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Let (M, T) be a topological space. We assume that (M, T) satisfies the following conditions:
1. (M, T) is Hausdorff and second countable
2. {U1,Us,Us} is an open cover of M

3. For each j = 1,2, 3, there is a continuous function h; : U; — C"

1 Question 1

Suppose we want (M, T) to be a topological manifold with an atlas

C ={(Ur,h1), (Us, h2), (Us, h3)}

what additional property/properties do we need to impose on (h;, U;)’s
Hint: you have to change to codomain of each h;

Answer. For C to be an atlas, we require each h; to be a homeomorphism from U; to an open subset of C". Two properties
for each j

L. hj: U; — Uj where Uj is an open set in C"

2. h; is a homeomorphism

2  Question 2

Suppose (M, T) is a topological manifold with atlas C as in Question 1.
What additional property/properties do we need to impose on C so that (M, T) is a complex analytic manifold with atlas
C

Answer. For each 7,7 such that U := U; NU; # &, the transition function

is complex analytic. O

3 Question 3

Suppose (M, T) is a complex analytic manifold with atlas C as in Question 2.
Let Uy be an open subset of Uy and let hy be the restriction of hy on Uy. Let Uy = imhy C C™. Is

D = {(Uy, 1), (U2, h2), (Us, h3), (Us, ha)}
an atlas of (M,7T) as a complex analytic manifold?

Answer. D is an atlas of (M, T) as a complex analytic manifold O



Proof. We will verify that (1) hy : Uy — U} is a homeomorphism from open set Uy C M to open set Uy C C™ and (2) hiy
and hy; are complex holomorphic for all ¢ such that U; N Uy # @

(1) hy is a restriction of homeomorphism hj, so hy is still a homeomorphism. Since Uy open in U; and Uy open in M,
U, is also open in M, therefore, U] is open set in C" as it is the image of open set U, under open mapping hy. Hence,
hy : Uy — U} is a homeomorphism from open set Uy C M to open set U; C C"

(2) Let U; NUy # @, then U; NU; # &, the transition functions hy; and h;; are complex holomorphic. As the transition
hy; is restriction of hy; on open set hy(Uy N U;), the transition h;y is restriction of h;; on open set h;(Us N U;), they are

complex holomorphic
O

4 Question 4

Question 3 provides a method of adding more charts to the atlas C by restricting the h;’s to open subsets. Could you
think of other method(s) of creating more charts to add to the atlas C?

Answer. Some methods to creating more charts

1. Let h; : U; — U] € C" be a chart and g : U] — U;" € C" be a homeomorphism such that for every chart h; : U; — Uj
with U := U; NU; # @, the composition gt;; = ghih;l : hj(U) — ghi(U) and t;;g7" = hjh; ™" : ghy(U) — hi(U)
are still complex holomorphic.
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U+ U;nU; —— U —= U/
ghi

One example of compatible g is the translation, let any p € U;, define g(z) = z — h;(p) so that the composition gh;
maps p to 0 € C™ (this is used in the proof of ”global holomorphic functions are necessarily constant”)

Once we can find g, define a new chart by

(Ui,ghi : Ul — Ul”)
Let ¢ = j, we see that g is necessarily holomorphic. Furthermore, composition of n-variables holomorphic functions are
n-variables holomorphic, we conclude that g is holomorphic homeomorphism *.

Proving composition of n-variables holomorphic functions are n-variables holomorphic. Let y : A — C"™, 2 : y(A) — C"
be complex holomorphic. We will show that zy : A — C™ is holomorphic.

For each i = 1, ...,n, y; is holomorphic, for every z(?) = (zéo), e zflo)) € A, there exists an open ball B7 centered at 2(0)

of radius r7 > 0 such that for all z € B?, for each { = 1, ..., n, the series below is absolutely convergent

yl(z) = Z Cal,.“,a" (Zl - ZEO))al"'(Zn - Z’I(lO))an

(a1,...,an)EN™

Similarly, for each j =1, ...,n, 2z; is holomorphic, there exists an open ball B;’ centered at y(z(o)) of radius 7“? > 0, for
every z € y‘lB]y N B} N...N BZ, the series below is absolutely convergent

ziy(z) = Y duyn, (1(2) = 1 (ZON (Y (2) = ya (2O
(b1,...,bpn)ENT

By absolute convergence, rearrange the terms, z;y(z) is a convergent power series when z € y’lBé’ NBfN..NB:Z. We
choose an open ball B; centered at 29 hence each x;y is holomorphic. Therefore, xy is n-variables holomorphic.

O

1T am still not sure that n-variables holomorphic is necessarily homeomorphism



5 Question 5

Suppose (M, T) is a complex analytic manifold with atlas C as in Question 2. Show that (M, T) is a real smooth manifold
of (real) dimension 2n.

Proof. Let g : C* — R?™ be the canonical homeomorphism from C" to R?" defined by
g: (a1 +iby,...,an +ib,) — (a1,b1, ..., an, by)

Let C = {(Ui, hi)}ieb define
D = {(Ui, ghi)}icr

We will prove that D makes (M,7) a real analytic manifold of dimension 2n by verifying transition function being real
analytic.

Let U := U;NU; # @, the new transition function is ghjh; *g~" : ghi(U) — gh;(U) where h;h; " is complex holomorphic.
Let 2(0) = (ago) + ibgo), ad + ib%o)) € h;(U), there is an open ball B centered at z(?) of radius » > 0 such that for all
z = (a1 + by, ..., an + ib,) € B, the series below is absolutely convergent

hihi ()= Y cayan (21— 20 (2 — 20)
(dl,...,d")ENn

= Y canallan—a®) +i(by = b)) (an — al?) + (b, — b))
(d1,...,dyn )ENT

By absolute convergence, rearrange the terms, let z(9) = (ago)7 b§0>, vy a%o), bEf’)) and 2 = (a1,by, ..., an, bn), ghjh; g~ (x)
can be written as an absolutely convergent power series. Hence, for all (%) € gh,;(U), there exists an open ball B’ centered
at 2(9 of radius r > 0 such that for all z € B, ghjhi_lg’1 can be written as an absolutely convergent power series. That is,
ghjh;lg’1 is analytic.

O



