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If [a’,b'] is a subinterval of [a, b], show that Pla’,b'] < Pla,b] and Na',b'] <
Nia,b]

Proof

Let TV = {da’ = zo,21,..., 2, = b'} be any partition on [a’,b']. Construct
F'={a=x_1,d =ag, 21, ... =, Tpy1 = b}. Then,
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Prifia bl = [f(xzi) — flzi)]T + [f(a') = f@)]T + [£(b) — FO)]T

i=1
> Pr/[f;a’, V]
Suppose, Pla’,b'] > Pla,b], i.e supp, Pr[a’,b'] > supp Prla,b]. Then there
at least a I} such that Pri > suprp Pr [a,b] > Pr for all T on [a, b]. Contradiction
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Let f(z) = a?sin L for 0 <z < 1 and f(0) = 0. Show that V[f;0,1] < +oo
Proof
As f is continuous,
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Let C be a curve with parametric equation z = ®(¢t) and y = U(¢), a <t < b
(a) If @ and ¥ are of bounded variation and continuous, show that L =
limyp) o [(T)
(b) If ® and ¥ are continuously differentiable, show that L = f:([@'(t)]Q +
[w'()))"/?
Proof
Let T' = {a = to, 1, ..., t;, = b} be any partition on [a, b]

m

I(T) = Z VI®(t:) — (tim1)]? + [T(t;) — T(ti1)]2

(a) ® and ¥ are of bounded variation, therefore,

WD) =Y V@) — @(ti1)]? + [W(t:) — U(t;i—1)]?

<.
—

<Y [@(t) = (tia)| + Z | (ti) — W(ti-1)|

i=1

< Sl;pz @ (t:) — @(ti1)] + S?PZ (W (t:) = U(tia)]

i=1
<V[®,a,b]+ V[T, a,b
< 400

The set {I(T") : T'} is bounded above. Hence, supp I(T') exists

Given any € > 0, let L = supp l[(T') and I'y = {a = uy, ua, ..., um, = b} be a
partition on [a,b] such that L — § < I(T'y) < L.

¢ = (P,7P) is a continuous function on a compact set in a metric space into
another metric space. By Heine-Cantor Theorem, c is uniformly continuous, i.e
for all 77 > 0, there exists a 77 > 0 such that [le(z) — c(y)|] < iy for all 2,y
such that |z —y| <7

IfT'y = {a = v1,v2, ..., ¥, = b} is a partition on [a, b] with |I's| < min{|Ty|,n}.

For every interval in I's, there is at most one point from I'y, we write

U(T2) =Y [le(vi) = (i)l + Y [le(v;) = e(vj-1)l]
iel jeJ
where J ={j € {1,2,...,|T2|} : Ik € {1,2, ..., [T'1|}, ug € [vj—_1,v,]} is the set
of indices in I'y such that the segment [v;_1,v;] contains a point in I'1, namely
up. T={1,2,...,|T2|}\ J

ICLUT2) =3 [le(vi) — e(vim1)|| + Y le(ur) — c(vj—1)|| + [le(v;) — c(ur)||

iel jeJ



By triangle inequality, {(T'; UTs) > I(T)

[(T2) =Y [le(vi) = e(vim)ll + D [le(vy) = e(vj-)|

i€l JjeJ
> " le(vi) = e(viea)|
iel
=T UT2) =Y fle(ur) — c(vj1)l + [e(v;) — c(u)|
jeJ
> 1) = Y [le(ur) = e(v;-)|[ + [le(v;) — e(ur)]]
jeJ
€ €
> (T) — —_— i ; P — Ui
> U(Ty) ]26;74|F1|+4|F1| (vj—1 < up <v; and v; —v;_1 < N)

€ €
100 =0 (57 + )

=1U(T) -

DO ™

>L—¢€

Therefore, given any € > 0, construct I'y and 7, pick 6 < min{|T'1|,n}, then
|L —1(T'2)| < € for all T'y such that [Ty < 6
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Prove that the construction of Theorem 2.30 is valid if the assumption that
® is continuous is replaced by the assumption that f and ® has no common
discontinuity.

Proof
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Suppose that f is continuous and @ is of bounded variation on [a, b]. Show
that the function ¥ = f; fd® is of bounded variation on [a, b]. If g is continuous

on [a,b], show that f: gd¥ = f: gfd®

21

If V[¢;a,b] = +o00, show that there is a point z¢ € [a,b] such that either
V[¢; I] = o0 for every subinterval I of [a, b] having z( as left-hand end-point or
V[¢; I] = 400 for every subinterval I of [a, b] having z( as right-hand end-point.

(I =111 =2)



24

Let f be continuous and ¢ be bounded variation on [a,b], and recall that
the Riemann-Stieltjes integral f; fde@ then exists by Theorem 2.24. Show that
lim, o+ f:+e fd¢ = 0 if and only if either f(a) = 0 or ¢ is continuous at a.
Deduce that the formula fab fdo = lim._, o+ f;+€ fd¢ may not hold

Theorem 1 (Theorem 2.24) If f is continuous on [a,b] and ¢ is of bounded
variation on [a,b]. Then ff fdo exists. Moreover

b
| 1o
Proof of (=)

We will prove that lim,_,o+ f:+€ fd¢ = 0 and ¢ is discontinuous at a implies
f(a) =0,

Without loss of generality, assume f(a) > 0. Let € > 0, T is a partition on
a0+

< sup|f[a, b]|V[¢; a, b]

Rr = Z f(&)[o(xs) — d(xi-1)]

As f is continuous at a, for any €; > 0, there exists §; > 0 such that

f(z) — f(a)] < € for all z € a,a—i—él.Letq:f(a),ife<51,wehave
2

=3 500 - o)

As ¢ is discontinuous at a, there exists es > 0 such that for any do > 0, there
exists ¢ € (a,a + J2) such that |¢(x) — ¢(a)| > €3 that implies V[p;a,a + €] >
€z > 0 for all € > 0. Therefore, the monotone function V[¢;a,a + €] has limit
lime 04 V]d;a,a+ €] > e >0
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If f is an even function on [—1, 1], verify the formula V[f; —1,1] = 2P[f; -1, 1],
V[faoa]-] :P[faf]-al] and P[f7031] - N[faf]-ao]

Proof

Suppose f is bounded variation on [—1,1]. Let I'; be any partition on
[-1,1]. We define 'y = {—z : 2 € Ty} and ' = T; UT5. T is of the form,
namely symmetric partition



F={-1=—-2m,..., 21,20 = 0,21, ..., Ty, = 1}

where x; might or might not equal 0. As I' is a refinement of I'y, we
immediately have

Pr, < Pr
Nr, < Nr
Sr, < Sr
That is,
Pla,b] = sup Pr,[a,b] = sup Prla,b]
IR I' is symmetric
Nla,b] = sup Nr, [a,b] = sup Prla,b]
I I' is symmetric
V[aub] = sup SF1[a’7b] = sup SF[a7b]
Iy I' is symmetric

Proof for P[-1,1] = V[0,1]
Let T' be a symmetric partition on [—1, 1]

Prl-1,1] = Z[f(xi) — f@i )T+ [ (—mica) = f(=2)]T
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[f(xi) = flaio)]T + ) _[f(@i1) = fla)] T (f is even)
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[f(2i) = flaio)]T + [f(@i1) = fla)] T
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1
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|f(zi) — f(zi-1)]

1
= SF[Ov ”

.
Il

Therefore, the two sets { Pr[—1,1] : T is symmetric} and {Sr[0,1] : T is symmetric}
are identical. So P[—1,1] = V[0, 1]
Proof for 2P[-1,1] = V[-1,1]



Let T be a symmetric partition on [—1,1]

m

Pri-1,1] = Z[f(xz) — floim)] T+ Z[f(—l‘i—l) — f(=x)]t
= Z[f(‘%) — fl—zim)] "+ ' [f(=zi_1) — f(=z)]"  (f is even)

[f(=i) = f(=zic)]T + [f(—wic1) — f(—2:)] T
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[f(=wi1) = f(=i)]
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Similarly, P[—1, 1] = V[-1,0]. By linearity of variation, Sp[—1,1] = Sp[—1, 0]+
Srl0,1] = 2Pr[—1,1]

Proof for P[0,1] = N[-1,0]

Let T be a symmetric partition on [—1, 1]

[f(xz) - f(mi—l)]Jr

I

s
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Pr[o,1] =

.

s
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[f(ziz1) = f(z:)]”

[f(=z;i) = f(—xi—1)] (f is even)

.
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F[—I,O]

Using the same argument, P[0,1] = N[—1,0]



