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Problem 1. Let Ω be an open subset of R2. Write C∞(Ω) for the vector space of smooth (C∞) functions on Ω and V F∞(Ω)
for the vector space of smooth (C∞) vector fields on Ω. Recall the operators

C∞(Ω) V F∞(Ω) C∞(Ω)
grad curl

the relation
curl ◦ grad = 0

and the notation

H0
dR = ker(grad), H1

dR =
ker(curl)

im(grad)
, H2

dR = coker(curl)

For ??-?? suppose Ω = R2−{p, q} where p, q are distinct points of R2. Let σ1 : ∆1 → Ω be defined (in terms of the barycentric

coordinates (x0, x1) on ∆1) by σ1(x1) = p+ ∥p−q∥
3

[
cos(2πx1)
sin(2πx1)

]
and σ2 : ∆1 → Ω by σ2(x1) = q + ∥p−q∥

3

[
cos(2πx1)
sin(2πx1)

]
. Define

σ : ∆1 → Ω by σ(x1) =
p+q
2 + ∥p− q∥

[
cos(2πx1)
sin(2πx1)

]
(i) Verify that σ1, σ2 and σ are singular 1-cycles. Then establish a linear relation between their classes in the singular

homology H1(Ω). A picture is worth a thousand words.

(ii) Represent the homology class 2[σ1] by a single 1-cycle. To do this you must write down the 1-cycle and a homology
between it and 2σ1

(iii) Let us grant that H1(Ω) is generated by the classes of σ1 and σ2. Construct a surjective homomorphism H1
dR(Ω) →

Hom(H1(Ω),R)

(iv) For some reasonable class of open subsets of R2, construct a bijective homomorphism H1
dR(Ω) → Hom(H1(Ω),R)

(v) Say something sensible about H2
dR(Ω) for some class of open subsets Ω of R2

Proof.
??
Some geometric observations:

• The image of σ1 is a circle of radius ∥p−q∥
3 centers at p, encloses only p with σ1(0) = σ1(1)

• The image of σ2 is a circle of radius ∥p−q∥
3 centers at q, encloses only q with σ2(0) = σ2(1)

• The image of σ is a circle of radius ∥p− q∥ centers at p+q
2 , encloses p, q, σ1, σ2 with σ(0) = σ(1)

As σ ∈ S1(Ω), let ∂ : C1(Ω) → C0(Ω) be the boundary operator at dimension 1, then ∂σ ∈ C0(Ω) is

∂σ =

1∑
i=0

(−1)iσdi

= σ ◦ d0 − σ ◦ d1

where d0 : ∆0 → ∆1 is an affine map that maps vertex 0 of ∆0 to vertex 1 of ∆1, d1 : ∆0 → ∆1 is an affine map that maps
vertex 0 of ∆0 to vertex 0 of ∆1. Then

σ ◦ d0 = ∆0 7→ σ(1)

σ ◦ d1 = ∆0 7→ σ(0)

As σ(1) = σ(0), ∂σ = 0, σ is a 1-cycle. Similar treatments for σ1, σ2 show σ1, σ2 being 1-cycles.
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Figure 1: A picture is worth a thousand words

Next we define σ3, σ4, σ5 ∈ C1(Ω) as shown in figure ?? (each is a sum of 4 singular 1-simplices). As σ3, σ4, σ5 are
boundaries (by the triangularization), then [σ] = [σ1 + σ2] = [σ1] + [σ2]

??

Let σ3 : ∆1 → Ω be defined by σ3(x1) = p + ∥p−q∥
3

[
cos(4πx1)
sin(4πx1)

]
(this cycle wraps around p twice). Then, consider the

singular 2-simplex σ such that d0σ = d2σ = σ1 and d1σ = σ3 as in figure ??

Figure 2: A picture is worth a thousand words

The boundary of σ is

∂σ = d0σ − d1σ + d2σ

= σ1 − σ3 + σ1

Then 0 = [∂σ] = 2[σ1]− [σ3]. That is, [σ3] = 2[σ1]
??
H1(Ω) = ⟨[σ1], [σ2]⟩ = Z⊕ Z is a free abelian group generated by {[σ1], [σ2]}. Let f ∈ Hom(H1(Ω),R), let p = f([σ1]) ∈

R, q = f([σ2]) ∈ R. Then, for any element a[σ1] + b[σ2] ∈ H1(Ω), as f is a homomorphism,

f(a[σ1] + b[σ2]) = ap+ bq

The pair (p, q) ∈ R⊕ R determines f , that is, Hom(H1(Ω),R) = R⊕ R.
Now, let V ∈ ker(curl), and let

p(V ) =

∮
σ1

−→
V · d−→r ∈ R

q(V ) =

∮
σ2

−→
V · d−→r ∈ R

Let ϕ : ker(curl) → R⊕ R be defined by
ϕ(V ) = (p(V ), q(V ))

ker(curl) Hom(H1(Ω),R) = R⊕ R

H1
dR(Ω) =

ker(curl)
im(grad)

ϕ

ϕ

We claim that the extension of ϕ to H1
dR(Ω) is a surjective homomorphism. Firstly, we will verify that ϕ : H1

dR(Ω) →
Hom(H1(Ω),R) is well-defined. Let [V1] = [V2] ∈ H1

dR(Ω), that is, V1, V2 in the same coset, then V2 = V1 + B where
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B ∈ im(grad), we have

p(V2) =

∮
σ1

−→
V2 · d−→r =

∮
σ1

(
−→
V1 +

−→
B ) · d−→r =

∮
σ1

−→
V1 · d−→r +

∮
σ1

−→
B · d−→r =

∮
σ1

−→
V1 · d−→r = p(V1)

q(V2) =

∮
σ2

−→
V2 · d−→r =

∮
σ2

(
−→
V1 +

−→
B ) · d−→r =

∮
σ2

−→
V1 · d−→r +

∮
σ2

−→
B · d−→r =

∮
σ2

−→
V1 · d−→r = q(V1)

Secondly, ϕ([V1] + [V2]) = ϕ[V1] + ϕ[V2] for all [V1], [V2] ∈ H1
dR(Ω) (the addition in RHS is element-wise addition in R⊕ R)

ϕ([V1] + [V2]) = ϕ([V1 + V2])

=

(∮
σ1

(
−→
V1 +

−→
V2) · d−→r ,

∮
σ2

(
−→
V1 +

−→
V2) · d−→r

)
=

(∮
σ1

−→
V1 · d−→r +

∮
σ1

−→
V2 · d−→r ,

∮
σ2

−→
V1 · d−→r +

∮
σ2

−→
V2 · d−→r

)
=

(∮
σ1

−→
V1 · d−→r ,

∮
σ2

−→
V1 · d−→r

)
+

(∮
σ1

−→
V2 · d−→r ,

∮
σ2

−→
V2 · d−→r

)
= ϕ[V1] + ϕ[V2]

Thirdly, ϕ is surjective. Because there exists vector fields V1, V2 ∈ ker(curl) such that ϕ[V1] = (1, 0) and ϕ[V2] = (0, 1). Then
for any pair (p, q) ∈ R⊕ R, the vector field V = pV1 + qV2 will have ϕ(V ) = (p, q)

??
For any simply connected subset Ω of R2, by Green theorem, im(grad) = ker(curl). Both H1

dR(Ω) and Hom(H1(Ω),R)
are trivial groups. The homomorphism in ?? is bijective.

For any simply connected subset Ω of R2 with one missing point p. There is a homotopy equivalence between Ω and S1,
hence H1(Ω) = H1(S

1) = Z and H1(Ω) is generated by a circle containing in its interior, namely σ. The homomorphism in

?? is surjective. The injectivity follows from if V ∈ kerϕ, then V ∈ im grad. That is, if
∮
σ

−→
V · d−→r = 0, then V ∈ im grad.

This can be done if
∮
σ

−→
V · d−→r = 0 implies that we can assign a value of V at the missing point p such that the new vector

field is still smooth.
?? As curl is surjective,

coker(curl) =
C∞(Ω)

im(curl)
= 1

Problem 2. Verify the identities dj ◦di = di ◦dj−1 and didj = dj−1di if i < j. Use this identity to verify the identity ∂2 = 0
in the singular chain complex of a space.

Proof.
Let [v0, v1, ..., vn] a sequence of n+1 symbols where each symbol is from {0, 1, ...,m}+ {∗},m ≤ n denote the affine map

∆m → ∆n such that the ith vertex of ∆n is mapped from vith vertex of ∆m. For example, [0, 2, ∗, 1] denotes the affine map
∆2 → ∆3 such that 0 7→ 0, 2 7→ 1, 1 7→ 3. Then a face map di for i ≤ n+ 1 inserts the ∗ symbol to the ith position

di : [v0, v1, ..., vn] 7→ [v0, v1, vi−1, ∗, vi, ..., vn]

Let e = [0, 1, ..., n− 1] : ∆n−1 → ∆n−1 be the identity map. Then

∆n−1 → ∆n : di(e) = [0, 1, .., i− 1, ∗1, i, ..., n− 1]

∆n−1 → ∆n+1 : (dj ◦ di)(e) =

{
[0, 1, ..., i− 1 = j − 2, ∗1, ∗2, i = j − 1, ..., n− 1], i = j − 1

[0, 1, ..., i− 1, ∗1, i, ..., j − 2, ∗2, j − 1, ..., n− 1], i < j − 1

∆n−1 → ∆n : dj−1(e) = [0, 1, .., j − 2, ∗1, j − 1, ..., n− 1]

∆n−1 → ∆n+1 : (di ◦ dj−1)(e) =

{
[0, 1, ..., i− 1 = j − 2, ∗2, ∗1, i = j − 1, ..., n− 1], i = j − 1

[0, 1, ..., i− 1, ∗2, i, ..., j − 2, ∗1, j − 1, ..., n− 1], i < j − 1

where ∗1, ∗2 are ∗ symbols, the subscripts are used to track the order. Hence, dj ◦di = di ◦dj−1, didj = dj−1di is immediate.
Now, we will verify ∂2 = 0. Let σ ∈ Cn(X), then

∂2σ =

n−1∑
j=0

(−1)j

(
n∑

i=0

(−1)iσ ◦ di
)

◦ dj

=

n−1∑
j=0

n∑
i=0

(−1)j(−1)iσ ◦ di ◦ dj
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Split the set of (i, j) indices into two subsets of the same size A = {i > j}, B = {i ≤ j} (each subset is of n(n + 1)/2
elements). We define a bijection between A and B as follows: for each pair (i1, j1) ∈ A, let (i2, j2) ∈ B be defined as
(i2 = j1 + 1, j2 = i1). We also observe that (−1)j1(−1)i1 + (−1)j2(−1)i2 = 0. Then, summing over the n(n+ 1)/2 pairs

∂2σ =
∑

(i1,j1),(i2,j2)

(−1)j1(−1)i1σ ◦ di1 ◦ dj1 + (−1)j2(−1)i2σ ◦ di2 ◦ dj2

=
∑

(i1,j1),(i2,j2)

(−1)j1(−1)i1σ ◦ di1 ◦ dj1 + (−1)j2(−1)i2σ ◦ dj2 ◦ di2−1 (di2 ◦ dj2 = dj2 ◦ di2−1)

=
∑

(i1,j1),(i2,j2)

(−1)j1(−1)i1σ ◦ di1 ◦ dj1 + (−1)j2(−1)i2σ ◦ di1 ◦ dj1 (by definition of the pairs)

=
∑

(i1,j1),(i2,j2)

[(−1)j1(−1)i1 + (−1)j2(−1)i2 ]σ ◦ di1 ◦ dj1

= 0

Problem 3. The n-sphere is Sn = {x ∈ R : ∥x∥ = 1}. The homology of Sn can be computed by writing it as a union of
U = Sn − {[0, ..., 0,−1]T } and V = Sn − {[0, ..., 0, 1]T }. Use this cover and the Mayer-Vietoris sequence of write down a
cycle representing a generator of H1(S

1). Find another cycle consisting of a single 1-simplex which is homologous to the
generator you came up with. Then use the Mayer-Vietoris sequence again to find a 2-cycle which represents a generator for
H2(S

2). Is there a homologous 2-cycle consisting of just one simplex?

Proof.
(S1)
In S1 let N = [0, 1]T , S = [0,−1]T , E = [1, 0]T ,W = [−1, 0]T . Let U = S1 − {S}, V = S1 − {N}, and an open cover

U = {U, V }. As U, V contractible,

Hn(U) = Hn(V ) = Hn(∗) =

{
Z, n = 0

0, n > 0

As U, V has one path component, U ∩ V has two path components,

H0(U) = H0(V ) = Z

H0(U ∩ V ) = Z⊕ Z

Mayer-Vietoris sequence

1 : H1(U)⊕H1(V ) = 0⊕ 0 H1(C
U
1 (S

1)) = H1(S
1)

0 : H0(U ∩ V ) = Z⊕ Z H0(U)⊕H0(V ) = Z⊕ Z

p∗

∂

i∗

First isomorphism theorem on the connecting homomorphism ∂

H1(S
1)

ker ∂
= im ∂

By exactness at H1(S
1)

ker ∂ = im p∗ = {0}

By exactness at H0(U ∩ V )
ker i∗ = im ∂

Then
H1(S

1) = ker i∗

We have, i∗ =

[
1 1
−1 −1

]
: (a, b) 7→ (a + b,−a − b). Then, H1(S

1) = im ∂ = ker i∗ = span

{[
1
−1

]}
. In Z ⊕ Z, the

subgroup span

{[
1
−1

]}
is generated by

[
1
−1

]
. Then, a cycle generating H1(S

1) is mapped into

[
1
−1

]
by ∂

Recall the definition of the connecting homomorphism ∂ : Hn+1(C) → Hn(A)

Definition 1 (∂ : Hn+1(C) → Hn(A)). Definition of the connecting homomorphism ∂ : Hn+1(C) → Hn(A)
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n+ 1 b c

n : a ∂b 0

n− 1 : ∂a ∂2b = 0

p

∂ ∂

i

∂

p

∂

i

Given [c] ∈ Hn+1(C), (1) take any representative c ∈ Zn+1(C). As p : Bn+1 → Cn+1 is surjective, (2) take any b ∈ Bn+1

such that pb = c. As p∂b = ∂pb = ∂c = 0 and ker(p : Bn → Cn) = im(i : An → Bn), take a ∈ An such that ia = ∂b, this
choice is unique as i is injective. i∂a = ∂ia = ∂2b = 0, as i is an injective homomorphism, ∂a = 0, then a ∈ Zn(A). The
construction is done by [c] 7→ [a]

The diagram below is part of the short exact sequence 0 → C•(U ∩ V ) → C•(U) ⊕ C•(V ) → CU
• (S

1) that we will do
diagram chasing on

Figure 3: A picture is worth a thousand words

Let a = W−E ∈ C0(U∩V ) be in the homology class of

[
1
−1

]
∈ H0(U∩V ), then ∂b = (W−E,−W+E) ∈ C0(U)⊕C0(V ).

Take b = (E → N → W,W → S → E) ∈ C1(U)⊕ C1(V ) where x → y → z denotes the path (singular 1-simplex) from x to
y to z. Then c = E → N → W +W → S → E. c is a cycle as ∂c = W − E −W + E = 0 and [c] generates H1(S

1).
Let SE sits between S and E. In the step of taking a pair of cycles having boundaries being ∂b, take b1 = (E → SE →

E → N → W,W → S → E) and ∂b1 = ∂b. Then c1 = E → SE → E → N → W +W → S → E and [c1] = [c]
The cycle c2 = E → S → W +W → N → E can be constructed in the similar fashion beginning with a = −W +E that

is in the homology class of

[
−1
1

]
. And [c2] = −[c] also generates H1(S

1)

(S2)
In S2, let N = [0, 0, 1]T , S = [0, 0,−1]T . Let U = S2 − {S}, V = S2 − {N}, and an open cover U = {U, V }. As U, V

contractible, then

Hn(U) = Hn(V ) = Hn(∗) =

{
Z, n = 0

0, n > 0

As U ∩ V ≃ S1 (homotopy equivalence), H•(U ∩ V ) = H•(S
1)

Mayer-Vietoris sequence

2 : H2(U)⊕H2(V ) = 0⊕ 0 H2(C
U
2 (S

2)) = H2(S
2)

1 : H1(U ∩ V ) = H1(S
1) = Z H1(U)⊕H1(V ) = 0⊕ 0

p∗

∂

i∗
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im p∗ = {0}, exactness at H2(C
U
2 (S

2), first isomorphism theorem on ∂, exactness at H1(U ∩ V ), ker i∗ = H1(U ∩ V )

H2(S
2) =

H2(S
2)

im p∗
=

H2(S
2)

ker ∂
= im ∂ = ker i∗ = H1(U ∩ V ) = Z

As H2(S
2) = im ∂ = Z, then ∂ is an isomorphism. Preimage of the generator of H1(U ∩ V ) is a generator of H2(C

U
2 (S

2)) =
H2(S

2).

Figure 4: A picture is worth a thousand words

Let A,B,C be three distinct points on the equator. Let a = AB + BC − AC ∈ C1(U ∩ V ) be a singular 1-chain on S2

with [a] being a generator of H1(U ∩ V ) (xy denotes the path from x to y). We will find c ∈ CU
2 (S

2) such that ∂c = a, then
[c] is a generator of H2(C

U
2 (S

2)) = H2(S
2) similar to the previous part.

We have ∂b = (a,−a) ∈ C1(U)⊕ C1(V ). Now, take b = (σu,−σAB
v − σBC

v + σAC
v ) ∈ C2(U)⊕ C2(V ) where the mapping

from vertices of ∆2 is as follows

σu : 0 7→ A, 1 7→ B, 2 7→ C,N ∈ imσu

σAB
v : 0 7→ S, 1 7→ A, 2 7→ B

σBC
v : 0 7→ S, 1 7→ B, 2 7→ C

σAC
v : 0 7→ S, 1 7→ A, 2 7→ C

Then, ∂σu = AB+BC−AC = a, ∂(−σAB
v −σBC

v +σAC
v ) = −(SA+AB−SB)− (SB+BC−SC)+(SA+AC−SC) = −a.

The existence of b can be proved by a sequence of maps: (1) projection of the half 2-sphere the equatorial disk (2) affine
map the equatorial disk to triangle ABC (3) map triangle ABC to ∆2. Finally, c = σu − σAB

v − σBC
v + σAC

v with [c] being
a generator of H2(S

2)
Is there a homologous 2-cycle consisting of just one simplex? Yes, consider the deformation γ of image of σu into S2 such

that A,B,C 7→ S, then σ = γ ◦ σu (σ covers the whole sphere and sends 0, 1, 2 to S). We are left to prove that −σ + c is a
boundary where c is a 2-cycle and [c] generates of H2(S

2) obtained from the previous process.
Let a continuous map ϕ from a prism ∆2 × I to the closed ball as in figure ?? in such a way that

• A2 7→ A,B2 7→ B,C2 7→ B

• N1, N2 7→ N

• A1, B1, C1, O 7→ S

where N1, N2 are centers of A1B1C1 and A2B2C2 respectively, O is the center of the prism. Then, the boundary of ϕ
generated by prism operators are exactly B2C2A2, C1A1A2, C1C2A2, B1C1C2, B1B2C2, B1B2A2, B1A1A2 and B1C1A1.
The first 7 2-simplices correspond to the 2-cycle c and the last 2-simplex corresponds to σ. We claim that ∂ϕ = −σ + c
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Figure 5: A picture is worth a thousand words

Problem 4. :

(i) Verify that the subdivision operators Sdn : Cn(X) → Cn(X) (and the boundary operator) together form a chain map

(ii) Recall the construction of an operator Tn : Cn(X) → Cn+1(X) such that

∂Tn + Tn−1∂ = 1− Sdn

We defined it by first specifying a chain tn ∈ Cn+1(∆
n) and then, for σ : ∆n → X, defining Tn(σ) = σ#(tn). The

chain tn was defined inductively by
t0 = 0, tn = cb(ιn − Sdn ιn − Tn−1∂ιn)

where cb is the cone operator with respect to barycentre and ιn is the identity simplex in Sn(∆
n). Draw pictures of the

relevant singular simplices in ∆1 to verify that ∂t1 = ι1 − Sd ι1

(iii) Verify that the inclusion of the U-small chains into all chains is not just an isomorphism in homology, but in fact that
there is a chain homotopy inverse

Proof.
??
Without confusion, we will use sdn : Cn(∆

•) → Cn(∆
•) to denote the subdivision operator on space of simplices

(Euclidean space), Sdn : Cn(X) → Cn(X) to denote the subdivision operator on an arbitrary topological space X and
defined by Sdn σ# = σ# sdn. That is equivalent to, Sdn σ = Sdn σ#1 = σ# sdn 1 where 1 : ∆n → ∆n is the identity map.

We will first prove the naturality of sd•, that is, ∂ sdn = sdn−1 ∂ using an inductive argument. Base case: let σ : ∆1 → ∆•,

∂ sd1 σ = ∂cb(1)sd0∂σ

= ∂cb(1)∂σ

= ∂cb(1)∂σ

= (1− bϵ)∂σ

= ∂σ − bϵ∂σ

= ∂σ − bϵ(σ(1)− σ(0)) (σ is 1-dimensional, σ(x) denotes ∆0 7→ σ(x))

= ∂σ − b0 (σ(0), σ(1) ∈ S0(∆
•), definition of augmentation map)

= ∂σ

= ∂ sd0 σ

where cb(1) denotes the cone operator with respect to the barycentre of ∆1. Now, given ∂ sdn−1 = sdn−2 ∂, we will prove
∂ sdn = sdn−1 ∂ for n > 1. Let σ : ∆n → ∆•,

∂ sdn σ = ∂cb(n) sdn−1 ∂σ (definition of sdn)

= (1− cb(n)∂) sdn−1 ∂σ (sdn−1 ∂σ is of n− 1 > 0 dimensional)

= sdn−1 ∂σ − cb(n)∂ sdn−1 ∂σ

= sdn−1 ∂σ − cb(n) sdn−1 ∂
2σ (induction argument)

= sdn−1 ∂σ
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where cb(n) denotes the cone operator with respective to the barycentre of ∆n. Let σ : ∆n → X, the naturality of Sdn is
a consequence of naturality of sdn and σ#.

Cn(∆
n) Cn(∆

n)

Cn−1(∆
n) Cn−1(∆

n)

Cn(X) Cn(X)

Cn−1(X) Cn−1(X)

σ#

sdn

∂

σ#

∂
sdn−1

σ# σ#

∂

Sdn

∂
Sdn−1

We have these commutative squares

• ∂σ# = σ#∂

• ∂ sdn = sdn−1 ∂ (naturality of sdn)

• σ# sd• = Sd• σ# (by definition of Sd•)

Then,
∂ Sdn σ# = ∂σ# sdn = σ#∂ sdn = σ# sdn−1 ∂ = Sdn−1 σ#∂ = Sdn−1 ∂σ#

Then, ∂ Sdn σ = ∂ Sdn σ#1 = Sdn−1 ∂σ#1 = Sdn−1 ∂σ where 1 : ∆n → ∆n is the identity map. Hence, ∂ Sdn = Sdn−1 ∂
??
As T0 = 0

t1 = cb(1)(ι1 − Sd1 ι1 − T0∂ι1) = cb(1)(ι1 − Sd1 ι1)

Then,

∂t1 = ∂cb(1)(ι1 − Sd1 ι1)

= (1− cb(1)∂)(ι1 − Sd1 ι1) (ι1 − Sd1 ι1 ∈ C1(∆
•))

= ι1 − Sd1 ι1 − cb(1)∂(ι1 − Sd1 ι1)

We verify ∂ι1 − ∂ Sd1 ι1 = 0 by figure ??
??
Let U be an open cover of X. The locality principle asserts that the inclusion map f : CU

n (X) ↪→ Cn(X) is a chain
homotopy equivalence, that is, there exists a map g : Cn(X) → CU

n (X) such that g = gf : CU
n (X) → CU

n (X) and
g = fg : Cn(X) → Cn(X) are chain homotopic to 1. We will construct such map g satisfying chain homotopy equivalence.

Let T (k) = (1+Sd+Sd2 +...+Sdk−1)T be the chain homotopy from Sdk to 1, that is, ∂T (k)+T (k)∂ = 1−Sdk. For each
σ ∈ Sn(X), there exists an integer m such that Sdk σ ∈ CU

n (X) for all k ≥ m. Define D : Cn(X) → Cn+1(X) as a linear
extension of D : Sn(X) → Cn+1(X) with Dσ = T (m)σ. Let g : Cn(X) → CU

n (X) be defined by g = 1 − ∂D −D∂. We will
verify the following (1) g is a chain map (2) im g ⊆ CU

n (X).
Indeed, g is a chain map because

∂g = ∂(1− ∂D −D∂) = ∂ − ∂D∂

g∂ = (1− ∂D −D∂)∂ = ∂ − ∂D∂

Now, for each σ ∈ Sn(X),

gσ = (1− ∂D −D∂)σ

= σ − ∂T (m)σ −D∂σ

= σ − (1− Sdm −T (m)∂)σ −D∂σ

= Sdm σ + (T (m) −D)∂σ

By the choice of m, Sdm σ ∈ CU
n (X). Now, we write ∂σ as a sum

∂σ =

n∑
i=1

(−1)idiσ

8



Figure 6: A picture is worth a thousand words

We have
(T (m) −D)diσ = (T (m) − T (mi))diσ

where mi is the smallest integer such that Sdmi diσ ∈ CU
n (X). Since diσ is a restriction of σ, mi ≤ m. Then

(T (m) − T (mi))diσ = (Sdmi +...+ Sdm−1)Tdiσ

Tdiσ = (diσ)#tn−1 where tn−1 ∈ Cn(∆
n−1) and diσ : ∆n−1 → X. If we write tn−1 =

∑
ak where each ak : ∆n → ∆n−1,

then (diσ)#tn−1 =
∑

(diσ)#ak =
∑

σdiak. We have imσdiak ⊆ imσ, then imTdiσ ⊆ imσ. By the choice of mi, each Sd•

in Sdmi +...+ Sdm−1 maps imσ into one of the open sets in U . Therefore, (Sdmi +...+ Sdm−1)Tdiσ ∈ CU
n (X)

Problem 5. Suppose that

Bn+1 Cn+1 An Bn Cn An−1

B′
n+1 C ′

n+1 A′
n B′

n C ′
n A′

n−1

j

β

k

γ∼=

i

α

j

β

k

γ∼=

j′ k′ i′ j′ k′

is a ”ladder”: a map of long exact sequences. So both rows are exact and each square commutes. Suppose also that every
third vertical map is an isomorphism, as indicated. Prove that these data determine a long exact sequence

B′
n+1 An A′

n ⊕Bn B′
n An−1

kγ−1j′ (α,−i) [i′,β] kγ−1j′

Denotes the maps as follows

• (α,−i) : a 7→ (αa,−ia)

• [i′, β] : (a′, b) 7→ i′a′ + βb

• (kγ−1j′) : b′ 7→ kγ−1j′b′

We will prove the three equalities

• im(α,−i) = ker[i′, β]

• im[i′, β] = ker(kγ−1j′)

• im(kγ−1j′) = ker(α,−i)
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1. (im(α,−i) ⊆ ker[i′, β]) Let a ∈ An, as i
′α = βi

[i′, β](α,−i)a = [i′, β](αa,−ia) = i′αa− βia = 0

2. (im[i′, β] ⊆ ker(kγ−1j′)) Let (a′, b) ∈ A′
n ⊕Bn, as j

′i′ = 0, j′β = γj, kj = 0

(kγ−1j′)[i′, β](a′, b) = (kγ−1j′)(i′a′ + βb) = kγ−1j′i′a′ + kγ−1j′βb = kγ−1γjb = kjb = 0

3. (im(kγ−1j′) ⊆ ker(α,−i)) Let b′ ∈ B′
n+1, as αk = k′γ, k′j′ = 0, and ik = 0

(α,−i)(kγ−1j′)b′ = αkγ−1j′b′ − ikγ−1j′b′ = αkγ−1j′b′ = k′γγ−1j′b′ = k′j′b′ = 0

4. (im(α,−i) ⊇ ker[i′, β]) Let (a′, b) ∈ A′
n ⊕Bn such that [i′, β](a′, b) = i′a′ + βb = 0. Then

j′i′a′ + j′βb = j′0 = 0

As j′i′ = 0, j′β = γj, then

γjb = 0

Multiply both sides by γ−1,

jb = γ−10 = 0

Then b ∈ ker j = im i, there exists a ∈ An such that ia = b. As i′a′ + βb = 0, we have

i′a′ + βia = 0

As βi = i′α,
i′(a′ + αa) = i′a′ + i′αa = 0

As a′ + αa ∈ ker i′ = im k′, there exists c′ ∈ C ′
n+1 such that k′c′ = a′ + αa. Now, kγ−1c′ − a ∈ An and

(α,−i)(kγ−1c′ − a) = (α(kγ−1c′ − a),−i(kγ−1c′ − a))

= (αkγ−1c′ − αa,−ikγ−1c′ + ia)

= (k′c′ − αa, ia) (αk = k′γ, ik = 0)

= (α′, b) (k′c′ = a′ + αa, ia = b)

5. (im[i′, β] ⊇ ker(kγ−1j′))

Let b′ ∈ B′
n such that kγ−1j′b′ = 0. γ−1j′b′ ∈ ker k = im j, then there exists b ∈ Bn such that jb = γ−1j′b′. As

γj = j′β,

j′βb = γjb = j′b′

Then, j′(b′ − βb) = 0. As b′ − βb ∈ ker j′ = im i′, there exists a′ ∈ A′
n such that i′a′ = b′ − βb. Now, (a′, b) ∈ A′

n ⊕Bn

and

[i′, β](a′, b) = i′a′ + βb

= b′ − βb+ βb (i′a′ = b′ − βb)

= b′

6. (im(kγ−1j′) ⊇ ker(α,−i))

Let a ∈ An such that (α,−i)a = (αa,−ia) = (0, 0). As a ∈ ker i = im k, there exists c ∈ Cn+1 such that kc = a. As
k′γ = αk

k′γc = αkc = αa = 0

Then, γc ∈ ker k′ = im j′, there exists b′ ∈ B′
n+1 such that j′b′ = γc. Now, b′ ∈ B′

n+1 and

kγ−1j′b′ = kc (j′b′ = γc)

= a (kc = a)
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