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1 Questions 1-4

1.1 Question 1

Let A be an m by m real matrix. Suppose A2 = −Im where Im is the identity matrix

1. Show that A is an invertible matrix

2. Show that m is an even integer

Answer. The inverse of A is A−1 = −A. If A2 = −Im, then

det(A)2 = det(A2) = det(−Im) = (−1)m

If m is odd, then we have det(A)2 = −1 which is a contradiction since det(A) is real.

1.2 Question 2

Let V be a R-vector space of finite dimension m. Let J be a complex structure on V i.e. J : V → V is an R-linear
transformation such that J2 = − idV

1. Show that J is an invertible linear transformation

2. Show that m is an even integer

Answer. The inverse of J is J−1 = −J . Let B = {e1, e2, ..., em} be a basis of V . Then, let A ∈ Rm×m be the matrix of J
over B. Then we have, A2 = −Im. Therefore, m is even.

1.3 Question 3

Let U ′ be an open subset of R6. Let ϕ be a section in E2(U ′) = E(U ′,∧2T ∗(R6)). We write

ϕ(x) =
∑

1≤j<k≤6

fjk(x)dxj ∧ dxk

where x = (x1, x2, ..., x6) ⊆ U ′ and fjk : U ′ → R is a smooth function.

1. Compute dϕ ⊆ E3(U ′) in terms of dx1, dx2, ..., dx6

2. Show that d2ϕ = 0 in E4(U ′)

1.3.1 Compute dϕ ⊆ E3(U ′)

dϕ = d

 ∑
1≤j<k≤6

fjkdxj ∧ dxk


=

∑
1≤j<k≤6

dfjk ∧ dxj ∧ dxk

=
∑

1≤j<k≤6

(
6∑
i=1

∂fjk
∂xi

dxi

)
∧ dxj ∧ dxk

=
∑

1≤j<k≤6

6∑
i=1

∂fjk
∂xi

dxi ∧ dxj ∧ dxk
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1.3.2 Show that d2ϕ = 0 in E4(U ′)

We will show that d2 = 0 for the general case.
Let U ′ ⊆ Rn be an open set, let 0 ≤ m < n, let ϕ be a section in Em(U ′) = E(U ′,∧mT ∗(Rn)). Let

[n] = {1, ..., n}

for any subset σ ⊆ [n] of size m where σ = {i1 < i2 < ... < im}, let

dxσ = dxi1 ∧ dxi2 ∧ ... ∧ dxim ∈ Em(U ′)

Then a basis of Em(U ′) is
Dm = {dxσ : σ ⊆ [n], |σ| = m}

We can write ϕ ∈ Em(U ′) as

ϕ =
∑
σ∈Dm

fσdxσ

By defintion of d : Em(U ′) → Em+1(U ′), we have

dϕ =
∑
σ∈Dm

dfσ ∧ dxσ =
∑
σ∈Dm

n∑
i=1

∂fσ
∂xi

dxi ∧ dxσ

And

d2ϕ =
∑
σ∈Dm

n∑
i=1

d

(
∂fσ
∂xi

)
∧ dxi ∧ dxσ

=
∑
σ∈Dm

n∑
i=1

n∑
j=1

∂2fσ
∂xi∂xj

dxj ∧ dxi ∧ dxσ

For all pairs of (i, j) ∈ [n]× [n], if i = j, then dxi ∧ dxi ∧ dxσ = 0. If i ̸= j, we have

∂2fσ
∂xi∂xj

dxj ∧ dxi ∧ dxσ +
∂2fσ
∂xi∂xj

dxi ∧ dxj ∧ dxσ = 0

Therefore, d2 = 0. This is also true for the case m < 0 or n ≤ m since d2 : Em(U ′) → Em+2(U ′) is a linear map from or
to a zero dimensional vector space.

1.4 Question 4

Let M be a real smooth E-manifold of dimension 6.

1. Let h : U → U ′ be a chart where U ′ is an open subset of R6. Let ω ∈ E2(U) = E(U,∧2T ∗(M)). Show that d2ω = 0

2. Consider the composition of maps

E2(M) E3(M) E4(M)d

d2

d

True or false: d2 = 0, give proof, counterexample

1.4.1 Show that d2ω = 0

The diagram below commutes (m = 2)

Em(U ′) Em+1(U ′) Em+2(U ′)

Em(U) Ep+1(U) Em+2(U)

d

∼=

d2=0

∼=

d

∼=

d

d2

d
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Therefore, d2 : Em(U) → Em+2(U) is a composition of

∼= : Em(U) → Em(U ′)

d2 : Em(U ′) → Em+2(U ′)

∼= : Em+2(U ′) → Em+2(U)

d2 : Em(U ′) → Em+2(U ′) is a zero map implies d2 : Em(U) → Em+2(U) is a zero map

1.4.2 True or false: d2 = 0, give proof, counterexample

Let U ⊆M be a chart of M . The diagram below commutes

Em(U) Em+1(U) Em+2(U)

Em(M) Em+1(M) Em+2(M)

d

d2=0

d

rMU

d

d2

rMU

d

rMU

Let ω ∈ Em(M) = E(M,∧mT ∗(M)), then the restriction of d2ω on U denoted by (d2ω)|U ∈ Em+2(U) = E(U,∧m+2T ∗(M))
is

(d2ω)|U = rMU d
2ω = d2rMU ω = 0

d2ω restricted to any chart is zero, therefore, it is zero globally.

2 Questions 5-10

In the last few questions, we clarify some connections between the real tangent spaces and complex tangent spaces of a
complex manifold.

Let M = C3 which is a complex analytic manifold. When we consider M as a real manifold, we will denote it by M0 to
avoid confusion. We have M0 = R6 and the bijection Φ :M →M0 is given by

Φ(z1, z2, z3) = (x1, y1, x2, y2, x3, y3)

where zj = xj +
√
−1yj for j = 1, 2, 3.

We fix a point x = (a1, b1, a2, b2, a3, c3) ∈M0.
The real tangent space of M0 at x is

Tx(M0) = R− span

{
∂

∂x1
,
∂

∂y1
,
∂

∂x2
,
∂

∂y2
,
∂

∂x3
,
∂

∂y3

}
We set

∂

∂zj
=

1

2

(
∂

∂xj
−

√
−1

∂

∂yj

)
∂

∂z̄j
=

1

2

(
∂

∂xj
+

√
−1

∂

∂yj

)
for j = 1, 2, 3

2.1 Question 5

Show that Tx(M0)⊗R C = T 1,0 ⊕ T 0,1 where

T 1,0 = C− span

{
∂

∂z1
,
∂

∂z2
,
∂

∂z3

}
T 0,1 = C− span

{
∂

∂z̄1
,
∂

∂z̄2
,
∂

∂z̄3

}
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Proof. A basis of Tx(M0)⊗R C is {
∂

∂x1
,
∂

∂y1
,
∂

∂x2
,
∂

∂y2
,
∂

∂x3
,
∂

∂y3

}
⊗R 1

Without confusion, we denote the basis vectors of Tx(M0)⊗R C by

∂

∂xj
:=

∂

∂xj
⊗R 1 and

∂

∂yj
:=

∂

∂yj
⊗R 1

It is clear that basis vectors of T 1,0 ⊕ T 0,1 are linear combinations of basis vectors of Tx(M0)⊗ C, that is

∂

∂zj
=

1

2

(
∂

∂xj
− i

∂

∂yj

)
∂

∂z̄j
=

1

2

(
∂

∂xj
+ i

∂

∂yj

)
Therefore, Tx(M0) ⊗R C ⊇ T 1,0 ⊕ T 0,1. Moreover, basis vectors of Tx(M0) ⊗R C are also linear combinations of basis

vectors of T 1,0 ⊕ T 0,1

∂

∂xj
=

∂

∂z̄j
+

∂

∂zj

∂

∂yj
= i

(
∂

∂z̄j
− ∂

∂zj

)
TODO - mistake here
Therefore, Tx(M0)⊗R C ⊆ T 1,0 ⊕ T 0,1, then

Tx(M0)⊗R C = T 1,0 ⊕ T 0,1

2.2 Question 6

The same point x is the point (a1 +
√
−1b1, a2 +

√
−1b2, a2 +

√
−1b2, a3 +

√
−1b3) ∈ M . The complex tangent space of

M at x is

Tx(M) = T 1,0 = C− span

{
∂

∂z1
,
∂

∂z2
,
∂

∂z3

}
Indeed this is the space of derivations of the holomorphic germs at x.
We have shown in class that two tangent spaces Tx(M) and Tx(M0) are isomorphic as a real vector spaces. Since Tx(M)

is a complex vector space, it gives a complex structure J on Tx(M0), i.e J : Tx(M0) → Tx(M0) is an R-linear transformation
satisfying J2 = − id. Compute

J

(
∂

∂xj

)
and J

(
∂

∂yj

)
for j = 1, 2, 3

Proof. Let t : Tx(M0) → T 1,0 = Tx(M) be the isomorphism as real vector space.

Tx(M0) Tx(M0)⊗ C

T1,0

inc

t
proj

Then, t ∂
∂xj

and t ∂
∂yj

are
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Tx(M0) Tx(M0)⊗R C T 1,0

∂
∂xj

∂
∂xj

= ∂
∂z̄j

+ ∂
∂zj

∂
∂zj

∂
∂yj

∂
∂yj

= i
(

∂
∂z̄j

− ∂
∂zj

)
−i ∂

∂zj

inc

t

proj

J : Tx(M0) → Tx(M0) is defined by

T 1,0 T 1,0

Tx(M0) Tx(M0)

i

t

J

t

Then, J ∂
∂xj

and J ∂
∂yj

are

Tx(M0) T 1,0 T 1,0 Tx(M0)

∂
∂xj

∂
∂zj

i ∂
∂zj

− ∂
∂yj

∂
∂yj

−i ∂
∂zj

∂
∂zj

∂
∂xj

t

J

i t−1

2.3 Question 7

The cotangent space at x is
T ∗
x (M0) = R− span{dx1, dy1, dx2, dy2, dx3, dy3}

where dxj : Tx(M0) → R is the R-linear transformation such that

dxj

(
∂

∂xk

)
=

{
1 if k = j

0 if k ̸= j

dxj

(
∂

∂yk

)
= 0 for every k

What is the defintion of dyj for j = 1, 2, 3

Answer.

dyj

(
∂

∂yk

)
=

{
1 if k = j

0 if k ̸= j

dyj

(
∂

∂xk

)
= 0 for every k
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2.4 Question 8

The cotangent space of complex manifold M at x is

T ∗
x (M) = C− span{dz1, dz2, dz3}

where dzj : Tx(M0)⊗R C → C is the C-linear transformation such that

dzj

(
∂

∂zk

)
=

{
1 if k = j

0 if k ̸= j

dzj

(
∂

∂z̄k

)
= 0 for every k

What is the defintion of dz̄j for j = 1, 2, 3

Answer.

dz̄j

(
∂

∂z̄k

)
=

{
1 if k = j

0 if k ̸= j

dz̄j

(
∂

∂zk

)
= 0 for every k

2.5 Question 9

Show that

dzj = dxj +
√
−1dyj

dz̄j = dxj −
√
−1dyj

for j = 1, 2, 3

Proof. We extend dxj : Tx(M0) → R and dyj : Tx(M0) → R into dxj : Tx(M0) ⊗R C → C and dyj : Tx(M0) ⊗R C → C
canonically as follows

dxj

(
∂

∂xk

)
=

{
1 if k = j

0 if k ̸= j

dxj

(
∂

∂yk

)
= 0 for every k

dyj

(
∂

∂yk

)
=

{
1 if k = j

0 if k ̸= j

dyj

(
∂

∂xk

)
= 0 for every k

We will verify that dxj + idyj agrees with the defintion of dzj , dxj − idyj agrees with the defintion of dz̄j

(dxj + idyj)
∂

∂zk
= (dxj + idyj)

(
1

2

(
∂

∂xk
− i

∂

∂yk

))
=

1

2

(
dxj

∂

∂xk
+ dyj

∂

∂yk

)
=

{
1 if k = j

0 if k ̸= j

(dxj + idyj)
∂

∂z̄k
= (dxj + idyj)

(
1

2

(
∂

∂xk
+ i

∂

∂yk

))
=

1

2

(
dxj

∂

∂xk
− dyj

∂

∂yk

)
= 0
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(dxj − idyj)
∂

∂zk
= (dxj − idyj)

(
1

2

(
∂

∂xk
− i

∂

∂yk

))
=

1

2

(
dxj

∂

∂xk
− dyj

∂

∂yk

)
= 0

(dxj − idyj)
∂

∂z̄k
= (dxj − idyj)

(
1

2

(
∂

∂xk
+ i

∂

∂yk

))
=

1

2

(
dxj

∂

∂xk
+ dyj

∂

∂yk

)
=

{
1 if k = j

0 if k ̸= j

2.6 Question 10

Let f :M0 → C be a smooth function. We warn that f does not have to be holomorphic function. We define

df =

3∑
j=1

∂f

∂xj
dxj +

∂f

∂yj
dyj

which is a section in
E1(M0, T (M)⊗ C) = E1(M0, T

1,0)⊕ E1(M0, T
0,1)

We define ∂f as the projection of df into E1(M0, T
1,0). Show that

∂f =

3∑
j=1

∂f

∂zj
dzj

Proof. Note that

T (M)⊗ C =
∐

m∈M0

Hom(Tm(M0)⊗ C,C)

T 1,0 =
∐

m∈M0

Hom(T 1,0
m ,C)

where Tm(M0) is the tangent space atm ∈M ofM0 and Tm(M0)⊗C = T 1,0
m ⊕T 0,1

m . The projection from E1(M0, T (M)⊗C)
into E1(M0, T

1,0) is defined as follows

T (M)⊗ C =
∐
m∈M0

Hom(Tm(M0)⊗ C,C)

M0 T 1,0 =
∐
m∈M0

Hom(T 1,0
m ,C)

ϕ

ψ

ϕ(m) : Tm(M0)⊗ C → C
ψ(m) : T 1,0

m ⊗ C → C

ϕ ∈ E1(M0, T (M)⊗C) is projected into ψ ∈ E1(M0, T
1,0) such that for all m ∈M0, ψ(m) : T 1,0

m ⊗C → C is a restriction
of ϕ(m) : Tm(M0)⊗ C → C.

Note that, E1(M0, T (M)⊗ C), E1(M0, T
1,0), E1(M0, T

0,1) are all E(M0)-algebra.
Note that ∂f

∂xj
:M0 → C is defined by

∂f

∂xj
: m 7→ ∂f

∂xj

∣∣∣∣
m

=
∂

∂xj
[f ]m
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where [f ]m is the germ of f at m ∈M0. Similar for ∂f
∂yj

. Therefore, from previous part, ∂
∂zj

∣∣∣∣
m

= 1
2

(
∂
∂xj

− i ∂
∂yj

)∣∣∣∣
m

implies

∂f

∂zj

∣∣∣∣
m

=
1

2

(
∂f

∂xj
− i

∂f

∂yj

)∣∣∣∣
m

Now, for any m ∈M0, we have

(df)(m) =

3∑
j=1

∂f

∂xj

∣∣∣∣
m

dxj |m +
∂f

∂yj

∣∣∣∣
m

dyj |m

From previous part we have

dzj |m = dxj |m + idyj |m
dz̄j |m = dxj |m − idyj |m

Therefore,

dxj |m =
1

2
(dz̄j |m + dzj |m)

dyj |m =
i

2
(dz̄j |m − dzj |m)

Then,

(df)(m) =

3∑
j=1

∂f

∂xj

∣∣∣∣
m

1

2
(dz̄j |m + dzj |m) +

∂f

∂yj

∣∣∣∣
m

i

2
(dz̄j |m − dzj |m)

Restrict into Hom(T 1,0
m ,C) = T ∗

m(M) = C− span{dz1|m, dz2|m, dz3|m}, we have

(∂f)(m) =

3∑
j=1

∂f

∂xj

∣∣∣∣
m

1

2
dzj |m − ∂f

∂yj

∣∣∣∣
m

i

2
dzj |m

=

3∑
j=1

1

2

(
∂f

∂xj
− i

∂f

∂yj

)∣∣∣∣
m

dzj |m

=

3∑
j=1

∂f

∂zj

∣∣∣∣
m

dzj |m

Then,

∂f =

3∑
j=1

∂f

∂zj
dzj
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