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If [a′, b′] is a subinterval of [a, b], show that P [a′, b′] ≤ P [a, b] and N [a′, b′] ≤
N [a, b]

Proof
Let Γ′ = {a′ = x0, x1, ..., xm = b′} be any partition on [a′, b′]. Construct

Γ = {a = x−1, a
′ = a0, x1, ..., xm = b′, xm+1 = b}. Then,

PΓ[f ; a, b] =

m∑
i=1

[f(xi)− f(xi−1)]
+ + [f(a′)− f(a)]+ + [f(b)− f(b′)]+

≥ PΓ′ [f ; a′, b′]

Suppose, P [a′, b′] > P [a, b], i.e supΓ′ PΓ′ [a′, b′] > supΓ PΓ[a, b]. Then there
at least a Γ′

1 such that PΓ′
1
> supΓ PΓ[a, b] ≥ PΓ for all Γ on [a, b]. Contradiction
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Let f(x) = x2 sin 1
x for 0 < x ≤ 1 and f(0) = 0. Show that V [f ; 0, 1] < +∞

Proof
As f is continuous,

V [f ; 0, 1] =

∫ 1

0

|f ′|dx

=

∫ 1

0

∣∣∣∣x sin 1

x
− cos

1

x

∣∣∣∣ dx
<

∫ 1

0

2dx

= 2

1
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Let C be a curve with parametric equation x = Φ(t) and y = Ψ(t), a ≤ t ≤ b
(a) If Φ and Ψ are of bounded variation and continuous, show that L =

lim|Γ|→0 l(Γ)

(b) If Φ and Ψ are continuously differentiable, show that L =
∫ b

a
([Φ′(t)]2+

[Ψ′(t)]2)1/2

Proof
Let Γ = {a = t0, t1, ..., tm = b} be any partition on [a, b]

l(Γ) =

m∑
i=1

√
[Φ(ti)− Φ(ti−1)]2 + [Ψ(ti)−Ψ(ti−1)]2

(a) Φ and Ψ are of bounded variation, therefore,

l(Γ) =

m∑
i=1

√
[Φ(ti)− Φ(ti−1)]2 + [Ψ(ti)−Ψ(ti−1)]2

≤
m∑
i=1

|Φ(ti)− Φ(ti−1)|+
m∑
i=1

|Ψ(ti)−Ψ(ti−1)|

≤ sup
Γ

m∑
i=1

|Φ(ti)− Φ(ti−1)|+ sup
Γ

m∑
i=1

|Ψ(ti)−Ψ(ti−1)|

≤ V [Φ, a, b] + V [Ψ, a, b]

≤ +∞

The set {l(Γ) : Γ} is bounded above. Hence, supΓ l(Γ) exists
Given any ϵ > 0, let L = supΓ l(Γ) and Γ1 = {a = u1, u2, ..., um1

= b} be a
partition on [a, b] such that L− ϵ

2 < l(Γ1) < L.
c = (Φ,Ψ) is a continuous function on a compact set in a metric space into

another metric space. By Heine-Cantor Theorem, c is uniformly continuous, i.e
for all ϵ

4|Γ1| > 0, there exists a η > 0 such that ||c(x)− c(y)|| < ϵ
4|Γ1| for all x, y

such that |x− y| < η
If Γ2 = {a = v1, v2, ..., vm1

= b} is a partition on [a, b] with |Γ2| < min{|Γ1|, η}.
For every interval in Γ2, there is at most one point from Γ1, we write

l(Γ2) =
∑
i∈I

||c(vi)− c(vi−1)||+
∑
j∈J

||c(vj)− c(vj−1)||

where J = {j ∈ {1, 2, ..., |Γ2|} : ∃k ∈ {1, 2, ..., |Γ1|}, uk ∈ [vj−1, vj ]} is the set
of indices in Γ2 such that the segment [vj−1, vj ] contains a point in Γ1, namely
uk. I = {1, 2, ..., |Γ2|} \ J

l(Γ1 ∪ Γ2) =
∑
i∈I

||c(vi)− c(vi−1)||+
∑
j∈J

||c(uk)− c(vj−1)||+ ||c(vj)− c(uk)||
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By triangle inequality, l(Γ1 ∪ Γ2) ≥ l(Γ1)

l(Γ2) =
∑
i∈I

||c(vi)− c(vi−1)||+
∑
j∈J

||c(vj)− c(vj−1)||

≥
∑
i∈I

||c(vi)− c(vi−1)||

= l(Γ1 ∪ Γ2)−
∑
j∈J

||c(uk)− c(vj−1)||+ ||c(vj)− c(uk)||

≥ l(Γ1)−
∑
j∈J

||c(uk)− c(vj−1)||+ ||c(vj)− c(uk)||

≥ l(Γ1)−
∑
j∈J

ϵ

4|Γ1|
+

ϵ

4|Γ1|
(vj−1 < uk < vj and vj − vj−1 < η)

≥ l(Γ1)− |Γ1|
(

ϵ

4|Γ1|
+

ϵ

4|Γ1|

)
(|J | = |Γ1| − 2)

= l(Γ1)−
ϵ

2
> L− ϵ

Therefore, given any ϵ > 0, construct Γ1 and η, pick δ < min{|Γ1|, η}, then
|L− l(Γ2)| < ϵ for all Γ2 such that |Γ2| < δ
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Prove that the construction of Theorem 2.30 is valid if the assumption that
Φ is continuous is replaced by the assumption that f and Φ has no common
discontinuity.

Proof
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Suppose that f is continuous and Φ is of bounded variation on [a, b]. Show
that the function Ψ =

∫ x

a
fdΦ is of bounded variation on [a, b]. If g is continuous

on [a, b], show that
∫ b

a
gdΨ =

∫ b

a
gfdΦ

21

If V [ϕ; a, b] = +∞, show that there is a point x0 ∈ [a, b] such that either
V [ϕ; I] = +∞ for every subinterval I of [a, b] having x0 as left-hand end-point or
V [ϕ; I] = +∞ for every subinterval I of [a, b] having x0 as right-hand end-point.
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Let f be continuous and ϕ be bounded variation on [a, b], and recall that

the Riemann-Stieltjes integral
∫ b

a
fdϕ then exists by Theorem 2.24. Show that

limϵ→0+
∫ a+ϵ

a
fdϕ = 0 if and only if either f(a) = 0 or ϕ is continuous at a.

Deduce that the formula
∫ b

a
fdϕ = limϵ→0+

∫ b

a+ϵ
fdϕ may not hold

Theorem 1 (Theorem 2.24) If f is continuous on [a, b] and ϕ is of bounded

variation on [a, b]. Then
∫ b

a
fdϕ exists. Moreover∣∣∣∣∣

∫ b

a

fdϕ

∣∣∣∣∣ ≤ sup |f [a, b]|V [ϕ; a, b]

Proof of ( =⇒ )

We will prove that limϵ→0+
∫ a+ϵ

a
fdϕ = 0 and ϕ is discontinuous at a implies

f(a) = 0.
Without loss of generality, assume f(a) > 0. Let ϵ > 0, Γ is a partition on

[a, a+ ϵ]

RΓ =

m∑
i=1

f(ξi)[ϕ(xi)− ϕ(xi−1)]

As f is continuous at a, for any ϵ1 > 0, there exists δ1 > 0 such that

|f(x)− f(a)| < ϵ1 for all x ∈ (a, a+ δ1). Let ϵ1 = f(a)
2 , if ϵ < δ1, we have

RΓ ≥
m∑
i=1

f(a)

2
[ϕ(xi)− ϕ(xi−1)]

=

m∑
i=1

f(a)

2
[ϕ(xi)− ϕ(xi−1)]

As ϕ is discontinuous at a, there exists ϵ2 > 0 such that for any δ2 > 0, there
exists x ∈ (a, a + δ2) such that |ϕ(x) − ϕ(a)| > ϵ2 that implies V [ϕ; a, a + ϵ] ≥
ϵ2 > 0 for all ϵ > 0. Therefore, the monotone function V [ϕ; a, a + ϵ] has limit
limϵ→0+ V [ϕ; a, a+ ϵ] ≥ ϵ2 > 0

27

If f is an even function on [−1, 1], verify the formula V [f ;−1, 1] = 2P [f ;−1, 1],
V [f ; 0, 1] = P [f ;−1, 1] and P [f ; 0, 1] = N [f ;−1, 0]

Proof
Suppose f is bounded variation on [−1, 1]. Let Γ1 be any partition on

[−1, 1]. We define Γ2 = {−x : x ∈ Γ1} and Γ = Γ1 ∪ Γ2. Γ is of the form,
namely symmetric partition
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Γ = {−1 = −xm, ...,−x1, x0 = 0, x1, ..., xm = 1}

where x1 might or might not equal 0. As Γ is a refinement of Γ1, we
immediately have

PΓ1 ≤ PΓ

NΓ1 ≤ NΓ

SΓ1 ≤ SΓ

That is,

P [a, b] = sup
Γ1

PΓ1
[a, b] = sup

Γ is symmetric
PΓ[a, b]

N [a, b] = sup
Γ1

NΓ1
[a, b] = sup

Γ is symmetric
PΓ[a, b]

V [a, b] = sup
Γ1

SΓ1
[a, b] = sup

Γ is symmetric
SΓ[a, b]

Proof for P [−1, 1] = V [0, 1]
Let Γ be a symmetric partition on [−1, 1]

PΓ[−1, 1] =

m∑
i=1

[f(xi)− f(xi−1)]
+ +

m∑
i=1

[f(−xi−1)− f(−xi)]
+

=

m∑
i=1

[f(xi)− f(xi−1)]
+ +

m∑
i=1

[f(xi−1)− f(xi)]
+ (f is even)

=

m∑
i=1

[f(xi)− f(xi−1)]
+ + [f(xi−1)− f(xi)]

+

=

m∑
i=1

|f(xi)− f(xi−1)|

= SΓ[0, 1]

Therefore, the two sets {PΓ[−1, 1] : Γ is symmetric} and {SΓ[0, 1] : Γ is symmetric}
are identical. So P [−1, 1] = V [0, 1]

Proof for 2P [−1, 1] = V [−1, 1]

5



Let Γ be a symmetric partition on [−1, 1]

PΓ[−1, 1] =

m∑
i=1

[f(xi)− f(xi−1)]
+ +

m∑
i=1

[f(−xi−1)− f(−xi)]
+

=

m∑
i=1

[f(−xi)− f(−xi−1)]
+ +

m∑
i=1

[f(−xi−1)− f(−xi)]
+ (f is even)

=

m∑
i=1

[f(−xi)− f(−xi−1)]
+ + [f(−xi−1)− f(−xi)]

+

=

m∑
i=1

|f(−xi−1)− f(−xi)|

= SΓ[−1, 0]

Similarly, P [−1, 1] = V [−1, 0]. By linearity of variation, SΓ[−1, 1] = SΓ[−1, 0]+
SΓ[0, 1] = 2PΓ[−1, 1]

Proof for P [0, 1] = N [−1, 0]
Let Γ be a symmetric partition on [−1, 1]

PΓ[0, 1] =

m∑
i=1

[f(xi)− f(xi−1)]
+

=

m∑
i=1

[f(xi−1)− f(xi)]
−

=

m∑
i=1

[f(−xi)− f(−xi−1)]
−(f is even)

= NΓ[−1, 0]

Using the same argument, P [0, 1] = N [−1, 0]
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