + baz? + ... € Alx] such that f(z)g(x) = 0. The degree zero term of f(z)g(x) is
zero, that is, agbg = 0, we will show that arbSH = 0 for all r by induction. Suppose the statement is true for all
0,1,...,m—1, that is

aobo =0
alb(Q) =0
ar_lbg =0
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We want to show that a,.bj ™" = 0. The degree r coefficient of f(x)g(x) is zero, that is
agbr + alb,,_l + ...+ arbg =0

Multiply both sides by bf, we have

aobgbr + albgbr_l —+ ...+ arbS'H =0

By the induction assumption, we induce that a,b;™" = 0 for all r. Then, f(x)bg™' =0
( <) by the premise
4. (if f,g € Alz], then fg is primitive <= f and g are primitive)

(=) Let g(z) = by + b1z + ... + bpz™. If f(x)g(z) is primitive, then
1= Co(aobo) +c1 (a0b1 + albO) + C2(0401)2 + albl + aQbO) + ...+ C7L+7n(anbm)

for some cg, ¢y, ..., Cntm € A. Hence, 1 can be written as a linear combination of the finite set {ag, a, ..., a,}
with coefficients in A, that is f(x) is primitive. Similarly, g(z) is also primitive.

(<= Suppose f(z)g(x) is not primitive, let the maximal ideal containing the ideal generated by coefficients of
f(z)g(x) be m. Then, in (A/m)[z], 0 = f(z)g(x) = f(x) g(x). Since m is maximal that is prime, A/m is a

domain, then (A/m)[x] is a domain. On the other hand, f(x) is primitive, then the coefficients of f(z) generate

the whole ring A, therefore, there exists an a; ¢ m, if not A = (aog, ay, ...,a,) C m. Hence, f(z) # 0in (A/m)[z].

Similarly, g(z) # 0 in (A/m)[z]. This contradicts with (4/m)[z] being a domain.
O

Problem 12.0.3 (chapter 1 problem 8)

Let A be a ring # 0. Show that the set of prime ideals of A has minimal elements with respect to inclusion.

Proof. The collection of prime ideals of A is a partially ordered set with respect to inclusion. Moreover, given any chain
of prime ideals {p; : i € I} under inclusion, the intersection p = [, p; is a prime ideal and a lowerbound (note that,
this is only true for arbitrary collection of prime ideals. (2) and (3) are prime in Z but (6) = (2) N (3) is not prime).
Suppose, zy € pbut z ¢ pand y ¢ p. Let x ¢ p, and y ¢ p,. Since the collection is a chain, without loss of generality,
assume p, C p,. Therefore, both =,y ¢ p, but zy € p C p,. Contradiction. Thus, p is prime. By Zorn lemma, there is

a minimal prime ideal. O

Problem 12.0.4 (chapter 1 problem 10)

Let A be a ring, 14 is its nilradical. Show that the following are equivalent:

1. A has exactly one prime ideal
2. every element of A is either a unit or nilpotent.

3. A/na is a field

Proof.
(1 = 2) If A has exactly one prime ideal, namely 74 the intersection of all prime ideals. Since any maximal ideal is
prime, 14 is the unique maximal ideal in A. Therefore, any element © € A, if x € 4 then z is nilpotent, if ¢ 14 and

2 is a not unit then z is contained in a maximal ideal other than 74. Contradiction.
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(2 = 3)If z € A/ny is non-zero for some = € A, then = ¢ na, thus z is a unit, hence T is a unit. Therefore, A/na
is a field.
(3 = 1) A/n4 is a field, then 14 is maximal. Since 14 is the intersection of all prime ideals, but it is maximal, it can

not be a proper subset of any ideal. Hence, 14 is the unique prime ideal of A O

Problem 12.0.5 (chapter 1 problem 12)

A local ring contains no idempotent # 0,1

Proof. Let A be a local ring with m be its unique maximal ideal. Suppose a # 0,1 such that a® = a, then a(a — 1) =

a?—a =0, that is, a and a — 1 are zero divisors. Since a and a—1 are not a unit, a,a—1 €mbut l=a—(a—1) ¢ m

which is a contradiction. ]

Problem 12.0.6 (chapter 1 problem 15 - Zariski topology)
Let A be a ring and let X be the set of all prime ideals of A. For each subset E of A, let V(FE) denote the set of

all prime ideals of A which contain E. Prove that
1. if a is the ideal generated by F, then V(E) = V(a) = V(y/a)
2. V(0)=X,V(1) =2
3. if (E;)eq is any family of subsets of A, then
v(U E) =(V(E)
el i€l

4. V(anb) =V(ab) = V(a) UV(b) for any ideals a,b of A

Proof.
1. (if a is the ideal generated by F, then V(E) =V (a) = V(/a))

Since E C a, V(E) D V(a). By definition of ideal generated by set, a is the smallest ideal containing E, therefore
any prime ideal containing E must contain a, hence V(E) C V (a).

Since a C /a, V(a) 2 V(y/a). We want to show the other direction V(a) C V(y/a), that is any prime ideal
containing a must contain v/a. Let b O a be a prime ideal, for any element, z € v/a, 2" € a C b for some

n > 0.Then, zz" ! € b therefore, either z € b or "~ ! € b. The induction argument on n implies z € b. Hence,
b2 Va

2. (V(0)=X,V(1) =2)
Every prime ideal contains 0, hence V(0) = X. Every prime ideal is proper, hence it cannot contain 1, then
V) =2

3. (V(Uiel EZ) = miel V(Ez))
Let a be an ideal. Then,

a€V(Uie; Ei) < aDE;foralliel < acV(E;)forallicl < ac(),.;V(E)

4. (V(anb)=V(ab) =V (a)UV(b) for any ideals a,b of A)
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Note that, if E,FF C A, then EC F = V(E) D V(F). Since ab Canb C a, then

V(ab) 2 V(anb) 2 V(a) UV (b)

We will show that V(ab) C V(a) UV (b). Suppose p € V(ab) but p ¢ V(a) UV (b). p ¢ V(a) implies there
exists a € a such that a ¢ p. p ¢ V(b) implies there exists b € b such that b ¢ p. But ab € ab C p. This is a

contradiction since p is prime.

Problem 12.0.7 (chapter 1 problem 17 - a basis for Zariski topology)

form a basis of open sets for the Zariski topology, and that
1L XrNXy=Xyg
2. Xy =0 <= fisnilpotent
3. Xy =X < fisaunit
4 Xp=X, — \/m = \/@
5. X is quasi-compact
6. each X is quasi-compact

7. an open subset of X is quasi-compact if and only if it is a finite union of set Xy

For each f € A, let Xt denote the complement of V/(f) in X = Spec A. The set Xy are open. Show that they

Proof.
(X form a basis for Zariski topology) Given any ideal I, the open set X — V(I) can be written as a union of X

X-vin=x-viH=Ux-vn=U xs

fel fel fel

1. (XfﬂXg :ng)

XpNXy= (X -V(H))N(X-V(g))
=X —(V(f)uV(g)
=X -V{(HuV(9))
=X -V((f9)
=X - V(fg)
=X

2. (Xy =0 <= fisnilpotent)
X;=0 < V(f)=X < fepforevery primeideal p < feny
3. (X; =X <= fisaunit)
X=X <= V(f) =0 < f ¢ m for every maximal ideal m <= f is a unit
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The last <= is true because f is a unit implies f is not in any maximal ideal and f is not a unit implies f is

contained in some maximal ideal.

: (Xf:Xg — \/m:\/@)

Xp=Xy <= V() =V(g) < V() =V(9)
By definition, /(f) = Npev((s) P and V(g) = Mpev((g)) P then
V(N =Vg) = V() =V(9)

On the other hand,

VN =V = VIV =vVg) = V(H) =V(9)

. (X is quasi-compact)

It is sufficient to prove that given any open cover by basic open sets {Xy, };c1, then there exists a finite subcover
{X}, }jes for finite subset J C I. We have

Ux,=Ux-viy)=x-NV)

iel iel iel
Thatis, J;c; X5, = X <= ;e; V(fi) = @. Moreover,

ﬂ V(fi) =@ <= there is no prime ideal containing {f;}icr <= (fi)ier =4
i€l

where (f;)icr denotes the ideal generated by {f;}icr. The second <= is due to every prime ideal is contained

is a maximal ideal. Then, (f;);cr = A implies

1= Zajfj

jeJ

for some finite subset J C I. Hence, (f;);cs = A. That implies | J
set J

;e Xf, = X by the same argument for index

. (each Xy is quasi-compact)

Let {X, }icr be an open cover for X; by basic open sets. We have

Xpc Xy = VO 2NV =V((£)ier)

iel i€l
If M;c; V(fi) = @, this falls back to the previous case. Suppose V((fi)icr) = ;ic; V(fi) # @, we have
peV((fiier) = peV(f) = fep
Therefore

fev(fi)ier = ﬂ p

pPeEV((fi)ier)
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That is, f™ € (fi)ier for some n > 0, then

1= "aif;

JjeJ

for some finite subset J C I. As f™ € (f;)jes, then V(f™) D V((fj)jes), we have
peV((fi)ies) = peV(™) = ["ep
Since p is prime, f* € p = f € p. Therefore,
peV(fi)ies) = peV(") = [Pep = fep = peV())
Thus, V(f) 2 V((f;)je), that is, X is covered by a finite subcollection

XrC U ij
jeJ
7. (an open subset of X is quasi-compact if and only if it is a finite union of set Xy)

( <= ) finite union of quasi-compact sets is quasi-compact since we can pick a finite subcollection for each set,

the total is still a finite subcollection.

(=) if U is an open set in X, then U can be written as U = | J,c; Xy, since {X;} form a basis for X. By
compactness of U, U can be cover by a finite union U C U, ; Xy, € U;c; Xy, = U. Hence, U =, ; Xy,

O

Problem 12.0.8 (chapter 2 problem 9)
Let O A3 B2y 0 be an exact sequence of R-modules. If A and C are finitely generated,

then so is B

Proof. If b € kerp = imi, since i is injective, we can write i~ 1(b) = rya; + reas + ... + rpa, where {ay,as,...,an}

generates A and ry,79,...,7, € R. Therefore,
b=ryi(ar) + rai(az) + ... + rni(an)

Thatis, {i(a1),i(az2), ..., i(an)} generates ker p. Let {c1, ¢, ..., ¢ } generates C. Since p is surjective, pick {b1,ba, ..., by} C

B so that p(b;) = ¢; for all t = 1,2,...,m. Now, if b € B — ker p, we can write
p(b) = s1¢1 + S22 + ... + SimCm

for some sy, s9, ..., 8, € R. Let
b = s1by + s2b2 + ... + Smb'rn

Then, p(b—b') =0, thatis, b—b" € ker p, hence b— b’ can be written as a linear combination of {i(a1),i(az2), ..., i(an)}.
Thus, the set {i(a1),i(az), ...,i(an)} U {b1, b2, ..., by} generates B O

Problem 12.0.9 (chapter 2 problem 10)
Let A be a ring and a be an ideal contained in the Jacobson radical of A. Let M be an A-module and N be finitely
generated A-module, let u : M — N be a homomorphism. If the induced homomorphism M/aM — N/aN is

surjective, then wu is surjective
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Proof. We will show that N = aN + imu so that Nakayama lemma version 2 implies N = imu. Let {y1,y2,...,Un}
generates N, then {y1 +aN,ys+aN,...,y,+aN} generates N/aN. Foreachi=1,2,...,n, sinceu* : M/aM — N/aN
is surjective, there is z; € M such that

u*(z; +aM) =y; + aN

That is, z; = u(x;) —y; € aN. Now, for each y € N, we have

y=> ayi =Y aiu(x;)—z)
=1 i=1

for some ay,az,...,a, € A. aN + imu being a submodule of N and u(z;) — z; € aN + imw implies a;(u(x;) — y;) €
aN +imu. Hence, y € aN +imwu. Thus, N CaN +imu C N, hence N =alN +imu O

Problem 12.0.10 (chapter 2 problem 12)
Let M be a finitely generated A-module and ¢ : M — A™ a surjective homomorphism. Show that ker ¢ is finitely

generated.

Proof. Since ¢ : M — A™ is surjective, the first row is exact

0 — kero M —2y An 0
S
e }An
A’I’L

A™ is projective since it is free, hence the map 14n : A™ — A™ factors through the surjective map M — A™ by a map
¥ A" — M. In particular, let eq, e, ..., e, be the canonical basis for A™, for each ¢; pick u; € M such that ¢(u;) = e;.
Define the map ¢ : A™ — M by

P A" - M

€; — U;

so that ¢y = 1. Thus, the sequence splits, by Five lemma, there is an isomorphism f : M — ker ¢ & A™. Both M
and A™ being finitely generated, so is ker ¢.

Indeed, if f: M — N @ P is an isomorphism with M and N being finitely generated. Let {1, o, ..., 2, } generate M
and {y1,y2,...,Yn} generate N. For each i = 1,2,...,m, then

n
flxi) = Zajyjapi
j=1
for some ay,as,...,a, € A and p; € P. Let p € P, then there are some by, ba, ..., b, € A such that

f(Z bﬁ%) =(0,p)

Then,
O,p)=f (Z bﬂi) = Zbif(xi) = Z bi Zajyjapj = Z Zbiajyj7 Z bip;
i=1 i=1 =1 \j=1 =1 j=1 i=1
Thus, {p1,p2, ..., pm} generates P. O
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Problem 12.0.11 (chapter 3 problem 5)
Let A be a ring. Suppose that for each prime ideal p, the local ring A, has no nilpotent element # 0. Show that

A has no nilpotent element # 0. If each A, is an integral domain, is A necessarily an integral domain?

Proof.
(A has no nilpotent element # 0) Suppose © € A such that © # 0 and 2™ = 0 for some n > 0. The ideal
({a € A : ax = 0}) is proper since if riay + r2a2 + ... + "mam = 1, then 0 = ra12 4+ reasx + ... + rpamae = x. Let p

be the maximal ideal of A containing ({a € A:ax =0}). Forany s € A —p, % is nilpotent in A, since

A
s sn s™ 1

Moreover, = # 0 in A, since if T =0 in Ay, then there exists t € A — p so that tz = 0, by construction of p, this is a
contradiction.

(If each A, is an integral domain, is A necessarily an integral domain?) Let A = Zg, Zg is not a domain since 2x3 =0
mod 6. The prime ideals of Zg are {(2), (3)}, we have

Sy =17 — (2) = {1,3,5}
Sy =7 — (3) = {1,2,4,5}

The zeros in 52_1A are a/s where s € Sy and a € Zg such that ta =0 mod 6 for t € S, that is

024
{82 20es)
s's’s

The zeros in SglA are a/s where s € S5 and a € Zg such that ta =0 mod 6 for t € S5, that is

In S2_1A, if %% =9 — () then ab € {0,2,4}. Hence one of a or b must be in {0,2,4}. In In Sg_lA, if %TQ =a

ST ST

then ab € {0,3}. Hence one of a or b must be in {0,3}. Thus, both S; ' A4 and S;'A are domain but A is not. O

Problem 12.0.12 (chapter 3 problem 6)
Let A be a ring # 0 and let X be the set of all multiplicatively closed subsets S of A such that 0 ¢ S. Show that

32 has maximal elements and that S € X is maximal if and only if A — S is a minimal ideal of A.

Proof. As ¥ forms a partially ordered set under inclusion and union of arbitrary number of sets in ¥ is also in ¥. By
Zorn lemma, ¥ has a maximal element. Let S € 3, there is a minimal prime ideal pg in the ring STIR, let p be the
extension of pg in R so that pN.S = @. Since p is prime, A — p is a multiplicatively closed that that contains S.

(S € X is maximal = A — S is a minimal prime ideal of A)

By maximality of S, S = A — p. Suppose there is a prime ideal q contained properly in p, the contraction q¢ of q is
contained (not necessarily proper) in the contraction p¢ = pgs of p. As ¢s : Spec ST'R — Spec R is injective, the
containment is proper, q° C pg, this contradicts the minimality of pg. Hence, p = A — S is minimal in A

(S € X is maximal <= A — S is a minimal prime ideal of A)

S is contained in a maximal multiplicatively closed set Sy in 3. Then, A — Sy is a minimal prime ideal of A. Suppose
S is a proper subset of S7, then the minimal prime ideal A — S contains properly a smaller prime ideal A — Sy, that is a

contradiction. O
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Chapter 13

HOMEWORK 2

Problem 13.0.1 (chapter 2 problem 1)

Show that % Q7 % = 0 if m,n are coprime

Proof. If m,n are coprime, mZ + nZ = Z as sum of ideals in Z

Z o L __Z _L_,
mZ tnl T mZL+nl T

Problem 13.0.2 (chapter 2 problem 2)
Let A be a ring, a be an ideal of A and M be an A-module. Show that A/a ® 4 M is isomorphic to M/aM

Proof. The top sequence is exact with the canonical inclusion and projection. By right exactness of tensor product, the

bottom sequence is also exact

0 a : A P Ala 0

a@M 2% AeoM —» AJag M —— 0

Then, A/a® M =2 coker(i ® 1). On the other hand, A® M =+ M and the image of a® M in M under i ® 1 is aM

1®1

a®MT>A®M;>M

Ziai®mi e Zza2®mz — Eiaimi

Hence, coker(i ® 1) = % & Cf\TZ O

Problem 13.0.3 (chapter 2 problem 3)
Let A be a local ring, M and N be finitely generated A-modules. Prove that if M ®4 N = 0, then M = 0 or
N=0

127



Proof. Let m be an ideal of A and k= A/m. If M ® 4 N =0, then
0=(M®asN)@ak®ak=(k®sM)®a(k®aN)
By exercise 2, k @4 M = M/mM = My, and k®4 N = N/mN = Ny, then
M ®a N, =0
Note that, given any ring A ideal a and an A/a-module M, then M also carries A-module structure defined by

Ax M — M

(a,m) — am
My, ®k N = My @4 N by the following A-module isomorphism

My, @k Nk = My, @4 Ny
TRpY—>TRAY

Hence, M) ®; N = 0. Let m be the unique maximal ideal of the local ring A, then k is a field, hence M) = 0 or
Ny = 0. By Nakayama lemma version 1, m C J(A), mM = M or mN =0 implies M =0 or N =0 O

Problem 13.0.4 (chapter 2 problem 8)

1. If M and N are flat A-modules, then so is M @4 N

2. If B is a flat A-algebra and N is a flat B-module, then N is a flat as an A-module

Proof.

(1) Let f : X = Y be an injective A-module morphism and f; be the induced map by the functor ((— ®4 M) ®4 N).
Let f5 be the induced map by the functor (— ®4 (M ®4 N)). There is a natural isomorphism g : ((—®4 M)®4 N) —
(—®4 (M ®4 N)) as follows:

h Y ®s M)®a N

(X®aM)®a N

(r@m)@n —— (f(z)©@m)@n

ox | | ov

z®(men) — f(z)©(men)

fa

X®a(M®aN) Y ®4(M®aN)

The square commutes since

gy [il(z@m) @n) = gy ((f(z) @ m) @ n) = f(z) ® (m @ n)
fagx((z@m) @n) = fo(z® (m@n)) = f(z) @ (men)

forallz € X,;m € M,n € N. f; being injective implies fo being injective. Hence M ® 4 N is flat.
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(2) Note that B and N are (A, B)-bimodules, hence given any A-module M
MANZM®s(BpN)=Z(M®s4B)®g N

We will show the following: (2a) (—®4 B) is an exact functor from A-module into (A, B)-bimodule (2b) ((-®4B)®pN)
is an exact functor from A-module into (A, B)-bimodule (2¢) ((— ® 4 B) ® g N) is naturally isomorphic to (— ®4 N)
(2a) Let f : X — Y be an injective A-module morphism and f; be the induced A-module map by the functor (—®4 B)

f: X—=Y
fi: X®4aB—=>Y®aB

X ®4 B and Y ®4 B canonically carry B-module structure (extension of scalars under the map a — alg) defined by

Bx(X®4B)—X®aB
(bl,.’E@Ab)'—).’b@Ablb

Under that B-module structure, f; is also a B-module map because
fi(b1(x ®4 b)) = fi(x @4 b1b) = f(x2) @4 610 =b1(f(x) ®ab) =b1f1(z R4 D)

Since B is flat as an A-module, f; as an A-module map is injective, so is f; as an (A, B)-bimodule map. Hence,
(— ®4 B) is an exact functor from A-module into (A, B)-bimodule
(2b) Let f5 be the induced B-module map by the functor ((— ®4 B) ® N)

f: X->Y
[1: X®4B—-Y®sB
fo:(X®aB)®g N — (Y®4B)® N

Since N is flat as a B-module, ((— ®4 B) ® g N) is exact as a functor from A-module to B-module, that is, f is
injective as a B-module map. (X ®4 B) ® 5 N and (Y ®4 B) ®5 N carry an A-module structure defined by

Ax(X®aB)®pN)— (X ®4B)®p N
(a,(x®@4b)@pn)—~ (r®4ab) @ n

Under that A-module structure, fs is also an A-module map because
faa((z®ab) ®p n)) = fa((z ©a ab) ®p n) = (f(z) ®a ab) @p n = a((f(z) ®a b) @5 n) = af2((z ©ab) @ n)

Hence, ((— ®4 B) ®p N) is an exact functor from A-module into (A, B)-bimodule.
(2¢) Note that, N carries a A-module structure defined by

Ax N — N

(a,n) — (alp)n

Let f3 be the induced A-module map by the functor (— ®4 N). The natural isomorphism g : (— ®4 N) = ((— Q4
B) ®p N) is defined as follows:
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X®4 N fs Y @4 N

r@an — f(x)®an

. I I ”

(2®@a1)@pn+—— (f(z)®41)@pn

(X @4 B)®@p N E (Y @4 B) @5 N

The square commutes since

gy f3(z@an) =gy(f(z) @a N) = (f(z)®a1)@pn
f2gx(z®@an) = fa((r®a1)@pn) = (f(z)®al)@pn

for all x € X,n € N. f5 being injective implies f5 being injective. Hence, N is flat as an A-module by the above

A-module structure. O

Problem 13.0.5 (chapter 3 problem 4)
Let f : A — B be a homomorphism of rings and let S be a multiplicatively closed subset of A. Let T' = f(.5).
Show that S™!B and T~!'B are isomorphic as S~!A-modules.

Proof. B carries the A-module structure defined by

AxB— B
(a,b) = f(a)b

fora € A and b € B. Hence, S~ B is a localization of A-module B on the multiplicatively closed subset S
ST'B=BxS/~

where (b1, s1) ~ (b2, s2) for by,bs € B and s1,s2 € S if and only if there exists s € S so that 0 = s(s2b1 — $1b2) =
F(s)(f(s2)br — f(s1)b2). The S~1A-module structure on S~ B is defined by

ST'A®S'B— S'B
(a b> L ok _ f(a)

s1 82 5182 S182

where a € A, b € B, and 51,53 € S. On the other hand, T~ B is a localization of ring B on the multiplicatively closed
subset T’
T'B=BxT/~

where (by,t1) ~ (ba,ta) for by,by € B and t1,t2 € T if and only if there exists t € T so that 0 = ¢(t2by — t1b2). We

define the canonical S~!A-module structure on T~ B by

ST'AxT'B—>T7'B
a b)  ab_ fla
(s’t) T f(s)t
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Now, we can define a pair of isomorphisms between S~™!B and T~'B as S~! A-modules as follows:

S'B—-T7'B
b b
b= —
s f(s)
b b
St t

wherebe B, s€ S, t €T, and s; = f~1(t) € S is any element in the preimage of t.

(¢ is well-defined) Let by/s; = ba/se in ST1B, then there exists s € 9, so that 0 = s(s2b1 — s1b2) = f(8)(f(s2)b1 —
f(s1)b2), this is the condition for ¢(b1/s1) = ¢(ba/s2)

(v is well-defined) Let s1,s2 € S so that by/f(s1) = ba/f(s2) in T71B, then there exists t € T = f(S) so that
0 =1t(f(s2)b1 — f(s1)b2). Let s € S so that f(s) =t, then we have 0 = f(s)(f(s2)b1 — f(s1)b2) = s(s2b1 — s1b2), this
is the condition for ¥(b1/f(s1)) = psi(ba/f(s2)). Note that, this also show that the image of v is independent of the
choice of s;

(¢ =1, ¥ = 1) this is clear from the definition

(¢ and 1 are S~tA-module maps)

¢<abz+bs) _¢<f(53)f(a)b2+f(51)f(52)b3) _ f(s3)f(a)ba + f(s1)f(s2)bs _ i¢(ii) +¢<zz>

S1 82  S3 515253 f(s1)f(s2)f(s3)

515283 S1

(7 7e) = sttt ) = = () ele)

O

Problem 13.0.6 (chapter 3 problem 12 - torsion submodule)

Let A be an integral domain and M an A-module. An element 2 € M is a torsion element of M if anns(z) = {a €
A:ax =0} #0, that is if = is killed by some non-zero element of A. Show that the torsion elements of M form a
submodule of M. This submodule is called the torsion submodule of M and denoted by T'(M). If T(M) = 0, the

module M is said to be torsion-free. Show that
1. If M is any A-module, then M /T (M) is torsion-free
2. If f: M — N is a module morphism then f(T(M)) C T(N)

3.0 - M; - M — M, — 0 is an exact sequence, then the sequence 0 — T'(M;) — T (M) — T(M,) is

exact, i.e. T(—) is a left exact covariant functor

4. If M is any A-module, then T'(M) is the kernel of the mapping z — 1 ® z of M into K ® 4 A where K is
the field of fractions of A, i.e. K = Frac(4)=(4—-0)"1A

Proof. (T'(M) is a submodule of M) 0 € T(M). If xz,y € T(M), then axz = 0 and by = 0 for some a,b € A.
Hence a(—2) = az + a(—z) = a(x — ) = 0 and ab(z + y) = bax + aby = 0. Moreover, for any a; € A, then
a(ayz) = ajax = 0, hence T (M) is a submodule of M

(1) Suppose z € M/T (M) is nonzero and it is an element of the torsion submodule of M /T (M), there exists a € A so
that 0 = az = @z, hence ax € T(M), so there exists b € A so that bax = 0, that implies « € T'(M) which contradicts
the assumption of x being nonzero

(2) Let 2 € T(M), then there exists a € A, so that az = 0. Hence 0 = f(ax) = af(x), so f(z) € T(N)
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(3) T(M;) — T(M) is injective since it is a restriction of the injective map M; — M. Moreover, by (2)
ker(T(M) — T(M,)) =T (M) Nnker(M — M,) =T(M)Nim(M; — M) 2 im(T(M,;) — T(M))

Let denote the map M; — M by f : M; — M For any x € T(M)Nim(M; — M), there exists y € M; so that f(y) = .
Since, x € T(M), there exists a € A so that 0 = ax = af(y) = f(ay). Since f is injective, ay = 0, i.e y € T(M;),
hence T(M) Nim(M; — M) = im(T(M;) — T(M))
(4)
Let S = A — 0, then we have

ST'A®AM=S"'M

The composition M — S~ M is defined by

M-o>KeoM= S™tM

T
x+—>1®m'—>I

rekerf(M - K@M) < x/1=0in ST'M <= Jac S,ar =0 < 2 T(M)

Note, the suggestion in the book was really misleading and that costed me a whole night and not delivering the solution.
My effort was as below

(K is a colimit of a diagram containing Ay for u € K — 0)

Consider K as an A-module, for any u € K —0, Ay = {au : a € A} is a submodule of K, there is a canonical A-module

map
fuv t Ap — Av
= (v
for any p,v € K — 0 and = € Au. Define
gu t Ap — K
T ;fl:r

Then, g, is the colimit of the diagram consists of fee

K
l‘ |
ik

Let h, and h, be defined so that the diagram commutes, then k: K — L is

k:K—L
x> hy(ux)

This map is unique since if &’ : K — L makes the diagram commutes, then

(K —k)g, =k g, —kg,=0
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forall pe K —0. Foranyz =a/be K fora€ Aandbe A—0, let u =1/b, then z € Apu. In other words, the map
g: Huero Ap — K is surjective.

Ap — Huero Ap = @#ero Ap

|

K
Then, 0 = (K’ — k)gu(px) = (K" — k)(z) for all x € K. Hence, k' — k is a zero function, so the factoring map & is

unique. In particular, the diagram of fo, is a directed set, so K is the direct limit of the directed set

K =colim, A, = @AM
nw

(colimit are compatible with tensor product) The diagram consists of A, ® M and g, ®1: A, @ M — A, ® M is a

directed set, A-module is a cocomplete category, hence the colimit exists

colim, (A, ® M) = h_n;(A,L ® M)
m

We will show that colim,, (A4, ® M) = (colim, A,) ® M. For any A-module L, we have

Hom(colim, (A, ® M), L) = 1il£n Hom(A, ® M, L) (Hom(—, L) is contravariant)
=~ 1il]5n Hom(A,,Hom(M, L)) (tensor-hom adjunction)
= Hom(colim, A,,Hom(M, L)) (Hom(—, Hom(M, L)) is contravariant)
= Hom((colim,, A,) ® M, L) (tensor-hom adjunction)

Hence, colim, (A, ® M) = (colim,, A,,) ® M as a consequence of Yoneda lemma. In particular
K ® M = colim, (A, ® M)

(main proof)
Now, the canonical isomorphism M — Al ® M defined by x — 1 ® = and the canonical map M — K ® M defined by

x +— 1 ® x make the diagram commutes.

M— AloM 2% ape M

Nl |ro

KoM

Let z € ker(M — K ® M), for any v € K — 0, the image on Av ® M is
(foeol)(l@z)=vec

Let v = a/1, then
(fe)(ler)=rezr=1Qax

Pullback to M gives ax € ker(M — K @ M) O
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Problem 13.0.7 (chapter 3 problem 16 - faithfully flat)
Let B be a flat A-algebra. Then the following conditions are equivalent

1. a®® = a for all ideals a of A

2. Spec B — Spec A is surjective

3. For every maximal ideal m of A, we have m® # (1)

4. If M is any non-zero A-module, then Mg # 0 for Mg = M ®4 B

5. For every A-module M, the mapping © — 1 ® = of M into Mp is injective

B is said to be faithfully flat over A

Lemma 13.0.8 (chapter 2 exercise 13)
Let f: A — B be aring map and N be a B-module, then the map g : N — N ®4 B defined by y — 1 ® y is

injective.

Proof.
(1 = 2) The map ¢* : Spec B — Spec A is defined by

¢* : Spec B — Spec A

qeq°

For any prime ideal p in Spec A4,
p=p“=0"(p%)
Hence, the map ¢* : Spec B — Spec A is surjective
(2 = 3) Since ¢* : Spec B — Spec A is surjective, there exists a prime ideal n € Spec B so that m = ¢*(n) = n¢,
hence
m®=n“Cn( (1)
(3 = 4) For any non-zero = € M, let Az be the submodule of M generated by z. Since B is flat, the top exact

sequence induces the exactness of the bottom sequence

0 Ax M

0 —— Az ® B —— M®4 B

Since Ax ®4 B — M ®4 B is injective, in order to show M ®4 B # 0, it suffices to show that Ax ® 4 B # 0. The
module Az generated by one element is isomorphic to A/a for some ideal a of A and a # A since Ax is nontrivial.
Hence, A B B 3
A BYZ@,BY — = —

T A a @A aB  a*B a®

Since a belongs to some maximal ideal m in A and m® # (1), so a® # B. Hence, Az ®4 B # 0

(4 = 5) Let K =ker(M — M ®4 B), since B is a flat A-module, then top exact sequence induces the exactness of

the bottom sequence
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0 K M M®aB

0 — K®4B —— M®xB —— (M®sB)®4 B

Note that, from Lemma 13.0.8 with N = M ®4 B, the composition t : M ® 4 B — (M ® 4 B) ® 4 B is injective due
to the natural isomorphism (z ® 1) ® b — (z ® b), hence the induced map v from (— ® 4 B) is injective.

t

T

M — M®asB M®asB —— (M®sB)®aB —— (M ®aB)®4 B

rr—— x®1 rTRb—— (21— (zb)®1

So, by exactness, K 4 B=0. From 4, K =0
(5 = 1) We always have a®® D a for all ideals a in A, we will show the other direction a°® C a. Let f: A — B, for
any = € a°, then f(x) € a® C B. Let M = 2, so the map below is is injective

a’
A A ~ B
— = —Q®aB— —
a a ac

a—a®1l— f(a)

Since f(z) € a®, then f(x) =0 in £ by injectivity, =0 in %, hence z € a

ae’

Problem 13.0.9 (chapter 3 problem 18)
Let f : A — B be a flat homomorphism of rings (B is a flat A-module), let q be a prime ideal of B and let p = g°.
Then f* : Spec By — Spec A, is surjective

Lemma 13.0.10
Let f: A — B be aring map and S C T be two multiplicative subsets of A, then

TTHAZ¢s(T) M (STIA) =2 T7H(STA)

as A-modules. Note, the result is a consequence of chapter 3 problem 4

Proof. The induced map A, — By is

fq: Ay — By
a,, fla)

s f(s)
Let S=A—pand T =B —q, then f(S) C T, from Lemma 13.0.10

By =T 'B=T(f(S)'B) =T (S'B) = (By),

The map is well-defined since s € A—p <= fq(s) € B—q. B is flat as an A-module, since flatness is a local property,
B, is flat as an A,-module, hence By is also flat as an A,-module because again By is a localized module of B,,. Now,
we will show that By is faithfully flat over A,. Let m = pA, be the unique maximal ideal of A, we have a one-to-one

correspondence between prime ideals of A and A,, of B and B,
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]

m=pA, +----> m® = p°B,

Hence,
me :pqu :qcqu g qu

Since qBy is a maximal in By, m® # (1). Then Spec B — Spec A, is surjective.

Problem 13.0.11 (chapter 3 problem 19 - support of module)
Let A be a ring and M be an A-module. The support of M is defined to be the set supp(M) of prime ideal p of
A such that M, # 0. Prove the following results:

1. M#0 < supp(M) # @

2. V(a) = supp(A/a)

3. 1f0 = M!' — M — M" — 0 is an exact sequence, then supp(M) = supp(M') U supp(M")

4. 1f M =3, .; M;, then supp(M) = |, supp(M;)

5. If M is finitely generated, then supp(M) = V(ann4(M)) (and is therefore a closed subset of Spec A)
6. If M, N are finitely generated, then supp(M ® 4 N) = supp(M) N supp(NV)

7. If M is finitely generated and a is an ideal of A, then supp(M/aM) =V (a + annx(M))

8. If f: A — B is a ring homomorphism and M is a finitely generated A-module, then supp(B ®4 M) =
(f*)"Y(supp(M)) where f* : Spec B — Spec A is the induced map from f

Note, V'(a) is the set of all prime ideals in A containing a

Lemma 13.0.12 (chapter 3 proposition 3.7)

Let M and N be A-modules and S be a multiplicatively closed subset of A, then there is an isomorphism
S—iMm Rg-14 STIN 5 Sil(M ®Aa N)
In particular, if S = A — p for some prime ideal p, then

My, ®4, Ny = (M ®4 N),
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Lemma 13.0.13 (chapter 2 problem 3 extended)
Let A be a local ring with unique maximal ideal a, M and N be A-modules with M, # 0 and N finitely generated.
Prove that

M@s N = N=0

Note, the proof is exactly in chapter 2 problem 3, except at the last step we only use Nakayama lemma version 1
for N and given M, # 0, then N is zero.

Proof.
(1)

M =0 <= M, =0 for all prime ideal p C A <= supp(M) =0

(2) For any prime ideal p in A, the following are equivalent
(a) (A/a)y #
(b) Ixr e AVte A—ptx ¢ a
(c) a

b = c) suppose (b A —c), that is there exists a € a —p C A — p, then ax € a, that is a contradiction

(b <= c) suppose (=b A c), note that (=b) is Vo € A,3t € A —p,tz € a. Since p is prime, that is not the whole ring,
choose = € A — p, then there exists t € A — p, but tx € a C p, that is a contraction

Hence, p € supp(4/a) <= p € V(a), that is supp(4/a) = V(a)

(3) For any prime ideal p in A, the functor ((A — p)~1—) is exact, hence both sequences are exact

0 M! M M" 0
l r
0 M} M, M 0

Then
p €supp(M)° <= M, =0 <= Mé =0and My =0 < pe supp(Mh)¢ N supp(M")*

Hence, supp(M )¢ = supp(M*)¢ N supp(M")¢, that is equivalent to supp(M) = supp(M') U supp(M™)

(4) For any prime ideal p in A, the functor ((A — p)~!—) is exact, hence both sequences are exact

0 M; M

0 — (M;)y, — M,

Then
pesupp(M)¢ <= M, =0 = (M;), =0 < p € supp(M;)°

Hence, supp(M )¢ C (,c; supp(M;)€, that is equivalent to supp(M) 2 |J;c; supp(M;). To see the other direction, let

x:ijeM

jeJ

p € supp(M) but (M;), =0 forall i € I. Let

for some finite subset J C I so that £ % 0 in M, for some s € A —p. Since (M;), =0, %= = 0 in (M;),, so there

exists t; € A —p so that tjz; = 0. Hence, let t = [[,c,t;, then tz =0, so £ = 0, that a contradiction

jeJ
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(5) Let @1, x2, ..., x, generates M, the each Ax; is a submodule of M that is isomorphic to A/a; for some ideal a; in
A. We will show that !, a; = anna(M). If a € A so that aM = 0, then a(Axz;) = 0 for all i, hence x € a; for all 7.

On the other hand, if a € a;, then a acts on any element of Ax; resulting zero. Hence, aM = 0. We have
n

supp(M) = Supp(z Az;) = | supp(Az;) = U supp(A/a;) = U Via) =V (ﬂ ai> = V(ann(M))

=1 =1

(6) For any prime ideal p in A, since A, is a local ring, from chapter 2 problem 3, we have
p €supp(M ®4 N)° <= My @4, Ny =(M@N), =0 <= M, =00r N, =0 <= p € supp(M)“ Usupp(N)*

Hence, supp(M ® 4 N) = supp(M) N supp(N)
(7

supp(M/aM) = supp(A/a® 4 M) = supp(A/a)Nsupp(M) = V(a)NV (ann4(M)) = V(aUanns (M)) = V(a+ann s (M))

where the last equality is due to a 4+ ann4 (M) being the smallest ideal containing a U ann 4 (M)
(8) The induced map f* : Spec B — Spec A is defined by

/¥ : Spec B — Spec A

q—q°
Let g € Spec B, and p = f*(q) = q°, then we have

(B®a M)y = By®p (B®a M)
= (Ba®@p B)®a M
> B, @a M
= (Bg®a, Ap) ®a M (Bq is an Ap-module, Lemma 13.0.10)
= By ®a4, (Ap ®a M)
= By ®a, My

The proof logic is as follows:

g€ (f*) ! (supp(M))¢ +—— p € supp(M)¢ +—— M, =0

L)

q €suppp(B®a M) «—— (B®A M)y =0 +— B;®a, M, =0

where By ®4, M, = 0 = M, = 0 because (Bq), = Bq # 0. Bq # 0 because 1/1 # 0 in By and (By), = By
because B —q O B — p®, localizing larger subset first then localizing smaller subset is equivalent to localizing only larger
subset. O
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Proof of Lemma 13.0.12.

STHM@aN)=2S'A®s (M ®4 N)
~2(ST'A®s M)®, N
2S5 Me,s N
~ (ST 'A®g-14ST'M)®4 N
~(ST'M®g 145 A) @4 N
~ S IM®Rg14(STPA®aN)
> S'M ®g-14 (STTA®AN)
>~ S M®g 14 SN

Problem 13.0.14 (chapter 5 problem 1)
Let f : A — B be an integral ring extension. Show that f* : Spec B — Spec A is a closed mapping, that is, it

maps closed sets into closed sets

Proof. Let b C B be any ideal, then V(b) is a closed set in Spec B and
fVb)={anA:qeV(b)}
is its image in Spec A. We have
pe f*V(b) < FqeV(b),gnA=p = pecV(bNA)

That is, f*V(b) C V(bN A). On the other hand, for any p € V(b N A), the inclusion
A B
bNnA b

is an integral ring extension, p is a prime ideal in miA, hence there exists a prime ideal g € V(b) so that g N ﬁ =p.
We have

g={y+b:ycq}
A

ﬁ:ﬁﬂm:{x—&-bﬂA:xeA,f(x):y}

Since p and p are prime ideals of a quotient map p = {x € A, f(z) =y} = qN A. Hence, f*V(b) =V(bN A), f*is a

closed map O

Problem 13.0.15 (chapter 5 problem 3)
Let f : B — B’ be a A-algebra morphism and C be an A-algebra. If f is integral, show that f ®1: B®4 C —
B’ ®4 C is integral

Proof. Since the integral closure of B®4 C in B’ ® 4 C'is a subring of B’ ®4 C, it suffices to show that all every basic

139



tensor b’ ® c is integral over B®4 C. f: B — B’ is integral, hence any V' € B satisfies a monic polynomial in B
)"+ f(b)()" T+ 4 f(bn) =0
for some by, ..., b, € B. Note that, (' ® ¢)* = (b')" ® c*. Let c” act on the monic polynomial, we have
(0’ @c)" + (fb1) @) @ )"+ ..+ (f(bn) @) =0

e coefficients E) ®ct = ® L ®c¥)eim(f ®1). Hence, ' ® c is integral over B ® 4
Th ffi f(b k fe1)b k f®l1). H v gral B C O

Problem 13.0.16 (chapter 5 problem 5)

Let A — B be an integral ring extension

1. f z € Aisaunitin B thenitisaunitin 4

2. The Jacobson radical of A is the contraction of the Jacobson radical of B

Proof.

(1)

Suppose z is not a unit in A, let m4 be the maximal ideal containing x, then there exists a prime ideal mpg in B so
that mp N A = my4. Since my4 is maximal, then mp is also maximal, but z € my4 C mp, then x is not a unit in B,

contradiction.

(2)

Using the previous argument, any maximal ideal in A is the contraction of another maximal ideal in B, hence
J(A)CJ(B)NA
Moreover, contraction of any maximal ideal in B is maximal in A, then

J(B)N A C J(A)

Problem 13.0.17 (chapter 5 problem 12)

Let G be a finite group of automorphisms of a ring A and let A denote the subring of G-invariants, that is
A ={zcA:0(zx) =2z forall 0 € G}

Prove that A is integral over AY. Let S be a multiplicative closed subset of A such that ¢(S) C S for all o € G,
let S = SN AY. Show that the action of G on A extends to an action on S~!A and that (S¢)71AY = (§—14)¢

Proof. (A is integral over A%)
For any © € A, since 14 € G C Hom(A4, A) and n = |G| is finite, z is a root of the polynomial

f(t) = T ¢ = o()) € Al

ceCG

We will show that f(t) € AS[t], that is
f(t) = ag +ait' + ... + a,t"
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with ag, ..., a, € A%. For any 7 € G C Hom(A, A), it induces a 7 € Hom(A[t], A[t]), then

T(f() =7 < [Ic- 0(%))) =[]t~ (ro)())

oeG ceG
Since {ro : 0 € G} = G, then 7(f(t)) = f(t), hence
T(ak) = ak

Hence, a; € A%, thus f(t) € At
(the action of G on A extends to an action on S~1A)

The action of G on A extends to an action of S'A as follows:

GxS1tA—-S51A

( a) o(a)
o,— ) —
s o(s)
This is a well-defined group action since
1.2=2
S
(or)= = orle) _ O'(Tg>
s o7(s) s

Moreover, it respects addition and multiplication on S~!A4, that is
a a oa oa o(sqa1 + s1a a a
o) 4 o2 2 om g0 _ o(s2a1 +5102) (a1, a2
S1 S92 g81 089 0'(8182) S1 S92
ay as cay ocay  o(ajaz) ai as
ol —Jol—|=—"F=—-"=S=0(——
s1 S9 081 082 0(8182) S1 S2
(59)7149 = (5714)9)

Note that
(S71A)¢ = {% cStA: 0’(%) = % for all o € G}

We define a pair of isomorphism as follows:

(SG)_lAG N (S—lA)G
a a
f: 57
pla) | a
a7

where p(z) =3 s o(x) forany x € A
[ is well-defined since if a € A% and s € S, then immediately o(2) = ¢, hence f(%) € (S7'A)9 C S71A.
g is well-defined because y(a) € A% forany a € A and u(s) € S¢ forany s € S. Forany 7 € G, since {T0: 0 € G} =G

() = ( > a<x>> =Y ro@) = Y ola) = ()
oeG ceG oeG

It is clear that gf = 1(sc)-14c. On the other hand, For any ¢ € (S7'A)%, fg(2) = wa)  For each o € G,

S
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¢ € (S71A)Y implies that there exists t, € S so that
toso(a) =tyao(s)

Let ¢t =]
all o € G gives tsu(a) = tap(s). Now, multiplying both sides by (HTEG—{IA} T(t)) gives

seq o €5, since t, is one of the factor of the product ¢, then tso(a) = tac(s) for all o € G, summing over

v(t)ap(s) = v(t)su(a)

for v(t) = [, e 7(t) using the same argument as above [] . 7(t) € AS, moreover since 7(S) C S, then [ . 7(t) €

AS NS = SE. Theforefore, ZEZ; =%, thatis fg = 1(s-14)c O

Problem 13.0.18 (chapter 5 problem 13)
Let p be a prime ideal of A and let P be the set of prime ideals of A whose contraction is p. Show that G act

transitively on P. In particular, P is finite.

Proof.
(on a fiber of Spec A — Spec A“, G maps sheets into sheets)
For any q € P, then qNAY = p, for any o € G, since o is an isomorphism in Hom(A, A), then o(qNA%) = o(q)No(AY),
hence
p = o(p) = o(q 1 AS) = o(q) N 0(A%) = ar(q) N AC

Thus, o(q) is another prime ideal whose contraction is p

(on a fiber of Spec A — Spec A, given any two sheets, there is a ¢ € G maps from one to another)

Let q; and g2 be prime ideals in A so that p = q; N A% = q2 N AY but g2 is not on the G-orbit of q;, that is there
exists © € gz so that = ¢ o(q1) for any o € G. From previous part, we have v(z) =[], . o(x) € A®, moreover x is

one of the factor of the product v(z), hence
v(z)eqNA=pCq

Hence, there at least one o € G so that o(x) € q;. Thus, 0= € G map o(x) € q; into x which is a contradiction.
(P is finite)

In particular, since G is finite, P is also finite.

Problem 13.0.19 (chapter 7 problem 4)
Which is the following rings Noetherian?

1. The ring of rational functions of z having no pole on the circle |z| = 1

2. The ring of power series in z with a positive radius of convergence

3. The ring of power series in z with an infinite radius of convergence

4. The ring of polynomials in z whose first k derivatives vanish at the origin (k being a fixed integer)

5. The ring of polynomial in z,w all of whose partial derivatives with respect to w vanish for z =0

In all cases the coefficients are complex numbers.
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Proof.
(1) C is Noetherian, so C[z] is Noetherian. Define the multiplicative closed set S C C[x]

S ={q(z) € C[z] : q(x) # 0 for all = on the circle |z| =1}

Then the rational functions of z having no pole on the circle |z| = 1 is precisely S~'C[z], hence Notherian

(2) The ring of power series in z with positive radius of convergence is

- 1
A= nz':R= >0
{nz_:oa : lim sup,,_, ., |an|*/™ }

Note that we can write any f(z) € C[[z]] as

f(Z) _ Zord f(z)g(z)

If f(2) € A, sois g(z). Hence, f(2) € (2°"4/(*)). Therefore, any ideal I in A is generated by 2" for

n = min ord f(x
Jnin, f(x)

(3) The ring of power series in z with infinite radius of convergence is the ring of holomorphic function O, let
I,={f(x) e 0:0=f(n)=f(n+1)=f(n+2)= ..}

Then the chain of ideals Iy C Iy C ... is strictly increasing. Hence, O is not Noetherian

(4) The ring of polynomials in z whose first k derivatives vanish at the origin (k being a fixed integer) is
B=C+ zkHC[z} ={ap+ a1z +ax2® + ...+ apz® 4 ...+ a2 € Clz]: a1 =ag = ... = ax, = 0}

C[z**1] is Noetherian and a subring of M and M is a C[z*T!]-module generated by 1,2,22,...,2%. Then, M is
Noetherian
(5) Let
I, = (2, 2w, z2w?, ..., z2w™) C C[z, w]
Then I; C I, C ... is strictly increasing (zw”Jrl € In+1 — I,). Hence The ring of polynomial in z,w all of whose partial

derivatives with respect to w vanish for z = 0 is not Noetherian O

Problem 13.0.20 (chapter 7 problem 5)

Let A be a Noetherian ring and B a finitely generated A-algebra, G is a finite group of A-automorphisms of B
and BY be the set of all elements of B which are left fixed by element element of G. Show that B is a finitely
generated A-algebra.

Lemma 13.0.21 (chapter 7 proposition 7.8)
Let A C B C C be rings. Suppose A is Noetherian, that C' is finitely generated as an A-algebra and C is integral
over B, then B is finitely generated as an A-algebra

Proof. We know that B¢ — B is an integral ring extension, B being Noether follows from Lemma 13.0.21 and the

chain
ACB®CB

143



Problem 13.0.22 (chapter 7 problem 8)

If A[z] is Noetherian, is A necessarily Noetherian?

Proof. Since A = A[z]/(z), then quotient ring A of a Noetherian ring A[z] is Noetherian O

Problem 13.0.23 (chapter 7 problem 12)
Let A be a ring and B be a faithfully flat A-algebra. If B is Noetherian, show that A is also Noetherian

Proof. B is a failthfully flat A-algebra, hence under the map A — B, for any ideal a C A, a®“ = a. Let
ap Cax C ...

be a chain of ideals in A. Then

af Ca; C ...
is a chain of ideals in B that must stablize at some point. Contracting back to A gives
ai® Cas" C ...

must stablize at some point. Hence, A is Noetherian O

Problem 13.0.24

If A'is any Noetherian ring, then also the power series ring A[[z]] is Noetherian

Proof. For any power series f(z) = ag + a1z + a?z? + ... + a"2" + ... € A[[z]], define
ord f(x) = min{n > 0: a,, # 0}

Suppose A[[z]] is not Noetherian, let I be an ideal in A[[z]] that is not finitely generated, we will inductively construct

folx), f1(x), fa(x),... € Alz] and ideals I, = (fo(x), f1(x), ..., fn(x)) as follows:
Pick a nonzero fy(x) € I of minimal order, set

Iy = (fo(x))
If we already pick fo(x), f1(), ..., fn—1(x), the we pick a nonzero f,(x) € I — I,,_; of minimal order and set

I, = (fo(l‘),f1(.1?), afn(x))

By construction, we have
ord fo(z) < ord f1(z) < ord fo(z) < ...

Let a,, be the first nonzero coefficient of f,,(x) and let J C A be the ideal defined by
J = (ag,a1,as,...)
Since A is Noetherian, J is finitely generated, that is
J = (ag,a1,az2,...,an)

for some N > 0. Let f(x) € I, — Iy with N < n, by minimality of order of f;(z), we must have ord f(z) —
max{ord f;(z)} > 0.
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We will write f(z) as a A[[z]]-linear combination of fi(z), fa(x), ..., fn(x), let a € A be the first nonzero coefficient of

N .
f(x), then a =", r;a; for some o, 71,...,7n € A. We can write

N
f($) f(l) Z r; xord f(z)—ord f,(x)f ( (1) Z h (1)
=0 =0

for some f()(x) € A[[z]] with ord f)(x) > ord f(z) + 1 and ord h;(z) > ord f(z) — max{ord f;(x)} > 0.

Continue this process, we can write
N
10 = 790 - (S0 + 30 3050
i=0
because at each step, order of f(*)(z) increases by at least 1, so ord f*) > ord f(z) + k, and
ord hEk)(x) > ord f®) (x) — max{ord fi(z)} > k + ord f(z) — max{ord fi(z)} > k
Then we can write

N
Fle) = 3" @) fifa)

for some h;(x) € A[[z]]. Because ord hl(-k)(:z:) > k and ord f*) > k, the process gives a construction of all coeffcients
of degree < k of h;(x) for any k. Hence, I C A[[z]] is finitely generated.
Alternate proof: show Cl[z]] is PID O

Problem 13.0.25
If A is any ring and p C A is any prime ideal, then A, /pA, = Frac(A/p)

Proof. Since localization is exact, let S = A — p, we have two short exact sequences

0 p A Alp 0

0 S-1p A, S~ (A/p) —— 0

Note that S™1'p = {g pEP,sE S} =pA, C A, is the maximal ideal of A,. The surjection A — A/p sends S into
A/p — {0}, there is an isomorphism of S~!A-modules

~(A/p) = Frac(A/p)
Hence, by exactness of the sequence sequence

Ap
—— =~ Frac(A
pA, (A/p)

as S~ 1-modules O
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Chapter 14

HOMEWORK 3

Problem 14.0.1 (chapter 8 problem 2)

Let A be a Noetherian ring. Prove that the following are equivalent

1. A is Artinian
2. Spec A is discrete and finite

3. Spec A is discrete

Proof.

(1 = 2) Ais Artinian then every prime ideal is maximal and it has finitely many maximal ideals, so Spec A is finite.
Moreover, every maximal ideal in Spec A is closed, so any subset of Spec A is finite hence closed. Spec A admits the
discrete topology

(2 = 3) by definition

(3 = 1) Suppose p C m be a prime ideal that is properly contained in a maximal ideal m in A. As Spec A is discrete,
{p} is closed, hence {p} = V(a) for some ideal in A, hence a C p C m, so m € V(a), contradiction. So every prime

ideal in A is maximal, dim(A) = 0. Since A is Noetherian, A is also Artinian O

Problem 14.0.2 (chapter 8 problem 3)
Let k be a field and A be a finite-type k-algebra. Prove that the following are equivalent

1. A is Artinian

2. A'is a finite k-algebra (finitely generated as k-module)

Proof.

(2 = 1) If Ais a finite k-algebra then A is a k-vector space of finite dimension. Any ideal in A is a vector subspaces.
Since A is of finite dimension, any decending chain stablizes. A is Artinian

(1 = 2) Ais Artinian, then A =[], A; for some Artinian local ring A;. A is finite-type k-algebra, then there exists
a surjection k[zy, ..., z,] = A. Hence, each A; is also finite-type k-algebra by the composition k[z1,...,z,] - A - A;.
Note that each A; is Artinian, moreover if each A; is a finite k-algebra then A is also a finite k-algebra by taking all
generators in {A;}.

Without loss of generality, assume (A, m) is Artinian local. Let K = A/m be the residue field, again k[xy, ..., 2,] —

146



A —» K, so K is finite-type k-algebra. Since A is Artinian, l4(A) = n finite, there exists a finite chain of submodules
0O=MyCM 1 C..CM,=A
so that each M;/M;_; = A/m for some maximal ideal m of A. Since A is local, each M;/M;_1 = K. Moreover,
A é M;/M;
i=1

Hence, A is finite K-algebra. Together with Nullstellensatz, K a finite algebraic extension of k. So A is a finite
k-algebra. O

Problem 14.0.3 (chapter 9 problem 2)
Let A be a Dedekind domain. If f =ag+ a1z + ... + a,z™ is a polynomial with coefficients in A, the content of f
is the ideal ¢(f) = (ag, ..., an) in A. Prove Gauss's lemma that ¢(fg) = ¢(f)c(g)

Lemma 14.0.4 (being equal submodules is local)
Let M and N be submodule of an A-module, if M, = Ny, for every maximal ideal m of A then M = N.

Proof of Lemma 14.0.4. Note that, M C N if and only if (M +N)/N = 0. Localize at every maximal ideal m, M, C Ny,
implies (M 4+ N)/N)m = (M + Nuw)/Nm = 0 (localization commutes with sum and quotient of submodules). Since

being zero is local, so M C N. The other direction is the same. O

Proof. Let g = by + b1z + ... + byx™, then

=0 \i=0

m+n l
IEDY <z aibl—i> !

Localize at every maximal ideal m of A, if we can show that
C(fg)Am = c(f)Am : C(g>Am = C(f)C(g)Am

Then Lemma 14.0.4 implies ¢(fg) = ¢(f)c(g). Note that, each Ay, is a DVR.

Without loss of generality, assume (A, v) is a DVR with uniformizer y € A, v(y) = 1. Let ¢(f) = (y*) and ¢(g) = (y*)
for some s,t > 1, then ¢(f)c(g) = (y*1). Since (y*) = (ao, ..., a,), then y* is a A-linear combination of {ag, a1, ..., a, },
then s = v(y®) > wv(ap), but ag € (y*), so v(ag) > s. Hence, v(ag) = s. Similarly, v(by) = t. Hence, one of the
coefficient of ¢(fg) is agby has valuation v(agby) = s +t, so ¢(f)c(g) = (y**%) C c¢(fg). The other direction is shown
above. Hence c(f)c(g) = (y**t) = c(fg) O

Problem 14.0.5 (chapter 9 problem 3)

A valuation ring (other than a field) is Noetherian if and only if it is a discrete valuation ring.

Definition 14.0.6

A domain A is a valuation ring if every nonzero z € K = Frac(A), it is eitherz € Aorz=' € A
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Lemma 14.0.7 (some facts about valuation ring)

If A is a valuation ring

1. there is a total ordering in A by divisibility

2. there is a total ordering of ideals in A by inclustion

3. Ais local

4. every finitely generated ideal is principal

5. every ideal ain A, if a C m” then a C m**! for any k > 1

6. (is this true?) every (prime) ideal in A is of the form m”

Proof of Lemma 14.0.7.

(1) For any nonzero z,y € A, either z/y € Aory/x € A. If z/y € A, let z/1 = a/y for z € A. So t(zy — x) = 0 for
some nonzero t € A. Since A is a domain, z = zy. So either z divides y or y divides x

(2) Let a,b be ideals in A. Suppose there exist x € a — b and y € b — a (a — b is set elements in a and not in b). (1)
induces a contradiction.

(3) If Ais not local, then two distinct maximal ideals m,n must have m C n or n C m. contradiction.

(4) Let a = (aq, ..., an) be ideal in A, then there exists a generator a; that divides every other generator, hence a = (a;)
(5) Let a C m* be any ideal in A for some k > 1, let # € a and y € m* — {a}. Since A is a valuation ring and y ¢ a,
x = ay for some a € A. Moreover, if a ¢ m, that is a is a unit, then a~ 'z = y contradicts with y ¢ A. Hence, z = ay
for some x € m. So, z € mF*t1 a C mk+!

(6) O

Main Proof.

(<= ) DVR is PID, PID is Noetherian since every ideal is generated by finitely many elements.

(=) The valuation ring A is Noetherian, then it is local with the unique maximal ideal m. Since every ideal in A is
finitely generated, it is also principal, that is A is PID. A is a Noetherian, local domain with the unique maximal ideal
being principal,it suffices to prove that dimension of A is 1, that is, every prime ideal is maximal.

Let m = (y) and (z) be a nonzero prime ideal in A, suppose that (z) C (y), that means y ¢ (x). We must have z = ay
for some a € m (using the argument in Lemma 14.0.7). Since (z) is prime, and y ¢ (), a € (), write a = bz for some
nonzero b € A. So

T = byx

Since A is a domain, using left cancellation, by = 1 that makes y a unit, contradiction. O

Problem 14.0.8 (chapter 9 problem 5)
Let M be a finitely generated module over a Dedekind domain. Prove that M is flat <= M is torsion-free

Definition 14.0.9

Let M be a module over a domain A, M is torsion-free if for every nonzero x € M and nonzero a € A, ax # 0

Lemma 14.0.10 (chapter 3 exercise 13)

Let M be a module over a domain A, then M being torsion-free is a local property.
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Lemma 14.0.11 (chapter 7 exercise 16)
Let M be a finitely generated module over a Noetherian ring A, then M is flat if and only if M, is a free A,-module

for every maximal ideal m

Lemma 14.0.12

free module of finite rank over a domain is torsion free

Proof of Lemma 15.2.1. Let M = A", then every nonzero m € M can be written as m = (aq,...,a,) € A™ for some
ai,...,a, € A and some a; # 0. If nonzero r € A such that 0 = rm = (ray,...ra,), then ra; = 0, contradicts the

premise A being a domain. O

Lemma 14.0.13 (Fundamental Theorem, Existence: Invariant Factor Form - Dummit Foote - chapter 12, section
12.1, theorem 5)
Let A be a PID, and M be a finitely generated A-module, then M is torsion-free implies M is free.

Proof. TODO ]

Main Proof.

Localize at a maximal idealm C A

(=) A is Dedekind domain, so A is Noetherian. Since M is finitely generated and flat, M, is a free Ay-module of
finite rank. By Lemma 15.2.1, M, is torsion-free. Lemma 14.0.10 implies M is torsion-free.

(<=) Ais a domain, so M, is also torsion-free as A,,-module. Moreover, A is Dedekind domain, then A, is a DVR

which is PID. By Lemma 15.2.2, M, is free. By Lemma 14.0.11
O

Problem 14.0.14 (chapter 9 problem 7)
Let A be a Dedekind domain and nonzero ideal a in A. Show that every ideal in A/a is principal. Deduce that

every ideal in A can be generated by at most two elements

Proof. Every ideal a in Dedekind domain admits a unique decomposition
a=pi.py
for some prime ideals p;. In dimension 1 domain A, every prime ideal is maximal, by chinese remainder theorem
Afa=A/pS x ... x Afpir

Every ideal in A/a is a Cartesian product of ideals in A/p;*, so it suffices to show that ideals in A/p;* are principal.

Let p© be one of p§*, ..., pS". Localize each A/p® as quotient of A-modules at p C A, we have

(A/p°)p = Ap/p° Ay

as A, modules. Since A is a Dedekind domain, A, is a DVR. In A, pA, is the unique maximal ideal that is principal.
So the the unique maximal ideal pA, N A, /p¢A, C A, /p°A, is principal. It remains to show that A, /p®A, is Artinian.
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It is straightforward since every ideal in DVR A, is a power of its maximal ideal pA,, any chain of ideals in A, of the
form

pAp 2. 294y
is of length at most e. So any chain of ideals in A, /p°A, is of length at most e
Let b C A be an ideal generated by more than one element. Let a € b, then (a) C b. So b/(a) is a nonzero ideal in
A/(a), hence must be principal. Let b/(a) generated by b for some b € b. Then for any x € b, b/(a) is principal ideal
generated by b, so = yb for some y € A, so x = yb + za for some z € A. Hence, b = (a,b) O

Problem 14.0.15 (chapter 9 problem 8)
Let a, b, ¢ be three ideals in a Dedekind domain. Prove that

Proof. Localization commutes with finite intersection and sum of submodules, it suffices to prove for the case of DVR.
Let a,b, ¢ be ideals of a DVR (A, v) with uniformizer (y). Let a = (y%),b = (y°),c = (y°), then either case b = ¢ or
b #c,

b+c= ")+ (y°) = (y™n*)
brc=(y")Ny°) = (y™>")

It is equivalent to show

max(a, min(b, ¢)) = min(max(a, b), max(a, c))

min(a, max(b, ¢)) = max(min(a, b), min(a, c))

Assuming b < ¢, then max(a, b) < max(a,c) and min(a,b) < min(a,c). We're done. O

Problem 14.0.16 (Krull-Akizuki)
Let A be a Dedekind domain with fractional field K. Let L/K be a finite degree field extension and let B be the

integral closure of A in L. Prove that B is a Dedekind domain.

Lemma 14.0.17 (equivalent formulation for Dedekind domain)

A ring A is a Dedekind domain if and only if it is a dimension 1 Noeatherian integrally closed domain

Proof of Lemma 15.2.3. this follows from Proposition 5.13: for a domain A being integrally closed is local. O

Main Proof. L is a finite degree field extension of K which is a vector of finite dimension over K. B C L is the integral

closure of the ring extension A — L
A—— B—— L

1. (Any ideal I of B intersects A nontrivially) Let nonzero I C B be an ideal of B, let nonzero = € I, then x satisfies

a monic polynomial of minimal degree

p(x)=2" +a 2" '+ a1z —ap, =0
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for some aq,...,a, € A. Since p is of minimal degree, a = a,, is a nonzero element of the ideal I N A.
. (I/aB is of finite length as an A-module) Now, I/aB C B/aB as R-modules. It suffices to show that length
B/aB is of finite length. If aB = B = I, there is nothing to show. Suppose «a is not a unit in B

If we can show that ¢ B C a™t!B + A for some n, then

B a"B a"MB+ A A

~ ~

aB ~ a"tIB = ontlB T antiBN A

The left isomorphism is from first isomorphism theorem of the map a™(—) : B — a"B/a"*' B with kera™(—) =
aB and the right isomorphism is the second isomorphism theorem for submodules over A. A/(a"*'B N A) is

Artinian since a”t1B N A is nonzero, so B/aB is of finite length as an A-module, hence I/aB is of finite length

. (a"B C a" ™! B + A for some n) Using the argument in Lemma 14.0.4, inclusion of submodules is a local, We can

assume that A is a DVR with uniformizer m.

For any nonzero y € B, consider the "fractional ideal" y=*A = {z € L : zy € A} C L intersecting A nontrivally
using the same argument as above for integral element y~! over A. Since A is a DVR, the ideal Ay~ N A of A

contains large power of m. Since a € m, we choose smallest N; € N so that a™y € A for every n > N,

Consider the chain of ideals I,, = a"BN A+ aA in A/aA. A/aA is Artinian since aA is nonzero, so it must
stablize. Let N2 € N so that I,, = Iy, for every n > Ns.

Note that, IV is dependent on y and N is indepdent of y. We claim that N; < Ny + 1 for every y € B. Suppose
the contrary that if No +1 < Ny, let n = Ny — 1, then I,,;1 = I, = I,,_1, then a™y ¢ A and a"*'y € A. Since
a"tly € I,41 = I, = I,,_1, then there exists 2 € B and t € A so that "'z € A and

a"ly=a"z+at ca"'BNA+aA

Hence, left cancellation implies a”y = a" 'z +t € A, contradiction. Choose n = Ny + 1, then I,, = I,,;; and
a”B C A. Hence
a"BCI,=1I,.1 Ca""'B+ A

. (B is Noetherian) I/aB is of finite length as an A-module, if I is not finitely generated as an ideal in B, then let
I = (a,iy,12,...) for i1,is, ... € B, so the decending chain of ideals containing aB in B which is also a decending

chain of submodule of I/aB as an A-module

(a,il,ig,ig,, ) D) (a,ig,ig,,...) o...2 (a) D) (0)

has infinitely many strict inclusions, contradiction.

. (B is of dimension 1) A < B is an integral ring extension with A being a domain, by going-down theorem, any
chain of prime ideals of strict inclusions in B has a corresponding chain of prime ideals of strict inclusions in A
by contraction. Since A is of dimension 1, by going-up theorem, all chain of prime ideals of strict inclusions in B

cannot be longer than 2. Hence, since B is subring of field L, B is domain, (0) is prime, B is of dimension 1

. (B is integrally closed) Frac(B) C L. Any x € Frac(B) is integral over B is also integral over A, so x € B.

Hence, B is integrally closed.
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Problem 14.0.18 (optional)
In the notation of the previous problem, if in addition L/K is a separable extension, we can always write L = K (z)

for some z € L. Find an example where L/K is separable but we CANNOT write B = A[z] for some z € B

Problem 14.0.19 (optional)
Is the ring A = C[z,y]/(y* — 23 —2 — 1) a PID?
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Chapter 15

HOMEWORK 4

15.1 PROBLEM 1 23

Problem 15.1.1 (problem 1)

Let P, and Q4 be projective resolutions of A-modules M and N, respectively. In class we proved that any A-module
map f: M — N lifts to a chain complex map ¢, : Ps — e, but the lift depends on choices. Prove that any two
lifts ¢, 1e are homotopic.

Proof. Note that, the proof only requires P, to be projective chain complex and ), to be exact. Recall the construction
of lifts of f. Let K,, = ker(d: @y, = Qn—1) =im(d: Qni1 — Qn), then there is a map «,, : P41 — K. Since P,y

is projective, oy, lifts into ¢p11 : Pry1 — Qnt1

d d
P7L+2 P7L+1 Pn
N |
So I
SNl Qn | an
N |
\\\ }
1 | Pnt1 Pn
Koix | K,
I
d v d
Q7z+2 Q7l+1 Qn

Now, the composition P12 — P11 — Qni1 — @ equals Pyo — Py1 — P, — @, equals zero. Hence the map
Pyio — Pyi1 — Qny1 factors through K1 by a map 41 Pugo = Qnyt-

Let g, = ¢ — ¥y, then go is a chain map, we will show by induction that there exists a collection of maps {h; : P,_1 —

Q. }ien so that
gi = hid + dhi 1

where d are the appropriate maps on exact sequences P, and Q,.

Induction case: Suppose we have maps h,, : P,_1 — Qp and h,,_1 : P,_o — Q,_1 for some n — 1 > 0, so that
In—-1 = hn—ld + dhn

We construct hy,41 @ Ppyo — Qpny1 as follows:
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d
Pn — Pn—l

LA

Qn T> Qn—l

Consider the map 8, = g, — hnd : P, — @, and the composition df,, : P, — (),,_1, we have

dﬂn = d(gn - hnd)

=dg, — dh,d (A-module is preadditive)
=dgn — (gn-1 — hn—1d)d (induction hypothesis)
=dgn — gn—1d+ hn_1dd (A-module is preadditive)
=dg, — gn-1d (top sequence is a chain complex)
=0 (ge is a chain map)

Then, S, factors through K,, by a map P, — K,, since P, is projective, it factors through Q,,+1 by a map h,41 :

Pn — QnJrl

=T Pn
hnt1 /// ///
x’
/S Ky Bn
\é/ / \
QnJrl d Qn d anl
Precisely, we have f3,, = dh,,+1. Hence, g,, = h,,d + dhy 41
Case case: We construct hg : 0 — Qg and hy : Py — Q1 as follows:
Ph——0

&

QlT»Qoﬁo

ho = 0 is the unique zero map. Py is projective, so gg = ¢g — ¥ factors through Q1 by a map hy : Py — @1, then
go = dh1 = dhy + hod O

Problem 15.1.2 (problem 2)

Let P, and @, be projective resolution of an A-module M. Prove that they are homotopy equivalent

Proof. The lifting from a map in A-modules into chain complexes of A-modules is a functor, that is if f,, ge are lifts of

f,g, then go 0 feis alift of go f

gof
L 7 M 5 N

P.LQ.LR.

geOfe

Hence, the identity map 1, : M — M lifts into 2 chain maps fe : Ps — Qe, g : Qe — Ps as in the diagram below
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1n

M— M — M
1nm 1nm

P. feo Q. e P.

JeOfe
Then, ge o fo is also lift of 15 : M — M. On the other hand, the identity chain map 1p, : P, — P, is also a lift
of 1y : M — M, by Problem 15.1.1, ge © fo ~ 1p,. Using the same argument, f, o go ~ 1g,, hence P, and @), are

homotopy equivalent.

O

Problem 15.1.3 (problem 3)

If0 - L - M — N — 0 is a short exact sequence of A-modules, prove that we can find a compatible short exact
sequence of projective resolutions 0 — Py — Q¢ — Re — 0

Proof. Pick arbitrary projective resolutions P, and R, of L and N respectively. We will show by induction that there
exists a projective resolution Q)4 of M so that 0 — P, — Q¢ — Re — 0 is a short exact sequence.
Let @, = P, ® R, and the canonical maps f, : P, — @, and g, : Q, - R,, we will construct maps Q9 — M and

Qn+1 — @y so that Qe is a projective resolution of M. Note that, since both P, and R,, are projective, @,, is also
projective.
Induction case: For any n > 0, suppose we have a commutative diagram as follows (does not include dash arrows), all

rows are exact, all columns split

0 0 0

L

d d
w— Py —— P, —— P, 1 —— ...

\[fn«i»l \[fn \[fnfl

frnd®r,d h
S Y Qa1 "8Qn s Quoy ——

Tn+1<\lgn+1 Tn ?lgn Tn—l(lgn—l

o — Ry — R, —=— Rp_1 —— ...

I

0 0 0

Let the map Q,4+1 — @, be f,,d ® r,d. The sequence @), is exact at @Q),, since

im(f,d ® rpd)

=im(d: Ppt1 — P,) @im(d : Rp11 — Ry)
=ker(d: P, = P,—1) ®ker(d: R, = Rn_1)
=kerh

Base case: Since M — N is surjective and Ry is projective, there is a map ¢ : Ry — M lifted from n: Ry — N. Let
the map Qg — M be fe®d ¢
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Py - 0
| f

————— > Py @ Ry —Jie—@% M —0
LA
Ry o N 0
|
0 0

It remains to show that fe & ¢ is surjective. By snake lemma,
0 = coker e — coker(fe @ ¢) — cokern =0

is exact. Hence, coker(fe @ ¢) =0, fe ® ¢ is surjective.

15.2 PROBLEM 4

Lemma 15.2.1

Some basic facts about Tor

1. If L is a flat A-module, then Tor’ (—, L) = 0 for n > 1
2. If P is a projective A-module, then Tor? (P, —) =0 for n > 1.

3. If P is a projective A-module, then P is flat. Hence, Tor?}(—, P) =0 for n > 1.

Proof.

(Tor,(—,L) = 0 for n > 1) Let ... — Q2 — Q1 — Qo — 0 be a projective resolution of N, since L is flat,
w2 Q2L - Q1 ®L — Qp® L — 0is exact at every Q,, ® L for n > 1. Hence, Tor,(—,L) =0forn >1
(Tor,(P,—) =0 for n > 1) A projective resolution for Pis0 — P — P — 0

(P is flat) Let Q @ P be a free module, hence also flat. Given any injection M < N. In the diagram below, all columns

split and the middle sequence is exact

0 0

l |

M®P —— N®P

| |

0 — M PadQ) — NR (P Q)

| |

MRQ — N®Q

| |

0 0
By snake lemma, 0 — ker(M ® P — N ® P) — 0 is exact. So, (— ® P) preserves injection
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Lemma 15.2.2
If0 - M — N — P — 0 is a short exact sequence of A-modules with P being projective, then for any A-modules,

the sequence
0-MJ—>NRJ—=>PRJ—=0

is also exact

Proof. P being projective, so 1p : P — P factors through N, that is, the sequence 0 - M — N — P — 0 splits.

N=Ma&P. So
NJ=MaJ)®(P®J)

The induced maps M@ J - N®J and N®J — P®.J from (—®J) are precisely the canonical injection and canonical

projection
M ! N g P
m d (m, 0)
(m,p) z p
M®J fel N&J 9e1 P®J
. o1 ) .
me j; ———— (m,0) ®j1 = (M j1,0)
. . . 1 .
(M ® j2,p @ j2) = (M, p) @ Ja LN P ® ja
Hence, 0 = M ®J - N®J — P® J — 0 also splits O
Lemma 15.2.3

Tensor product preserves chain complex and chain homotopy, that is

1. If Cq is a chain complex then Cy ® J
e 2 Cr1®J 2 CLRJ 5 Cr1®@J — ...

is also a chain complex for any A-module J.

2. If fo,ge : Co — D4 are chain homotopic by a chain homotopy h,, then

c, - 0, C,oJ L% 0, 1®J
o Fhy,
D d Fd
i1 — Dy D1 ®J — D,®J

Fh, is also a chain homotopy where F'(—) denotes the tensor product (— ® J) functor

Proof. We write F'(—) for the functor (— ® J)
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(Tensor product preserves chain complex)
(Fd)(Fd) = F(dd) = 0

(Tensor product preserves chain homotopy)

(Fd)(Fhny1) + (Fhy )(Fd)

= F(dhp41) + F(hnd) (F is a functor)
= F(dhp41 + hyd) (F is additive)
= F(fn—gn) (fo ~ ge by ha)
— F(fa) - Flgn) (F s a functor

Lemma 15.2.4
Let 0 - L - M — N — 0 be a short exact sequence of A-modules, then

1. (version 1) there exists a natural long exact sequence of A-modules

.. ——— Tory(J, N)
Tory(J, L) —— Tory(J, M) —— Tor;(J, N)

JIL——>JQM — JON —— 0
2. (version 2) there exists a natural long exact sequence of A-modules

.. ——— Tory(N,J)

Tory (L, J) —— Tory (M, J) — Tory(N,J)

T =

Lo —— M —— N®J —— 0

Proof.
(version 1) Let P, be a projective resolution of J, by Lemma 15.2.1 each P, is flat, hence

0—>PR®L—>PM — P,@N —0

is a short exact sequence of chain complexes (rows are exact by Lemma 15.2.1, columns are chain complexes by Lemma
15.2.3). By fundamental lemma of homological algebra, there is a natual long exact sequence
. ————— Hy(Pa® N)

H\(P,® L) ~—— Hy(Py® M) — Hy(P, ® N)

Ho(P.®L) —_— Ho(P.®M) —_— HQ(P.@N) — 0
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Since (— ® L) and (— ® M) are right exact, the rows in bottom diagram are exact.
L
|
M

P1®L*>PQ®L*>J®L*>O

| | pes

POM — Phb@M —— JOM —— 0
Hence,

ker(Py ® L — 0) Py® L
Ho(Pa® L) = - —coker(PL@ L P ®L) = J &L
L) = el S Rel) md helohern eiel-hel)=Jeo

and the map 1 ® f: J® L — J ® M is precisely the induced map from Py ® L — Py ® M into its map in homology.
(version 2) Let P,,Q,, Re be projective resolutions of M, N, L in Problem 15.1.3, then

0P >Qe®J = Re®J—0

is also a short exact sequence of chain complexes (rows are exact by Lemma 15.2.2, columns are chain complexes by

Lemma 15.2.3). By fundamental lemma of homological algebra, there is a natual long exact sequence

W Hy(Re®J)

Hl(P. ®J) E— Hl(Qo ®J> — Hl(R‘®J)

Ho(P.®J) — Ho(Q.@J) E— Ho(R.@J) — 0

Since (— ® J) is right exact, the rows in bottom diagram are exact

P Py L 0
| | s
(@ Qo M 0

PJ— PhRJ — LJ —— 0

| | [

Q] — Q®J — M®J —— 0
Hence,

ker(Py ® J — 0) Py®J
Ho(Py®J) = - = coker(P,®J = Po®@J)=L®J
o) = P el s Rhel) mPelohey ool hel)=Le

and the map (f®1) : L®J — M ®J is precisely the induced map from Py ® J — Qo ®J into its map in homology. [

Problem 15.2.5 (problem 4)
For A-modules M and N, we define Tor* (M, N) = H;(P, ®4 N) where P, is a projective resolution of M. Prove
that Tor:' (M, N) = Tor:*(N, M)
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Proof. Let ... » P, - P, — Py — M — 0 be a projective resolution of M, we have the following diagonal short exact

sequences

0

K3

N \/
N /\

Nz
N, .,

where K7 = ker(e : Py - M) and K,, = ker(d : P,y — P,_2). For any n > 1, the map P, — K, is lifted from
d: P, — P,_1 since the composition P,, — P,_1 — P,_5 is zero'. Since K,, = im(d : P,, = P,,_1), P, — K,, is
surjective, hence every diagonal sequence is exact.

From 0 - K1 — Py — M — 0, for any n > 0, by Lemma 15.2.4 we have two exact sequences

0 = Tory,4+1(Py, N) —— Tor,11(M,N) —— Tor,(K;, N) —— Tor,(Py, N) =0

0 = Tor,+1(N, Py) —— Tor,+1(N,M) —— Tor, (N, K;) —— Tor,(N,Py) =0

Hence, Tor,,+1(M, N) = Tor, (K1, N) and Tor,+1(N, M) = Tor, (N, K1)
From 0 —» Ky — P, — K; — 0, for any n > 0, by Lemma 15.2.4 we have two exact sequences

0 = Tor,4+1(P;, N) —— Tor,41(K1,N) —— Tor, (K2, N) —— Tor,(P1,N) =0

0 = Torp41(N, Py) —— Torp41(N, Ky) —— Tor, (N, K2) —— Tor,(N,P;) =0
Similarly, we have Tor, (K1, N) = Tor, (K2, N) and Tor, 41 (N, K;) = Tor,, (K2, N). Hence
Tor,,+1(M,N) = Tor, (K1, N) = Tor,,_1 (K2, N) = ... = Tory (K, N)

Tory+1(N, M) = Tor, (N, K1) = Tor,_1(N, K3) = ... = Tor; (N, K,,)

From 0 — K,,4+1 — P, — K,, = 0, for any n > 0, by Lemma 15.2.1 and Lemma 15.2.4 we have two exact sequences

0 = Tory (P, N) — Tor1 (K, N) — Kpy1 @ N —— P,@N —— K, @ N —— 0

l~ iy I

0 = Tory(N,P,) —— Tor1(N,K,,) — N® K,y1 — N®P, —> N® K, —— 0
By five lemma, there is an isomorphism Tor(K,,, N) — Tor;(N, K,,) completing the squares. Hence
Tor,, +1(M, N) = Tor, 1 (N, M)

for any n > 0. In Lemma 15.2.4, we showed that Toro(M,N) = M @ N. So Tor,(M,N) = Tor, (N, M) for any
n > 0. O

1p =M
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Remark 15.2.6 (dimension shifting)
The technique is called dimension shifting, one can realize it in a different way. The exact sequence ... — P11 —

P, — P, 1 — K,_1 — 0 s a projective resolution of K, tensoring with N and taking homology gives
Tory(K,,—1,N) = Tor, (M, N)

since ... = P41 — P, — P,_1 — 0 is an subsequence of ... = P» — P; — Py — 0 but shifted by n positions.

More generally, let L, F' be a left derived functor of a covariant functor, we have
(LpF)Y(M) = (L1 F)(Kp) = ... = (InF)(K,—1)

Similarly, we also have a version for right derived functor.

15.3 PROBLEM 5

Problem 15.3.1 (problem 5)

Let N be an A-module, then the following are equivalent
1. Tor(—,N) =0 foranyi>1
2. Tor{(—,N)=0

3. N is flat

Proof.

(3 = 1) Lemma 15.2.1

(1 = 2)clear

(2 = 3) Let f: M < L be an injective map, then the short exact sequence 0 — M — L — coker f — 0 induces an

exact sequence
0 = Tory (coker f,N) = M®@N - L®N

Tor; (coker f, N) = 0 implies (— ® N) preserves injective map. O

15.4 PROBLEM 6

In this section, we will denote Ext,. for the version of Ext calculated using injective resolution and Ext; for the version

of Ext calculated using projective resolution

Problem 15.4.1 (problem 6)

Prove that ExtQ(M, N) can be computed using either projective resolution of M or an injective resolution of N

Proof. Let 0 —+ N — I° — I' — I? — ... be a injective resolution of IV, we have the following diagonal short exact

sequences
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0

d

Cﬁ

d d

0\01/0
N e

e

I2
N Cc?

0 0
where C* = coker(e : N — I°) and C™ = coker(d : I"2 — I"71). For any n > 1, the map C™ — I™ lifted from

d:I"' — I" since the composition I"~2 — I"~! — J™ is zero 2. Since

0

In—l In—l
im(d : In=2 — I7—1) - ker(d : I"—1 — In)

o — =im(d: "' - I") =ker(d: I" — ") — I

C™ — I™ is injective. Hence, every diagonal sequence is exact.

Dimension shifting 15.2.6 for right derived functor Ext,.(M, —)
Ext™ (M, N) = Ext™(M,Cl) = ... = Ext(M,C™)

From0—- N =1 C!' - 0and 0 » C' — I' — C?, we have

0 = Ext} (M, I°) —— Ext}'(M,C') —— Ext]"' (M, N) —— Ext]"' (M, 1°) =0

0= Ext} (M, I') —— Ext} '(M,0?) —— Ext]'(M,C") —— Ext}'(M,I') =0
Hence, we have the same formula for Ext;
Ext) (M, N) = Ext]'(M,C") = ... = Ext; (M, C™)
From the exact sequence 0 — C™ — I™ — C™t!, we have

Hom(M, I") ——— Hom(M,C"*') —— Extr(M,C") —— BExt-(M,1") =0

5 5 s

Hom(M, C"*1) —— Hom(M,C"+!) —— Ext} (K,,,N) — Ext;(P,,N) =0

By five lemma, Ext!' "' (M, N) = Ext}*' (M, N). O

21_1:N
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Remark 15.4.2 (some notes on dimension shifting solution)

Given a short exact sequence 0 -+ A — B — C — 0. In the above proof, we used the following results

1. Consider Extf(—, —) computed using projective resolution, we have

(a) a variant of dimension shifting using in the proof
(b) Exti(M,I) =0 for any injective module I

(c) the two long exact sequences mentioned in class

0 — Hom(M, A) — Hom(M, B) — Hom(M, C) — Ext} (M, A) — Ext; (M, B) — Ext} (M,C) — ...
0 — Hom(C, N) — Hom(B, N) — Hom(A, N) — Ext; (C, N) — Ext} (B, N) — Ext; (A, N) — ...

2. Consider R'F = Extf,(M7 —) computed using injective resolution as a right derived functor of the covariant
functor F' = Hom(M, —), we have

(a) a mirror version of dimension shifting in 15.2.6 for Ext, since if 0 — N — I° — I* — ... is an injective
resolution for N then 0 — C™ — I™ — I™*t! — .. is an shifted injective resolution for C™, hence

Ext" ™ (M, N) = Ext"(M,C") = ... = Ext}(M,C™)

(b) Ext’(M,I) =0 for any injective module I since 0 — I — I — 0 is an injective resolution for I

(c) the long exact sequence for right derived functor

0 — Hom(M, A) — Hom(M, B) — Hom(M, C) — Ext}(M, A) — Ext(M, B) — Ext-(M,C) — ...

An alternative solution. Since Hom(P, —) is exact for every projective module P and Hom(—,I) is exact for every
injective module I, we have the double complex Hom(P,, I®) ® where every column except Hom(M, I*®) is exact and

every row except Hom(P,, N) is exact. We can construct a map
¢ : ker(Hom(M, I") — Hom(M, I"™')) — ker(Hom(P,, N) — Hom(P, 1, N))
as follows: for i 4+ j = n,

Hom (M, I") — Hom(Py, I") — ...
... = Hom(P;, I) — Hom(Py; 1, I’) — Hom(Piyq, P71 — ...
... = Hom(P,, 1) — Hom(P,, N)

Informally, the path zig-zags on the top right squares of the diagonal i+ j=n
In the first square, let 2 € ker(Hom(M, I"™) — Hom(M, I"*1)), then bax = 0, then cdx = 0, then dx € ker(Hom(Py, I™) —
Hom(Py, I™™1)), then there is a lift y of dx in Hom(P,, I"~1)

Hom(M, I"*) —2— Hom(P,, I"*1)

d |

Hom(M, I") —%— Hom(P,, I")

|

Hom(P,, ")

3p =M, I"'=N
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In any intermediate square (i + j = n) and the last square (i = n,j = 0)
Hom(P,_y, I'+1) —%— Hom(P;, ['*') —%— Hom(P, 4, ['T1)
| d
Hom(P;, I') —<%— Hom(P;,1, ")
d
Hom(Pyyq, ')
Let y € Hom(P;, I7) be a lift of # € Hom(P;_, I7t1) . Since bax = 0, then bcy = 0, then dey = 0, hence ey € kerd,

so there exists a lift 2 € Hom(P;;1,1771) so that fz = ey
In the last square, let y € Hom(P,, N) be a lift of x € Hom(P,_1,1°). Since baz = 0, then bey = 0, then dey = 0.

Since d is injective, ey = 0, hence y € ker(Hom(P,,, N) — Hom(P,,11,N)). The map ¢ is well-defined.
Hom(P,_1,1°) —“— Hom(P,, °) —>— Hom(Py41,1°)
] ]
Hom(P,, N) —— Hom(P,+1,N)

0 0

Now we construct another map

b0 : im(Hom(M, I"~) — Hom (M, I")) — im(Hom(P,_; — N) — Hom(P,, — N))

as follows: fori+j=n

Hom (M, I") — Hom(Py, I") — ...
... = Hom(P;, I) — Hom(P;, I’ ') — Hom(P;y1, ') — ...

... = Hom(P,, I') = Hom(P,, N)

Informally, the path zig-zags on the top right and bottom left squares of the diagonal i +j =n
In the first square, let z € im(Hom(M, I"~1) — Hom(M, I™)), let z € Hom(M,I"~!) so that az = z. Let y = bz
Hom(Py, I"t1)

[

Hom(M, I") —— Hom(P,, I")
g dl

Hom(M, I"~*) —2— Hom(P,, I 1)

In any intermediate square (i + j = n) and the last square (i = n,j = 0)
(Pi_y, 7Yy —%— Hom(P;, [It1) —2— Hom(P;yq, I711)

A 1
: :

Hom(P;, [771) ——--- » Hom(P; 1, 771)

Hom(P;_o, [7+1) ----- > Hom
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Let y € Hom(P;, I7) be a lift of x € Hom(P,_1, 7). Using exactly the same argument, we can construct z €
Hom(P;;1,7~1). However, this time, we also have # € Hom(P;_o, I[?*!), § € Hom(P;_1, I’) so that &, are mapped
into z,y respectively, using the same argument, we can construct Z € Hom(P;, I?~!) so that Z is mapped into z. Hence,
the map ¢q is well-defined.

Similarly, we can construct
¥« ker(Hom(M, I") — Hom(M, I"™")) < ker(Hom(P,, N) — Hom(P, 1, N))

For any = € ker(Hom(M, I") — Hom(M, I"*1)), z and ¢ ¢z differ by an element in im(Hom (M, I"~1) — Hom(M, I"™)).
Hence, ¥¢ and ¢ are identity maps in the level of cohomology. Hence

H"(Hom(M, I*)) = H" (Hom(P,, N))

15.5 PROBLEM 7

Problem 15.5.1 (problem 7)
If M is flat A-module and N is an injective A-module, prove that Hom 4 (M, N) is an injective A-module

Proof. Let
0-X—-Y

be exact. Since M is flat module, the covariant functor (— ® M) is exact, so

0O—-XQM-—-YM

is exact. Since N is injective module, the contravariant functor Hom(—, V) is exact, so

Hom(Y ® M, N) — Hom(X ® M,N) — 0

is exact. By tensor-hom adjunction
Hom(Y, Hom(M, N)) — Hom(X,Hom(M, N)) — 0

is exact. Hence, the contravariant function Hom(—, Hom(M, N)) is exact. So, Hom(M, N) is injective. O

15.6 PROBLEM 8

Lemma 15.6.1 (Baer's criterion)
An A-module M is injective if and only if every map I — M from an ideal I of A can be extended into a map
R — M. In particular, if A is a PID, M is injective if and only if it is divisible, that is, for every nonzero a € A and

every m € M, there exists n € M so that an =m

Proof.
(divisible = injective) If M is divisible, for any ideal (a) € A and any map ¢ : (a) — M, let m = ¢(a) and let n € M
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so that an = m. The extension is defined by

b:A— M

b—bn
(divisible <= injective) If M is injective, then for any a € A, m € M, define

¢:(a) > M
ar—m

Then, the extension gives n = ¢(1) € M so that an =m O

Problem 15.6.2 (problem 8)
For a field k, consider the k[z]-module M = k[x,z~!]/xk[z]. Prove that M is an injective k[x]-module

Proof. We have
k[z, 271 i - G
M=——= Zaix ta; € k and all a; but finitely many of nonpositive indices are zeros
1EZL
Any element of M can be written as

m(z) =ao +arx "t + ... Fapz "

for some ayg, ..., an € k and a,, # 0. We will show that M is divisible. For any nonzero polynomial f(z) € k[z]
flx)=bo+brx+ ...+ bypa™

for some by, ...,by, € k and by, # 0. If by = 0, then f(z) = 2"g(x) with g(z) having nonzero constant term. Hence,
finding n(z) € M so that m(x) = f(x)n(z) = z"g(z)n(x) is equivalent to finding n(z) so that g(x)n(z) = z~7"m(z).
Hence, we can assume that by # 0. Let

n(z)=co+cz™t +..e M

for some ¢y, c1,... € k. We have the following system of equations

ag = bocg + bicy + ... + byem

a; = b0(31 + b162 —+ ...+ mem+1

an =bocy +b1cnt1 + oo + bnCman

Pick ¢n41, vy Cmyn arbitrarily. Using the last equation, we can solve uniquely for ¢,,. And from bottom to top we can
solve for unique ¢,_1, ..., co iteratively. Hence, M is divisible, so injective.
O
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Chapter 16

HOMEWORK 5

Problem 16.0.1 (prime avoidance lemma)
Let A be aring and let I, .Jy, Ja, ..., J, C A be ideals such that at most two of .J1, Ja, ..., J, are not prime. If I £ J;
for all 4, prove that I ¢ U, <;,, Ji

Proof. We will prove by induction on n
base case: n =1, clear
induction case: n > 2

Suppose that I C |J,,,, Ji- By induction hypothesis, for every i, we can pick an element z; so that

x; € I and z; ¢ UJk
ki

Assumption I C |J,,,, Ji implies z; € J;. Let

Y=2x1..Tn_1+ax, €I C U Ji
1<i<n
subcase 1: n =2, then y = 1 + x5 € J; U Jo. Without loss of generality, let y € Jp, then 2o =y — 21 € Jq, thisis a
contradiction by construction of xs.
subcase 2: n > 3. Without loss of generality, let J, be prime. If y € J,, then zi..x,_1 = y — z, € J,, then
at least one of x1,...,z,—1 is an element of J, which is a contradiction. If y € J; for some 1 < i < n — 1, then

Tp =Y — X1...Tn_1 € J; which is also a contradiction 0

Problem 16.0.2

Problem consists of two parts
1. Let A — B be an integral ring extension of Noetherian rings. Prove that dim B = dim A
2. Let k be a field and let A be a finitely generated k-algebra. Recalled that we prove Noetherian normalization

which say we can find an injective map ¢ : k[X1,...,X,,] — A such that A is finitely generated as a

klz1, ..., xn]-module where z; = ¢(X;). Prove that dim A = n, so n is uniquely determined by A

Proof of part 1.

Since both A and B are Noetherian, any ascending chain of primes of strict inclusions must be finite
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+ (dim A < dim B)

For any finite chain of primes pg C ... C p,, in A, by lying over theorem for integral ring extension, pick qo in B so
that qo N A = pg. Going-up theorem induces a chain of primes qo C ... C q,, in B. Moreover, q; = ¢;+1 implies

p; = pir1. Hence, the chain of primes in B is also of strict inclusions. Hence, dim A < dim B
+ (dim B < dim A)

For any finite chain of primes qo C ... C q,, in B, let p; = q; N A, then py C ... C p,, is a chain of primes in A.
By AM Corollary 5.9, p; = p;11 implies q; = q;11. Hence the chain of primes in A is also of strict inclusions, so
dimB < dim A

O

Lemma 16.0.3

Given a ring extension A — B, let « € B, the following are equivalent:
1. x is integral over A
2. the ring A[z] C B is finitely generated A-module
3. Alx] is contained in a subring C of B such that C'is also a finitely generated A-module

4. there exists a faithful A[z]-module M which is finitely generated as an A-module An R-module M is faithful
if and only if anng(M) ={r € R:rM =0} =0 if and only if R — Hompg(M, M) is injective.

Proof of part 2. Since A is finitely generated as an k[z1, ..., z,]-module, for any x € A, k[z1,...,z,][z] C A is also
finitely generated as an k[x1, ..., x,]-module. By 2, x is integral over k[z1,...,x,]. Therefore, ¢ : k[X1,...,X,] — A'is
an integral ring extension. By part 1, dim A = dim k[X,..., X,,] = n O

Problem 16.0.4
Let p be a prime ideal in a Noetherian ring A. Prove that ht p + dim A/p < dim A

Proof. Since A is Noetherian, then A/p is also Noetherian, let pg C ... C p,, = p be a finite chain of primes in A and
qo € ... € gy, be a finite chain of primes in A/p. Let §; C A be a lift of g;, then we have the chain of primes in A of
length at least n +m

P0G CPi=PC A0 G o Cim

Then, htp + dim A/p < dim A O

Problem 16.0.5
Notation as in 3, find an example with dim A = 2, htp = 1 and dim A/p = 0. In particular, deduce that the

inequality in 3 can be strict.

Proof. Consider the ideal a = (zx, zy) = (2)(x,y) in Clz,y, 2], let A= Clz,y,z]/a. Note that (z) and (z,y) are the

only minimal primes over a in C[z,y, z], hence

dim A = max{dim Clz,y, 2
z
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Let m = (2 — 1,z,y) D a be a maximal prime in C[z,y, z] which is also maximal in A, then

Am= Gyl Cley.d
($Z7Zyaz_1ax7y) (Z_laxay)

I

C

Hence, dim A/m = 0. It remains to show that ht 4y m = 1. Since (z) and (x,y) are the only minimal primes over a in

Clz,y, 2], every prime p in A lifted to C[z, y, 2] must either contain (z) or (z,y). If p Cmin A, because (z) € m, then

p must contain (z,y). Hence,

htym= htc[x,%z]/(%U) m= ht(c[z] (z—1)=1

Problem 16.0.6
Problem consists of three parts
1. Let A be a Noetherian ring and let x € A be a non zero-divisor. Prove that dim A/(z) < dimA —1

2. Prove that if moreover A is a local ring and x is not a unit, then equality holds in 1

3. Deduce that if A is any local Noetherian ring, then depth, A < dim A

Lemma 16.0.7
If A'is Noetherian and p C A be a minimum prime, then any element of p is a zero divisor.

Proof of part 1. (Assuming 0 < dim A < 400) Given any maximal chain of primes in A/(x) of strict inclusions

the chain is lifted into a chain of primes in A of strict inclusions

ﬁO c .. gﬁ'n

¥

Since = € pg is a non zero-divisor, hence pg is not a minimal prime, we can extend the lifted chain in A by at least one.

Hence
dimA/(z) <dimA -1

Lemma 16.0.8
Let (A, m) be a Noetherian local ring and x4, ..., z,, be some elements in m with m < dim A, then the following

are equivalent

1. z1,...,x,, can be extended into a system of parameters

2. dimA/(x1,....,xm) <dimA —m

3. dimA/(z1,...., ) =dim A —m

Proof of part 2. (Assuming 0 < dim A < +00) Since x is not a unit, x € m. By part 1 and Lemma 16.0.8 (2 = 3),
O

dimA/(z) =dimA -1
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Proof of part 3. We will prove by induction

base case: If dim A = 0, since A is Noetherian local of dimension 0, A is Artinian local, so m is nilpotent, that is,
element every element of A must be either a unit or a zero-divisor. We need to show that depth, A = 0, that is
there is no A-regular sequence in A. Suppose there is an A-regular sequence x1, ..., x,, then z; cannot be unit since
A/(z1,...,z)A # 0. Moreover, x1 cannot be zero divisor since z; : A — A is injective. So, no A-regular sequence
exists in A, hence depthy A =0

induction case: when dim A =n > 0, if depthy A = 0, we are done. If depth, A =7 > 0, pick a maximal A-regular

sequence a, as, ..., a, € A of length r. Note that,

A/(a) _ A
(az,...,a;)A/(a)  (a,az,...,a;) 70

and each a; : A/(a,...,a;) = A/(a,...,a;) injective imply as, ...,a, € A/(a) is a A/(a)-regular sequence of length r — 1,

then
depthy A —1 < depth, () A4/(a)

Since a is not a zero divisor, dim A/(a) < dim A — 1 =n — 1, by induction hypothesis for A/(a)
depth /() A/(a) < dim A/(a) <dim A — 1

Hence,
depthy A < dim A

Problem 16.0.9

Let (A,m, k) be a Noetherian local ring. In class we define embdim A = dim; m/m? and proved that dim A <
embdim A. Prove that every pair of nonnegative integers (r, s) with r < s occurs at (dim A, embdim A) for some
A

Proof. We construct ring A = Clzy, ..., %s)(4,,....2,) With (dim A, embdim A) = (s,s) and ring B = ﬁ with
1 s—r
(dim B, embdim B) = (r, s) for every pair r < s
1. (s,5)
Consider C[z1, ..., z5] of dimension s, m = (z1, ..., Z5) is a maximal ideal of maximal height. Localizing at m gives
A = Clzy,...,xs)m and A is also of dimension s. Since m is generated by s elements, then dim A < embdim A <
s=dimA. So, embdim A =dimA =s
2. (r,s) forr<s
Consider

I; = (m%, ey a:f)

Note that, 22 is not a zero divisor in A/I;_; = (C[zy,...,x4]/I;_1)m because if a nonzero element f(z)/g(z) €

(Clz1y ooy Ts]/Li—1)m for some f(z) € Clzy,...,xs],g9(x) € C[zy, ..., x5] — m satisfies

2 /(@) _ |
T; g(.’L‘) =0¢ A/Iz_l

Then, z2f(z)h(x) € I;_; for some h(z) € Clxy,...,xs] —m. But f(z)/g(z) being nonzero implies f(z)h(z) ¢

I;_1, this is a contradiction.
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2
i

(Clz1y oy 2s]/T;—1)m for some f(z) € Clzy,...,x5],g(x) € C[zy, ..., x5] — m satisfies

IE?M =1le€ A/L;,l

g()

Moreover, 22 is not a unit in A/I;_ 1 = (Cl[zy,...,2s]/li_1)m because if a nonzero element f(z)/g(x) €

Then, 22 f(x)h(z) — g(x)h(x) € I;_1 some h(z) € C[z1,...,xs] —m = C, this is a contradiction.

Now, for each %, from Problem 16.0.6, xf is not a zero divisor and not a unit in dim A/I;_y, then

dlmA/Il = dimA/Ii,1 -1

Let B= A/I;_,, then
dimB =dimA/I,_, =dimA—-s+r=r

We want to show that embdim B = embdim A = s, let mp denote the projection of m under the map A -» B
and kg = B/mp. Note that, I,_, C m?> C m, then mp/m% = m/m? and kg = B/mp = A/m = k (third

isomorphism theorem). So

embdim B = dimy,,, mg/m% = dimj, m/m? = embdim A = s

O
Problem 16.0.10
Let A be a Noetherian ring. Prove that dim A[[z]] = dim A + 1
Proof. z € Al[z]] is not a zero-divisor and not a unit in the Noetherian ring A[[z]], then A = A([g[f)” implies
dim A = dim Allz]) =dim A[[z]] — 1
(z)
O

Problem 16.0.11
Let k£ be a field and A, B be finitely generated k-algebras, so then A ®; B is also a finitely generated k-algebra.
Prove that dim A ®; B = dim A + dim B

Lemma 16.0.12 (Noether normalization theorem)

Let k be a field and A be a finite-type k-algebra, then there exists x1, ..., 2, € A so that

¢ k[X1, .., Xn] = A
X, —x;
and A is finitely generated as a module over the image or equivalently A is integral over k[x1, ..., x,]. Moreover,

Z1,..., Ty are algebraically independent over k, that is, x; does not satisfy any nontrivial polynomial equation with

coefficients in k
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Lemma 16.0.13
Given an A-module M, M is flat if and only if I @ M — A® M = M induced from I < A is injective. In
particular, if A =k is a field, then every k-module is flat.

Proof. By Noether normalization theorem, and Problem 16.0.2, we have dim A = n,dim B = m and injective maps

b k[X1, . Xn] = A
o5 k[Y1,... Y] = B

Every k-module is flat, k[Y7, ..., Y},] is flat,
E[ X1, Xn, Y1, 00, Y] = k[ X1, o, Xn] @ K[YL, ., Vil = AQE[YL, .., Y]
is injective. Every k-module is flat, A is flat
AQEk[Y1,...Yyp]—> A® B
is injective. Hence, the composition is injective
o kX, .., X0, Y1,.., Y] > AR B

Since each A and B is finitely generated as a module over ¢(k[X1, ..., X,;]) and ¢(k[Y1, ..., Y:,]) respectively. Hence,
A ® B is finitely generated over ¢(k[X1, ..., Xn, Y1,...,Ys]). By Problem 16.0.2, dimA® B=n+m O

Problem 16.0.14
Let (A4, m) be a Noetherian local ring, let A be the m-adic completion of A. Prove that dim A = dim A

Lemma 16.0.15 (Matsumura CRT p63 - some results for local Noetherian ring)
Let (A, m) be a local Noetherian ring, then

L Nysym" =ker(y: A — A) =0

2. For M a finitely generated A-module and N C M a submodule

(N +m"M)=N

n>1

3. The completion A of A is faithfully flat over A; hence A C Aand IANA =T for any ideal I of A

4. Ais again a Noetherian local ring, with maximal ideal mA and it has the same residue class field as A;
moreover, A/m™A = A/m™ for all n > 1

5. If Ais a complete local ring, the for any ideal I # A, A/I is afgain a complete local ring.
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Lemma 16.0.16 (result from lecture April 4)
A local homomorphism of Notherian rings (A, m) and (B,n) is a ring map ¢ : A — B so that m = nN A, then

dim B < dim A 4 dim B/pB

if the map is flat, then the equality holds.

Proof. By Lemma 16.0.15, A — Ais a flat ring extension of Noetherian local rings. By Lemma 16.0.16 and mA is
maximal in A
dim A = dim A 4+ dim A/mA = dim A
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