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Chapter 0

Preliminaries

0.1 Natural Number

Definition 1. Denote [n] = {1,2,...,n}

0.2 Analysis

Theorem 1 (Taylor theorem). A function f: R™ — R be differentiable at a € R™ if and only if there is a linear functional
L:R"™ = R and a function h : R™ — R such that

f(@) = fla) + L(z — a) + h(z)|z — af
where h(x) — 0 as © — 0. If this is the case, then L : R™ — R is unique and its Riesz representation L* € R™ is

o () o) b)Y

Bur|, Das |, Dam
Definition 2 (smooth function). Let D be an open set in R", a function f : D — R is called smooth if it has partial
derivatives of all orders and they are continuous at every point in D. The collection of all smooth functions is denoted by &

x

Definition 3 (real analytic). Let D be an open set in R™, a function f : D — R is called real analytic if for all xog € D,
there exists a neighbourhood U C D such that f can be written by a convergence power series

F@) =3 Pula — o)
m=0

for all x € U where P, is a homogeneous polynomialﬂ of degree m on n variables over R. The collection of all real analytic
functions is denoted by A.

Remark 1. real analytic implies smoothness

Definition 4 (complex holomorphic). Let D be an open set in C", a function f : D — C is called complex holomorphic if
for all xg € D, there exists a neighbourhood U C D such that f can be written by a convergence power series

f@) =" Pun(z— )
m=0

for all x € U where P,, is a homogeneous polynomial of degree m on n wvariables over C. The collection of all complex
holomorphic functions is denoted by O.

Theorem 2 (inverse function theorem for S-function). Let D be an open set in K™ for K being either R orC and F : D — K™
be an S-function where S is either £, A, or O. Suppose p € D is regular point, that is the Jacobian dF at p is invertible

OFy OF,
oxq Oy
dfFF =1 ... ... ..
OF, OF,
Oz o Oz,

Then, there exists open neighbourhoods U C D of p and W C R™ of F(p) such that F : U — W is a bijection and
F~1:W = U is an S-function.

1

a20z? 4 a11xy + ag2y? is an example of homogeneous polynomial of degree 2 over 2 variables



Theorem 3 (maximum modulus principle). Let f: D — C be a holomorphic function on some connected open set D C C.
If zo has an open neighbourhood N C D such that

|f(z0)| = [f(2)]
for all z € N then f is a constant on D

Proposition 1 (chain rule). f:R? =R, 2: R = R,y : R = R, define g : R — R by

_ (o of
~(@l,5l)- L)

Remark 2 (Cauchy-Riemann equation and complex derivative). This remark motivate the definition of complex holomorphic
function. Let f: C — C be a function, write f(z) = u(x,y) + v(x,y) for z€ C, z=xz+1iy, 2,y € R, u,v: Rx R = R, we
want to make the derivative % well-defined, that is,

Then,
dx

)dt

dg
dt

dy
)dt

Qf(tl y(tl

df | f(2) = fz0) L (u(@,y) — (o, o)) +i(v(z, y) — v(®o, yo))
—| = lim = lim -
dz|, ~— #2  z— 2 220 (x —x0) +i(y — yo)
exists. Set y = yo, then
ﬁ — lim (U(l’,yo) - U(Io, yO)) + 7:(U(xﬂJO) - U(zo,yo))
dz 2 T T — Xo
oo
~ Or W 0Tl
Set © = xq, then
L/ . (u(@o,y) — u(wo,y0)) + i(v(zo,y) — v(2o, yo))
dz|,  v=w i(y — yo)
o o
"oyl ol

We recover the Cauchy-Riemann equation

ou_ov o0 _ o
or Oy or Oy

where all the partial derivatives exist. Use Taylor theorem we have

ou ou
u(z,y) :U(xoayo)‘*‘a* (r — o) + (Y — yo) + o(z — 20)
Zo0,Y0 x0,Y0
ov ov
v(x,y) = v(wo,yo) + o - (x —x0) + oy - (Y —yo) +o(z — 20)

where “)lgz:zz()‘)‘l) — 0 as z = zg. Plug into the defintion of %, we conclude that Cauchy-Riemann equation is both necessary

and sufficient for d—’; to be well-defined. And % is also written as

d
a | _L1(of _of
dzz0_2 ox Zay

0.3 Linear Algebra

0.3.1 Tensor Product, Wedge Product

Definition 5 (bilinear map). Let V, W, Z be vector spaces over field K. A function f : V X W — Z is K-bilinear if for every
w € W, the induced function f,, : V — Z defined by f,(v) = f(v,w) is linear and for every v € V, the induced function
fo: W = Z defined by f,(w) = f(v,w) is linear. The collection of bilinear maps V.— W is denoted by Bil(V, W).



Proposition 2 (tensor product). Let V,W be vector spaces over field K, then there exists a vector space V@ W over K
and a bilinear map g : V x W =V @ W such that for every vector space Z over K, there is a bijection

F:Bil(V x W, Z) — Hom(V ® W, Z)

that makes the diagram below commutes

VxW — 5z

gi Fo=F(f)
Vew

V @ W s called tensor product and it is unique up to isomorphism.

Remark 3 (basis of tensor product). Let {vy,...,v,} be a basis of V and {wy,...,w,,} be a basis of W, then
{vi ®w; : (i,7) € [n] x [m]}

is a basis of V@ W and
dim(VeW)=dmnV x dimW

Definition 6 (skew-symmetric). Let V, Z be vector spaces over field K. A function f :V XV — Z is skew-symmetric if for
every vy,vy €V,

f(vi,v2) = —f(va,v1)
The collection of bilinear skew-symmetric maps V x V. — Z is denoted by Skew(V, Z)

Proposition 3 (wedge product). Let V be a vector space over field K, then there exists a vector space VAV over K and
a bilinear skew-symmetric map g: V XV = V AV such that for every vector space Z over K, there is a bijection

F : Skew(V, Z) — Hom(V AV, Z)

that makes the diagram below commutes

VxV%Z

"’l /*:F(f)

VAV
V x V is called wedge project and it is unique up to isomorphism.

Remark 4 (basis of wedge product). Let {v1,...,v,} be a basis of V, then
{vi Awj 2 (i,5) € [n] x [n]}
is a basis of V. AV. Note that v; Av; = —vj Av;, then
dimV
dim(V A V) = ( ”“; )

Remark 5 (n-th skew-symmetric and n-th wedge product). f: V"™ — Z is called n-th skew-symmetric if for every permu-
tation o € S™

f(v1,...,vn) =sign(o) f(o(v1, ..., vn))
The n-th wedge product exists and denoted by A"V
Remark 6 (basis of wedge product). Let dimV = n, then each basis vector of N¥V corresponding to a sorted subset of [n],
then

dim (AFV) = (dim V)

k

Proposition 4. Some observations
o If{vi,...,v,} is linear dependent then N\"v; =0

e spanf{vy, ..., v, } = span{ws, ..., w, } if and only if N"v; = ¢ A" w; for some constant c



Definition 7 (determinant). Let the h be the canonical map K™*"™ — (K™)™ which maps an n X n matriz into its n column
vectors. Let p: (K™)" — A"K™ =2 K be the canonical skew-symmetric bilinear map. Let k: N"K™ =2 K — K be the unique
linear map such that kph(I) = 1.

K?’LXTL h (KH)TL p /\HKTL o~ K k K

det

Remark 7 (graded-structure of wedge product). (wedge product can be defined for R-module) Let R be a commutative ring
and M be a free R-module, for n € N, let A" M be the n-th wedge product of M. Let

AM = é/\"M

n=1
be the direct product of R-modules. Define multiplication on AM by

A APM x NIM — APTIM

(L1 A T2 A, Tpt1 A Tpr2 A e Apig) F> 1 AZ2 A oo A Tpag

That makes ANM be a grade-commutative ring with multiplication A : AM x AM — AM

0.3.2 Complex Structure

Definition 8 (minimal polynomial). Let T : V. — V be a linear map. The minimal polynomial of T is the unique monic
polynomial p (leading coefficient is 1) of smallest degree such that p(T)) = 0. Moreover, the zeros of p are exactly the collection
of eigenvalues of T' and if the roots of p are distinct and T is diagonalizable

Definition 9 (complex structure). Let V be a real vector space, suppose J : V — V is R-linear invertible such that J*> = —1I.
Then J is called a complex structure on V.

Proposition 5 (complex structure decomposes V into V1.0 @ VO, Let V be a real vector space with a complex structure
J:V = V. Since J?> = —I, the minimal polynomial of J is p(x) = x® + 1. Since p has two distinct roots {+i, —i} which
is the eigenvalues of J, then J is diagonalizable. We can write V into a direct sum of two eigenspaces V0, VOl of two
eigenvalues {+i,—i} correspondingly

V=Vio® W,

Remark 8 (complex structure makes V' a complex vector space). If J is a complex structure on a real vector space V', define
the complex scalar multiplication by

2 CxV =V
((a+bi),v) = av + bJv

That makes V' a complex vector space, denoted by (V, J)

Definition 10 (complexification). Let V' be a real vector space with basis {vy}aca. The space C of complex numbers is a real
vector space with a basis {1,i}. The complexification of V is VRrC which has a R-basis {voa ®r1: a € A}U{v, ®ri:ac A}.
V ®@r C is a complex vector space denoted by (V ®r C,i) by complex structure

i:VerC—->VerC
VRR ZHUVRR 2

(V @r C,i) has a C-basis {vo, ®r 1: a € A}. There is an R-linear inclusion defined by

VoaVerC
Vo > Vg ®p 1

Remark 9 (decomposition of the complexification of a real vector space with a complex structure). Let V' be a real vector
space of dimension 2n with a complex structure J : V. — V| then J induces a complex structure on V Qg C by

Jo: VRprC—=VpC
VR z+— J(v) Qg 2



The complex structure Jc decomposes V @ C into the direct sum of two eigenspaces
VeorC=Vio® Vo
For any v € V,z € C, define the conjugation on V @g C by
VRRZ=VRRZ

Then the conjugation gives a vector space isomorphism c: Vi g — Vo1, that is, ifv®@ 2z € Vi g, then v ® z € V1 and vice
versa.
Jc(v®2)=Jdc(v®z)
=Jv®z
=JvR®z
=Jc(v®2)
:Z('U®Z) (U@ZGVLQ)

=Rz

=vQ®iz
=1Q®
—i)(v®Z)
(=) ®z

—~

i)z

|
—

Therefore, C —dimV; o = C —dim Vo1 = n. As a real vector space, Vi is of dimension 2n, we can define o R-linear
isomorphism t : V. — Vi o

V< VerC

t\\\ iprog
A

Vio

This is indeed an isomorphism, for anyv € V, let v® 1 =v19 + vg,1, then

V1otV =v01=v®1=0v®1=1v10+v01 =010+ o1
As v1,0,00,1 € Vi,0 and vo,1,01,0 € Vo1, then v1,0 = Uo,1 and vo,1 = V1,0, then we can define the inverse oft : V. — Vi g by
V1,0 F V1,0 +W70 = v
Hence, t : V — V10 is a bijection. Moreover, for anyv € V @r C, let v =1v1,0+v0,1, then
tJu = t(ivi,0 — tvo,1) = ity = tiv

Recall that J makes V into a complex vector space, then when view V' as a complex vector space, t : V — V1 o is a C-linear
isomorphism t : (V,J) — (V ®gr C,4). Note that, V and Vi o are not the same subspace in V @g C

0.3.3 Discussion on the natural isomorphism between ((—)¢)* and ((—)*)c

Remark 10 (Dual of the complexification is complexification of the dual). https: //math. stackezchange. com/ a/ 4718945/
700, 122
Let V' be a real vector space, let V* = Homg(V,R) be the dual space of V, let (V*)¢ = V* @ C be the complexification
of dual of V. For simplification, let dimV = 2 and let {f1, fa} C V* be a basis for V*. Then
(V*)c = C —span{fi, f2}
Let f € (V*)c, then
f= (a1 +iby) fi + (a2 +ib2) f2
= (a1f1 + azf2) +i(bif1 + baf2)

Therefore,
(V*)¢ = C — span{f1, fo} = Homg(V,C)


https://math.stackexchange.com/a/4718945/700,122
https://math.stackexchange.com/a/4718945/700,122

Let Ve = V ®@gr C be the complezification of V', let (Ve)* = Homc(Vc,C) be the dual of complexification of V. Let
f € (V*)c = Homg(V,C), then let f € (Ve)* = Home(Ve, C) be defined by

flo®2) = zf(v)

Let g € (Ve)* = Home(Ve, C), then let g € (V*)c = Homg(V,C) be the restriction of § on V. The two maps define an
isomorphism between (V*)c and (Ve)*. TODO - dual and complexification are functors, and this isomorphism is natural

Let K be a field, let Vectx be the category of vector spaces over K.

Definition 11 (dual space contravariant functor from Vect i into Vectg). The dual space functor D = (—)* is a contravariant
functor from Vecty into Vecty defined as follows: Let V' € ob Vecty then D induces D(V) = V* = Hom(V, K) is the usual
dual space of V.. Let f:V — W be a linear map where V,W € ob Vectg, then D induces D(f) = f*: W* — V* defined by
g gf for every g € W* = Hom(W, K)

v <L w v

S

—
ks

D(f)(9)=gf
Ve W
D=1

=

Definition 12 (complexification covariant functor from Vectr into Vectc). The complezification functor C = (—)c is a
contravariant functor from Vectg to Vecte defined as follows: Let V' € ob Vectgr, then C induces C(V) = Ve =V @g C €
ob Vectc where complex multiplication is defined by

Cx(VerC)—VerC
(%Z’Uz’ R Zz> — Zvi QR YZi
iel il

Let f:V — W be a linear map where V,W € ob Vectg, then C induces C(f) = f ®r 1: Vo — Wc defined by the linear
extension of v g z — f(v) g 2

Proposition 6. Let Dy and D¢ denote the dual space functors on Vectg and Vectc respectively, then there exists a natural
isomorphism

w: DcC — CDy
Proof. For each V,W & Vectgr, we will construct the maps such that the diagram below commutes

1 1

R

4 (Ve)" == (Ve —= (Vo) —— (V7)e

fi (f®1)ﬁ f*®1T (f®1)ﬁ f*®1T

w (We)* % (WH)e s (We)* 5 (W)

~— >

1 1

Let g : V@ C — C be an object of (Vi)*, then uy (g) is an object of (V*)¢ defined by
uv(g)=[v—Reglv®@1)]@gl+v—Inglv® 1) ®gi
Let h ® y where h: V — R be an object of (V*)¢, then vy (h) is an object of (V¢)* defined by
v® z — yzh(v)

vy is then extended linearly. We can verify that vy uy = 1 and pyvy = 1, that is, py is an isomorphism.
Suppose in the diagram commutes except y1b = ays,




Then y1b = ays can be induced from the commutativity of the rest

Y10 = y1bx2ys = y1710Y2 = ays

Therefore, for naturality, it suffices to prove that

py(ff®@1)=(fe 1) uw

This is indeed true from the construction above. Hence, p is a natural isomorphism. Moreover, from julio_es_sui_glace,
this is a tensor-hom adjunction. O

0.4 Algebra

Definition 13 (vector space). An abelian group V is a vector space over field K if there is a scalar multiplication - : K XV —
V' satisfying

1. lv=w foreveryl e K,v eV
2. a(bv) = (ab)v for every a,b e K,v eV
3. a(v+u) =av+ au for everya € K,v,u €V

Definition 14 (module over a commutative ring). Let R be a commutative ring, an abelian group (M,+) is a module over
R, namely, R-module if there is an operation - : R x M — M such that
rx+y)=re+ry
(r+s)z=rz+ sz
(rs)x =rsx
forallr;s € R, x,y € M. If R is unital, then 1x = x. When K is a field, then an K-module is a K-vector space. A basis

of an R-module M is a collection of elements E such that every element in M can be written as finite linear combination of
elements in E and moreover, every finite collection {ey,ea, ...,e,} C E is linearly independent, that is,

rier + rees + ... +rpe, =0
forri,ro,..srp € R, thenry =r9=...=1,=0

Definition 15 (algebra over an commutative ring). Let R be a commutative ring, an ring (A, +, X) is an algebra over R,
namely R-algebra is an R-module and

r(zy) = ray = 2(ry)
forallr € R and z,y € A.

Definition 16 (graded-ring). A graded ring is a ring that is decomposed into a direct sum

R:@RH:RO@&@...

n=0

of additive groups such that R,R;,, < Rpim for all nonnegative integers n,m. A non-zero element of R, is called
homogeneous of degree n. An example for graded-ring is the polynomial ring.

Definition 17 (graded-commutative ring). In a graded ring R, the multiplication is called graded-commutative if given two
homogeneous elements v € R, and y € Ry, then
oy = (~1)"y

A graded-ring with graded-commutative multiplication is called graded-commutative Ting.

Definition 18 (exact sequence). In an abelian category, given a diagram A SN R N , it is called exact at B if f
factors through ker g by an epimorphism A — ker g

A%B%C

|
epi| /
< i

ker g
A sequence is called exact if if it is exact everywhere. In the context where f,g are maps, then this is equivalent to

imf =kerg


https://math.stackexchange.com/a/4718941/700,122
https://en.wikipedia.org/wiki/Tensor-hom_adjunction

0.5 Topology

Proposition 7. closed subset of a compact space is compact
Proposition 8. compact subset of a Hausdorff space is closed

Definition 19 (quotient topology). A surjection m: X — Y where X is a topological space induces a topology on'Y called
quotient topology as follows: U C Y is open if and only 7~ 'U is open. In other words, quotient topology is the densest
topology such that 7 is continuous.

0.5.1 Fiber Bundle

Definition 20 (group action). Let K be a group and F be a set. K is called acting on F if there exists a map - : K X F — F
such that

Lf = f and (ab)f = a(b(f))

where 1 is the identity of K and for every a,b € K, f € F. If K is a topological group and F is a topological space, then
-: K x F — F is required to be continuous

Definition 21 (Bredon - bundle projection). Let X, B, F' be Hausdorff spaces. A continuous surjection 7w : X — B is called
a bundle projection if there exists an open cover {U;}icr of X such that for each U € {U,}icr, there is a homeomorphism
¢: U x F — 771U such that the composition w¢ : U x F — U is the canonical projection (u, f) — u

U« UxF

X is called total space, B is called base space, F is called fiber, ¢ is called trivialization (local trivialization)

Definition 22 (Bredon - fiber bundle). Let m : X — B be a bundle projection with fiber F. Let K be a topological group
acting on F. m: X — B is called a fiber bundle if U = U; N U; # @ s the intersection of two local trivializations

UxF -2, 1l <% _ UxF

then there exists a map 0 : U — K such that restricted to U, we have ¢;(u, f) = ¢;(u, 0(u)f)
¢;'¢i :UxF—UXF
(u, f) = (u, 0(u)f)
K s called structure group.

Definition 23 (Bredon - vector bundle). A wvector bundle is a fiber bundle where fiber F = R" or C" and structure group
K =GL(F)

0.6 Category Theory
Definition 24 (limit, colimit). TODO
Definition 25 (adjunction). T0ODO

10



Chapter 1

Manifolds

1.1 Manifolds

Definition 26 (Hausdorff space and second-countable space, locally homeomorphic). Given a topological space (M, T)

o (M,T) is said to be Hausdorff if for every pair x,y € M, there exists open neighbourhood U of x and V' of y such that
Unv=gw

o (M,T) is said to be second-countable if T has a countable basis, i.e. there exists a countable collection of open sets B
such that every open set in T is a union of open sets in B. E|

o (M,T) is said to be locally homeomorphic to K™ where K is either R or C if for every point x € M, there exists an
open neighbourhood U, and a homeomorphism hy : U, — UL where U, is an open subset of K™

Remark 11. The Hausdorff condition means the topology has a lot of open sets. On the other hand, the second-countable
condition limits how many open sets there are.

Definition 27 (topological manifold EL chart, atlas, transition function). A topological space (M, T) is called a topological
manifold of dimension n over field K (either R or C) if it is Hausdorff, second-countable, and locally homeomorphic to K™.
The homeomorphism hy : U, — Ul is called chart, the collection {hy, : Uy — Ul}senr is called atlas. The atlas is also
defined by {h; : Uy — U] }icr where {U;} is an open cover of M. Let h; : Uy — U] and hj : U; — U; be two charts such that
U=U;NU; # @, then the homeomorphism

ti; = hih; ' h(U;) — h(U;)
is called transition function.

Definition 28 (S-manifold). A topological manifold is called a S-manifold where S is either £, A, or O if the transition
function is S-function.

Remark 12. We can assume that there is an atlas C being a mazimal set of charts E|

Definition 29 (algebraic manifold). A complex holomorphic manifold with transition function being rational function (frac-
tion of polynomials) is called algebraic manifold.

1.2 Functions on manifolds (Part 1)

Definition 30 (S-structure Sps). Let (M, T) together with atlas {(U;, h;)}icr be an S-manifold. An S-structure Syr on an
S-manifold M is a family of K-valued continuous functions defined on the open sets of M satisfying the following: Let V be
an open set of M and a function f:V — K is in Sy if for every i € I, let f be restricted to V N U;, then the composition
fh™1 is of S-function

VOUZ-QML;K

h{ i
h(VNU;) C K"

1
2

remark: given a countable collection of sets B, the collection of all finite intersections of B is countable.
analogous to n-dimensional vector space over K
3by Zorn’s lemma

11



Note that, later on, we will also denote the collection of S-functions on M by S(M) C Sy

Proposition 9. A manifold structure on a topological space M is characterized by its S-structure Syy, that is, if A1 and Asy
are two atlases on M, that makes two manifolds My = (M, A1) and My = (M, As) then Sy, = Sar, implies Ay and Ag are
compatible

Proof. Let hy : Uy — U; € R™ and hy : Uy — Uj C R™ be two charts from A; and A; respectively such that U =
UyNUs; # @. Let m; : R — R be the canonical projection into the i-th coordinate. Then, the restriction of m;hy on U,
namely m;ho|y : U — R is an S-function with respective to As, by the premise, it is also an S-function with respective
to Ay. Therefore, mhaohi |4,y + hi(U) — R is an S-function. As this is true for all i € [n], the transition function
h2h1_1|hl(U) :h1(U) = ho(U) is an S-function. Therefore, A; is compatible with Ag O

Definition 31 (S-morphism). An S-morphism F : (M,Sy) — (N, Sn) is a continuous map F : M — N such that f € Sy
implies fF € Sy

(M, Sy) —— (N, Sw)

T
K

That is, an S-morphism is a continuous map F : M — N and it induces a map

F*:SN—>8M
[ fF

Definition 32 (S-isomorphism). An S-morphism F : (M,Sy) — (N,Sn) is an S-isomorphism if F : M — N is a
homeomorphism and F~1 : (N,Sy) — (M,Sy) is also an S-morphism. Hence, S-isomorphism induces a bijection between
Sy and Sy which in turn induces an equivalence of manifold structure between (M,Syr) and (N,Sn)

Remark 13 (S-morphism from neighbourhoods). Let f : X — Y, for each y € Y, there is an open neighbourhood U, C'Y
of y, such that U, = f~'U,, f: Uy — Uy is an S-morphism, then f: X =Y is an S-morphism.

1.3 Functions on manifolds (Part 2): Partition of Unity

Definition 33 (refinement, locally finite, paracompact). Let M be a topological space.

1. Let Ua = {Uataca and Up = {Va}pep be two open covers of M. Up is said to be a refinement of Ua if for each
Vs € U, there exists a U, € Ua such that Vg C U,

2. Let Us = {Untaca be a cover of M (not necessarily open). Uy is called locally finite if for every x € M, there exists
an open neighbourhood W of x such that W NU, # @ for finitely many a € A

3. A topological space is paracompact if every open cover has an open locally finite refinement.
Proposition 10. Let M be a smooth manifold with atlas {(U;, h;)}icr, then

1. There is a countable subset J C I such that {(U;, h;)}jer is also an atlas of M

2. For each j € J, Uj is paracompact

3. M s paracompact

Proof.

1. M is second-countable, hence let {U;};cs a countable basis of M. Construct charts on {U,};es by restriction from
{(Us, hi)}ier as {Uj}jes is a refinement of {(U;, h;) bier

2. each U; is homeomorphic to open set in R™, hence it is paracompact (google it, metrizable implies paracompact).

3. combine (1) and (2)

Lemma 1. For r > 0, denote the open cube
C(r) = {(z1,...,0q) € R : Vi € [d], =1 < x; < +7}

There erists a non-negative smooth function on R% which equals 1 on C(1) and 0 on R%\ C(2)

12



Proof. result in analysis, skip O

Definition 34 (partition of unity). A partition of unity on a smooth manifold M is a collection {¢;}ic1 of non-negative
smooth functions on M such that the collection of supports {supp ¢; }icr is locally finite and for every x € M

Z pi(z) =1
iel

Theorem 4 (countable partition of unity). Let M be a smooth manifold and {Uy}aca be an open cover of M. Then there
exists a countable partition of unity {¢; }ien such that for every i € N, supp ¢; is compact and {supp ¢; }ien is a refinement

Of {Ua}aGA
Proof. a little tedious - defer to the end of semester O

Theorem 5 (arbitrary partition of unity). Let M be a smooth manifold and {Us}aca be an open cover of M. Then there
exists a partition of unity {da taca such that for every a € A, supp ¢ is compact and {dq }taca is a refinement of {Uy}aca
Proof. Let {¢;}ien be a countable partition of unity. Let f : N — A be a function such that supp ¢; C Uy(;). Then for each
a€im f C A, define ¢o =3, 4-1, ¢; and for each 3 ¢ im f C A, 5 =0 O
Corollary 1. Let M be a smooth manifold and A C G C M such that A is closed and G is open, then there exists a smooth
non-negative function ¢ : M — R such that supp ¢ C G and it attains its maximum value 1 in A

Proof. Note that {G, M \ A} is an open cover of M. There is a partition of unity {¢, 1} such that the supp¢ C G and
suppy € M\ A O

1.4 Submanifolds

Definition 35 (S-submanifold E[) Let M be an S-manifold of dimension m over field K, let N be a closed subset of M,
0 <n<mand K" is the n-dimensional canonical subspace of K™. N is called an S-submanifold of M of dimension n if
for every point xg € N, there is a chart h: U — U’ C K™ of M where o € U then

MUNN)=UNK"

The restriction of h: U — U’ into U N N 1is evidently the chart of N so that the S-submanifold N is a S-manifold. The
difference m — n is called the K-codimension of N

Definition 36 (S-embedding). An S-morphism f: (M,Sy) — (N,Sn) is an S-embedding if [ is an S-isomorphism onto
an S-submanifold of N

Theorem 6 (Whitney). Let M be a smooth n-manifold, then there exists a smooth embedding f : M — R?"+1

1.4.1 Projective Space

Definition 37 (projective space). Let V' be a n-dimensional vector space over field K. For anyx € V, let [x] = {kx : k € K}
denote the 1 dimensional subspace of V' spanned by x. Let

PV) = {lz] : 2 € V\{0}}

P(V) is called the projective space of V.. Let w: V \ {0} — P(V) be defined by w(x) = [z], ® being surjective gives P(V') the
quotient topology. We denote P,(R) = P(R"), P,,(C) = P(C™)

Proposition 11. :
e P,(R) is a real analytic manifold of dimension n

e P,(C) is a complex holomorphic manifold of dimension n

Proof.

m: K"\ {0} = P,(K) is an open map. Let U C K™\ {0} be an open set, then 777U = {kz : k € K,x € U} is open.
By definition of quotient topology, #~ 17U open implies 7U open. Therefore, P, (K) has a countable basis induced from
countable basis of K™\ {0}. As 7 : K™\ {0} — P,(K) factors through S™(K), P,(K) is compact. As S™(K) is Hausdorff
and preimage of 2 points on P, (K) are 4 points on S™(K), P,(K) is also Hausdorff

4analogous to subspace of a vector space
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e P,(R) is a real analytic manifold of dimension n

For each i = 0,1, ...,n, let
U; = {x = (20,21, ..., ) € R"™ 2z, £ 0}

Each 7U; is open, so {nU;}_, is an open cover of P,(R). Define a chart h; : 7U; — U} C R™ on P, (R) by

hl([x}) = (:Z:O ] xl_l ) xz—‘rl 3 ajn’)

z;’ T oy x;

Note that, we can identify wU; by the hyperplane V; = {("L—“ e M) tx € Ui}, then h; is a homeomorphism.

Z; ’ T4

R P, (R) R"
Ui — " nU; — U]
~ X

Now we will check if the transition function is smooth. Let hy : Uy — U{, hy : Uy — Uj be two charts such that
U=U;NU; 7é J, let z = (ZO, sy Bj—15 %541, ,Zn) S Ué - Rn, then

hg_l(Z) = [(Z()7 ceey Zj—l; 17 Zj-l—lv ceey Zn)]

As hy'(2) €U, s0 2 # 0, then

1 20 Zi—1 Ri+1 Zj—1 1 Zj4+1 Zn
hth (Z) =\ T ) PR s s T

As R™*! is second-countable, P, (R) = 7R"*! is also second-countable. Now, we will prove that P, (R) is Hausdorff.
Let [z], [y] € Pn(R), if [z], [y] are in the same U;, as U; is homeomorphic to a Hausdorff space, [z], [y] can be separated
by open sets, if [z], [y] are in U;, U; and U; NU; = @, U;, U; are evidently the separating sets. if U = U; NU; # @, write

[.T,} = [(ZBQ, ey Lj—1, T4y Ti41, ...,l‘j_l,o,ftj_i_l, ,l‘n)]

[y} = [(y07 "'7yi—1707yi+17 e Yi—1,Y5, Y541, ayn)]

we construct two open sets in R?*!

Uy = {z € R""™ 2] > |2}
Uy = {Z S Rn+1 : |Zz| < ‘Zj|}

Then, [z] € nU,, [y] € 7U, and U,, U, do not intersect.

P,(C) is a complex holomorphic manifold of dimension n

same proof as above

1.4.2 Matrices of Constant Rank

Proposition 12 (matrices of rank > m). Let m < k <n, then
MZ™ = {A € K*™" : rank(A) > m}

is an open subset of K**™. In particular, GL(K") = M%T is an open subset of K™*"

14



Proof.
A matrix in K**™ of rank m must have at least one m x m minor that is non-singular, denote {o; : K¥*" — K™*™} he
the collection of m x m minors, then
MET = J{A € K¥*" i deto; A # 0}
o;
det o; : KF*" — K is continuous, and K\ {0} is open (in both case of R and C), therefore, each {A € K**™ : det 0; A # 0}
is open, hence Mkz;n is an open subset of K*x™ O

Proposition 13 (Wells example 1.7 - matrices of rank m). Let m < k < n, then
M (K)={A¢€ K™ rank(A) = m}
is a real analytic manifold or complex holomorphic manifold when K =R or K = C of dimension (k —m)(n —m).

Proof.
TODO - long argument [

1.4.3 Grassmannian

Definition 38 (Grassmannian). Let V if a n-dimensional vector space over field K. Let k be an integer such that 0 < k < n,
and let
Gr(V) :={W is a subspace of V : dim W = k}

Gr(V) is called Grassmannian manifold. We denote Gy, »(R) = G, (R"), Gk (C) = Gi(C™)

Proposition 14. : Gj ,(R) is a compact smooth manifold of dimension k(n — k). G n(C) is an algebraic manifold of
dimension k(n — k).

Proof. Define 7 : M, (K) — Gy n(K) be the map from matrices K**™ of rank k to the Grassmannian by
m(W) = row space of W

Let the topology on G, (K) be the quotient topology induced by 7. Note that, Wy, Ws € M,’:R(K) have the same row

space if and only if
Wy =UW,

where U € GLi(K) is a K**¥ invertible linear transformation, that defines an equivalence relation on M}  (K) and the
equivalence classes is Gy, ,, (K). ’

prove that Gy, ., (K) is second-countable, compact and Hausdorff

Given W € M, /:’n(K ), W must have k independent columns, let o C [n] be the k independent columns of W, let
o KFXn — Kk*k be the selection of k columns according to o, that is, o € {0,1}"*¥ and Wo € GLy(K) consists of k
columns of W from o

Now, for each o C [n] such that |o| = k, let

Uy, ={W € M} (K) : det(Wo) # 0}

As W +— det(Wo) is continuous, U, is an open set of Mrlfk(K) As every W € Mffk(K) belongs to at least one of U,,
Uscpn Us is an open cover of Mff’k(K). We define an equivalent relation on Mffk(K) as follows: Wi ~ Wy if and only if

there exists o C [n] such that Wy, Wy € U, and (Wyo) 'W; = (Wao) 1W,. We will show that this equivalence relation
coincides with Grassmannian by showing that if W7, W5 have the same row space then W7 ~ Wo.
Since Wy € M} (K), let o C [n] such that (Wo) € GLy(K), as Wy = UW, with U invertible, we have

(Wio) Wy = (Who) ' UW, = (U1 Who) 1 Wo = (Wao) ™' Ws

Hence, Wy € U, and (Wyo)™'W; = (Wa0o)~'W,. Now, we prove that under ~, Mffk(K) induces a manifold of dimension
k(n — k).
We have shown that every fiber of Grassmannian belong to the same U,, therefore, U,/ ~ is open in Gy ,(K). For each
o C [n], let
Vo ={W €U, : Wo = I;} = Kn~k)xk

Every W € U, is equivalent to one of V' € V,, by the map h, : U, — V,, defined by

he(W) = (Wo)'W
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And no two Vi, V5 € V, are equivalent, hence, U,/ ~= V,, = Km=Fk)xk That defines a chart h, : Uy ~— K(n—k)xk,
Therefore, Gy, (K) is a manifold of dimension k(n — k). It remains to show that transition function is smooth.
Let U = U, NUg # @. Let W € h(U,), that is both Wa, W g are invertible and W, = I}, the transition function
tag : Vo — V3 is
tap(W) = (WB) W

Note that W +— (WB)~1W is a sequence of elementary row operations that put W into its row echelon form, therefore
tos(W) is a rational function, hence in the case K =R, it is smooth. O

1.4.4 Projective Hyperplane

Definition 39 (hyperplane, projective hyperplane). Consider the surjective map m : C*"*1\ {0} — P"(C). For any
a € C"t1\ {0}, define )
H={zecC"":2.a=0}

and

H =n7(H)
H is called hyperplane and H is called projective hyperplane.
Proposition 15. H is an algebraic submanifold of P™(C) of dimension n — 1

Proof. todo O

1.5 Complex compact manifolds

Theorem 7. Let X be a connected compact complex holomorphic manifold and let f € O(X). Then f is constant i.e. global
holomorphic function on a manifold is constant.

Proof. As X is compact, the function F' : X — R defined by F(x) = |f(x)| attains its maximum r. Let S = F~lr. S is
necessary closed as the singleton r is closed. We will prove that S is also open, i.e. for every x € X, x is an interior point.
Let x € S, and h : U — U’ C C™ be a chart containing x. Suppose h(z) = 0. Let B C U’ C C™ be an open ball centered
at 0, for every z € B, the function g(\) = fh~!(\z) is a holomorphic function on the open set {\ € C : Az € B} C C
of one variable (\) having its maximum absolute value at A = 0. By maximum modulus principle, g is constant, so
f(x) = fR=1(0) = g(0) = g(1) = fh~'(2). That is, f is constant on the open neighbourhood h=!(B) of z, then z is an
interior point. O

Corollary 2. There is no compact holomorphic submanifold of C™ of positive dimension.

Proof. Suppose X C C™ be a compact holomorphic submanifold. Let Xy be a connected component of X, then X is both
open and closed in X. As X is closed in a compact space X, Xy is compact. As Xy is open in X, it is a manifold. Hence,
Xo is a connected compact complex holomorphic manifold. Since X is a submanifold of C”, it inherits the charts of C".
The open set Xy of X inherits the charts of X. Hence, let x = (21,23, ...,2,) € X, then function  — z; is complex
holomorphic. As Xy is connected, compact, complex holomorphic, it is a constant function. This shows that X is a single
point. dim X = dim Xy =0 [

Theorem 8 (SerreH7 Chow E[) A complex holomorphic submanifold of P™(C) is a projective algebraic manifold

Definition 40 (projective algebraic manifold). A holomorphic manifold X has an embedding into P™(C) is called projective
algebraic manifold. Moreover, as X is homeomorphic to a closed set in compact space P"(C), X is compact by defintion.

Proposition 16. The Grassmannian manifold Gy ,(C) are projective algebraic manifold.

Proof. We have shown that Gy ,,(C) is an algebraic manifold. We will show that Gy ,,(C) is projective, i.e. Gj,(C) is a
closed subset of PY(C) for some N € N.

Let V € Gi»n(C) be a k-dimensional subspace of C". Let B = {vy, ..., v} be a basis of V, then A¥v; is a non-zero vector
in A*C"™. Define a function ¢ : G ,(C) — P(A*C") by

t(V) = [Akvi]

t is well-defined and it is an injection that maps k-dimensional subspace of C" to a line in A¥C™. The map is called
Plucker embedding.

finish the proof by showing imt is a submanifold of P(AFC™): (1)t is injective (2) imt is closed (3) imt is an algebraic
subset (4)imt is an algebraic submanifold O

5Fields medal in 1954, said he loved rock climbing at his 80 years of age
6 A Chinese mathematician
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1.6 Grassmannian is a complex algebraic manifold

this is merely the proof of previous part

1.7 The Category of manifolds

Definition 41 (Category). A category C consists of a collection of objects denoted by obC and for each ordered pair
A,B € obC, there is a collection of morphisms denoted by Hom(A, B). A morphism f € Hom(A, B) is also denoted by

f:A— B. Morphisms satisfy the following
e (composition) if f : A— B,g: B — C, then there exists a morphism gf : A — C. That is, there exists a map

Hom(A, B) x Hom(B,C) — Hom(A4, C)
(f:9) = gf

for every A, B,C € ob(C
e (associativity) if f: A— B, g: B— C, h: C — D, then
h(gf) = (hg)f

e (identity) for every object A € obC, there exists a morphism 14 : A — A called identity such that for every morphism
f:A— B, f=fla and for every morphism g: C — A, g = 1lag

Proposition 17 (the category of S-manifold). The collection of S-manifolds and S-morphisms form a category.
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Chapter 2

Vector Bundles

2.1 Vector Bundles

Definition 42 (Wells - vector bundle). Let E, X be Hausdorff spaces and K be either R or C. A continuous surjective map
m: E — X is called a K-vector bundle of rank r if the following satisfy

1. for every p € X, the fiber E, = n~'p is a vector space of dimension r over K
2. there is an open cover U of X such that for every U € U, there is a homeomorphism h : 1=*U — U x K" such that for

everyp € U, h(E,) = {p} x K" and the composition h? is a K -vector space isomorphism where {p} x K" — K" is the
canonical isomorphism.

U s Ux K" U - Ux K"
U~ By —— g} x K" —=— K"
e

The pair (U, h) is called local trivialization. The space E is called total space and the space X is called base space.

Definition 43 (transition function of vector bundle). Let # : E — X be a K-vector bundle of rank r. Let (Uy,ho) and
(Ug, hg) be two local trivializations such that Uy, NUg # @, then the restrictions below are also homeomorphism

he i N Uy NUg) = (Uy NU) x K™
hg i N (UaNUg) = (Uy NUg) x K"

then, we have an homeomorphism hgh ' : (U, NUg) x K™ — (U, NUg) x K". For each q € U, NUg, the composition
98a(q) = h%(hg)_l is a K -vector space isomorphism

J J J

K™ = [g} x K" ho E,

We can also write gog : Ua NUg — GL(K"). The function gop is called transition function of the K-vector bundle
m:E—X

Proposition 18. Given K-vector bundle, on U, NUg NU,, gap98~gra =1

18



Proof.

Prop

For any ¢ € U, NUz NU,,

90p(0)98+(0)9ra (@) = h&(hE) T hG ()~ R (RE) ™! =1

osition 19. If X is a manifold, then w : E — X makes E being a manifold.

Proof.

1.

Constructing new atlas on X

For each z € X, let ¢, : V,, — V/ C K" be a chart containing z, let h, : 7 'W, — W, x K" be a local trivialization
containing z. Let U, = V, N W, be open in V,, then the restriction ¢, : U — fo(U,) € K™ is a chart compatible with
the atlas of X, the restriction hy : 71U, — U, x K" is a local trivialization of 7 : E — X.

. Atlas on X induces an atlas on E.

U, is open and 7 : E — X is continuous, so {7 71U, },ex is an open cover of E. U, is open and ¢, : U, — U, is an
open map, so U is open. Then, the composition

(g X VDhy : 7 U, — U, x K™ = U, x K" CR™*"

is a homeomorphism. That makes an atlas on F

. Construct a countable basis on X so that each basic open set is contained in one chart.

Lemma 2. If X is a second-countable space with an open cover {U,};cr, then there exists a countable basis {Vn}nen
so that each Vi is a subset of one of U;.

Let O C X be any open set, then O = J,.; O NU;. Each ONU; C U; is open, so it can be written as a union of sets
in {Vn}nen where each set is contained in U;. Therefore, O can be written as a union of sets in {Vx } yeny where each
set is contained in one of U;

. F is Hausdorff and second-countable

E is Hausdorff by the premise. Let {Wj}aren be a countable basis of K, {Vin}nen be a countable basis of X so that
each Vi is contained in one of U,. We will show that {hx(N)(VN X War)} (v, myenxy where @ N — X is a map that
assigns each V to one U,

Let O C E be an open set, write
o=|Jonr'U,

zeX

Each O N7~ 'U, is homeomorphic to an open set in U, x K" and that open set can be written as a union of sets in
{VNn x War} (v, amyenxn. Therefore, O N ~1U, can be written as a union of sets in {hm(N)(VN X War)}(N,M)enxn-

. If X is a manifold, then 7 : E — X makes E being a manifold

We have proved that E is Hausdorff, second-countable and constructed an atlas on F

Some words on transition function
Let U, N Uy, # &, then the manifold transition function t,, : (U, NU,) x K" — (U, NU, ) x K" is defined by

y = (¢y X 1)hyh;1(¢w X 1>_1

U:CXKT<h7'7r1x ’1U —>U x K"
(U;ﬂUl’})xKT = (UsNUy) % K7 ¢l p- YU, nUy) (Uy ﬂU)xKT (U, NU,) x K"

.T

toy
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O

Definition 44 (S-bundle). A K-vector bundle w : E — X of rank r is called S-bundle if E and X are S-manifold, 7 is an
S-morphism, and local trivializations are S-isomorphisms. Note that, local trivializations are S-isomorphisms if and only if
transition functions g;; : Uy NU; = GL(K") are S-morphisms.

Remark 14 (constructing vector bundle from transition function g.g). Given a collection of open sets {U;}icr on an
S-manifold X and for each U; NU; # @, there is an S-function
gij - U1 N Uj — GL(KT)

so that gi; = I, for alli € I and if U; NU; NUy # O, then gi;9ik9k: = Ir. Then, there exists a S-bundle m : E — X
having transition function g;; on U; NU;j. Moreover, if two vector bundle g : E — X and mp : ' — X have the same
transition functions, then they are S-bundle isomorphic.

Proof.

1. Make {U;};cr an atlas

For each z € X, let {V,., ¢} be a chart and U, C {U,};cs containing . Then, let W, = V, N U,. We have an atlas
{Wy, ¢z }zex such that there is a transition function Gye 1 Uz NUy = GL(K"). From now, we assume that there is a
chart ¢; : U; — U] C K™ for each i € I

2. Construction of F
Let R
E= H(Ui x K")
iel
be the disjoint union of product of U; and K”. Define an equivalence on E as follows: for (z,v) € Us x K" and
(y,w) € Uy x K", (x,v) ~ (y,w) if and only y = = and w = ggov. Let E = E/ ~ be the set of equivalence classes.
Define the quotient topology on E from the surjection p : F — FE that sends (z,v) — [z,v]. Define the surjection
m:E— X by n([z,v]) = =
Tp
E —r L —> X
We will show that, 7 : E — X is indeed a S-bundle.

3. Construct an atlas and local trivializations on F

1

As mp : E — X is continuous, for any i € I, U; is open in X implies p~'7~1U; is open in E, so 7~1U; is open in E.

Therefore, {n~'U,};cr is a open cover of E. Furthermore,

plnTU; = (U x KM 1 11 (U;NU;) x K7)
JEL:j#4,U;NU; £

Since each g;; = I, every distinct pair (z(V), 111(1)), (x(Q),vZ@)) € U; x K™ are not equivalent. Since g;; is invertible for

each j # i, every point (z,v;) € (U; NU;) x K7 is equivalent to one point in U; x K", namely (z, g;;(x)v;). Then, there

exists a bijection h; : 7 1U; — U; x K.

hip

/\

7T_1UZ' T} 7T_1Ui T> UrL x K"

s

U;

p—l

and the composition h;p : p~ln~1U; — U; x K" is the projection into U; x K”. Moreover, the bijection is homeomor-

phism. h; is continuous because for each open set in U x O € U; x K" where O is open in K" and U is open in Uj,
then

p U x0) )= J] (U xg;0)
JELU;NU;#9

is open. Therefore, h;l(U x O) is open. h; is open map because for each open set O C 7~ 1U;, p~1O is open so
h;O = (h;p)(p~10) is also open due to projection from coproduct topology.

h; is a local trivializations and (¢; x 1)h; : 771U; — U] x K™ C K™ x K" is a chart.
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10.

11.

LT

Lx is a vector space for all z € X

Using the same argument, we have the homeomorphism 7~z = {2} x K" for z € X and the map h® : 77!z — K" is
the canonical projection map. Take the vector space structure of 7'z to be induced from K", i.e. h* =1

. F is Hausdorff

Let [z1,v1], [22,v2] € E
If [x1,v1], [22, V2] belong to the same 7~ 1U;, 77 1U; = U; x K" is a Hausdorff space, there exists open sets separating
[‘rlv /1)1]7 [{EQ, ’UZ]'

If &1 # xo, let 1 € Ay C Up,x9 € Ay C Us, so that A} N Ay = @. This is possible since X is Hausdorff. Then
p(A; x K™) and p(As x K7) are disjoint in E since every a € Ay,b € Ay are different.

. m: X — F is a vector bundle

From the above, 7 : X — F is a vector bundle.

. F is a manifold

Because m: X — FE is a vector bundle and X is a manifold.

. F is S-manifold

From the above, the manifold transition function on E is t;; : (U; NU;) x K" — (U/ NU;) x K"
tij = (65 x Dhjhy (i x 1)~
So that

by s (ULNUL) x K™ = (U/NU}) x K”
(u,v) = (¢85 "u, (gji¢; 'u)(v))

We will prove that (u,v) — (gj;¢; 'u)(v) is an S-function (U! N Uj) x K" — K". Note that gjid; U Uj = GL(K")
is an S-function as it is a composition of S-functions.

Lemma 3. g;; : U;NU; - GL(K") is an S-function if and only if h;, h; are S-isomorphisms.

Proof. Let fpn @ K™ — K be defined by taking the (m,n) entry of a matrix in K"*". Consider the function
fongiid; 2 UN U; — K. Since GL(K") is an open set in K"*", then f, is an S-function.

(a) gji : UiNU; — GL(K") is an S-function implies h;, h; are S-isomorphisms.
If g;; : UiNU; — GL(K") is an S-function, then fo,,g;i6; ' UiNU; — K is an S-function for each (m,n) € [r]x[r].
Let uw € U/ NU; C K", then view GL(K") as a collection of matrices, each entry of the r x r matrix gid; tu is
a S-function of u. Let v € K", then view K" as a collection of vectors, each entry of the r-dimensional vector
(gji¢; 'u)(v) is an S-function of (u,v). Then, t;; : (U/ N Uj) x K" — (U; NU;) x K" is an S-function. Hence,
hih; lis an S-morphism. From the other direction, hihj_1 is also an S-morphism. As the map is homeomorphism,
hih; L and hm;l are S-isomorphism. One can show that each h; and h; are S-isomorphism.

(b) g;i : U;NU; = GL(K") is an S-function is implied by h;, h; are S-isomorphisms.
TODO

. m: E — X is an S-morphism

Let f: U — K be an S-function on an open set U C X. Suppose U C U;, then fr: 7 'U — K is defined by
fr(z,v) = f(z)

This is an S-function. Extend to the case where U intersects with multiple U; C X.

(i x Vhy : 77 U; - Ul x K* C K™ x K" is S-isomorphism.

Because it is a composition of two S-isomorphisms.

g E— X, mp: F— X are S-bundle isomorphic.

Let U C X be an open set. Suppose U C U; N Uy, then we have the following commutative diagram
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where the diagonal map U x K" — U x K" is defined by
(u,v) = (u, gji(u)(v))
Let f: wglU — 7T;1U be defined by f = (hf')"1hE. From the commutativity, we can extend f : wglU — 7rI§1U into
f:E—F. TODO - check
O

Definition 45 (trivial bundle). Let M be an S-manifold then m : M x K" — M defined by w(m,x) = m is an S-bundle
called trivial bundle.

2.2 Tangent Spaces

Definition 46 (direct limit or injective limit (restricted context)). Let M be a topological space. For every open set U C M,
let F(U) be some collection of K-valued functions on U. Let p € M, define the equivalence as follows: two functions
f:U—K,g:V — K where U,V are two open neighbourhoods p are equivalent if there exists an open set W C U NV being
an open neighbourhood of p such that the restrictions on W agree. We write f ~ g. Form the disjoint union

pP= 1T F(U)
UCM:Uopen,peU
The direct limit of F at p is the equivalence class
P/ ~= 11 F(U)/ ~
UCM:Uopen,peU
and denoted by hgquM:Uopen,peU F(U)
direct limit under the partial order of open set containment
Remark 15 (filter and direct limit). In a partial ordered set (P, <), a filter F is a subset with the following properties
1. F is non-empty
2. if A€ F and B € F, then there exists C € F such that C < A and C < B
3. if A€ F and D € P such that A< D, then D € F

Define < in P as follows: f < g if and only if domain of f is a subset of domain of g and f and g agree on the domain of
f. Then, given any [, the collection of functions that is equivalent to f forms a filter. Moreover, it is a proper filter and an
ultrafilter. Therefore, we can identify the collection of direct limits of F by the collection of corresponding ultrafilters.

Proposition 20 (algebra structure of direct limit). If F(U) forms a K-algebra for every open set U C M with scalar
multiplication, vector addition, vector multiplication defined by

(af)(x) = af(x)
(f+9)(x) = f(z) +g(=)
(f9)(x) = f(x)g(x)

Then, hﬂUgM:Uopen,peU F(U) forms a K-algebra with scalar multiplication, vector addition, vector multiplication defined

by
alf] = [af]
1+ 19l =[f+4]
[f1lg] = [f4g]

For any open set U C M, the map phi : F(U) F(U) defined by

- liglUgM:Uopen,peU
[ 1f]

1s a K-algebra homomorphism
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Definition 47 (direct limit of smooth functions, germs of differentiable functions). Let M be a smooth manifold, p € M,
and U be an open neighbourhood of p. Let Ex;(U) be the space of smooth functions on U. Define

Entp = g E(U)

UCM:Uopen,peU

The set Epnr,p is an R-algebra and is called the algebra of germs of differentiable functions. In other words, each germ in Eyrp
s a collection of functions where each function defined on an open neighbourhood of p and any two functions agree on some
open neighbourhood of p

what is the dimension of Enr
Proposition 21. Some propositions
1. Given an open neighbourhood U; of p, En,p gives an algebra homomorphism
¢i  Em(Ui) = Emp
2. Let f € Enp be a germ, then there exists an open neighbourhood Uy of p and a function f1 € En(Ur) such that
f=a(f1)

3. Let Uy, Uy C U be two open neighbourhoods of p, we have two maps ¢1, 2. Let f1 € Ex(Uy) and fo € Epr(Us), suppose
f=01(f1) = p2(f2), show that there exists Us C Uy N Us being an open neighbourhood of p such that filu, = f2|us

4. Let f € Epp. Define f(p) = f1(p) € R for some f1 € En(Ur) such that ¢1(f1) = f. Show that f(p) is independent of
the choice of f1

Proof. f(p) is independent of the choice of fi: Let fo € Ey(Us) such that ¢a(f2) = f. As ¢1(f1) = d2(f2), then f1 and fo
belong to the same equivalence class, then there exists U C Uy NUs such that p € U and fi|u = fa|u, then fi(p) = f2(p) O

Definition 48 (derivation, tangent space). A derivation of the R-algebra Enrp is a linear map D : Enrp — R satisfying
Leibniz’s law:

D(fg) = D(f)g(p) + f(p)D(g)

for all f,g € Enrp. The tangent space at p € M is the vector space of all derivations of Enrp, denoted by T, (M) which is a
subspace of the vector space of all linear maps Eprp — R

Proposition 22 (tangent space on R™). Let R™ be a manifold equipped with the usual chart. Let p € R™, the tangent space
T,(R™) is a R-vector space of dimension n spanned by

o) o) 9
0z p78x2 p,..., Oxp, »
Proof. 8%1 : Ern p — R defined by
p
0 _of
Bxi [f] p B 8.131 p
for all [f] € Ern p is a derivation of Egn ,. We will show that
o) 9| 9
0z p7 Ozo p,...7 Oxp »

is exactly the basis of T,,(R"). Let D € T,,(R"), let 1: R™ — R be the constant function 1, then
D(1)=D(1-1)=D(1)1+1D(1) =2D(1)

Then, D(1) = 0. Let f € En,p, by Taylor theorem,

f(x)Zf(P)+Z<
i=1

where z; — p; is the germ of a function that maps a = (a1, as,...,a,) € R™ to a; — p; € R and gij is a germ of smooth
function R™ — R. Apply D on both side

gﬂi >(xi_pi)+ > gijlai —pi)(x; —py)

i,j€[n]?

Df = f(p)D(1) +Z< o
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We have
D(gij(xi — pi)(x; — pj)) = D(gij(xi — pi))(xj — p;j)(p) + (95 (xi — pi))(p) D((z; — pj))

As (z; —pj)(p) = 0 and (g;5(z; — pi))(p) = 0, then D(g;;(x; — p;)(z; — p;)) = 0. Therefore,

Remark 16 (tangent space on C"). TODO

Definition 49 (Jacobian). Suppose f: M — N is a smooth map between smooth manifolds. Let p € M and g = f(p) € N.
Let U C M be an open neighbourhood of p and V. C N be an open neighbourhood of q such that f(U) C V. Given any
¢ € En(V), by definition of manifold homomorphism, [ induces a smooth map ¢fi € Ep(U)

f

U fY(V) =V
T PGSN(V)
pfic€m(U)  “~o__
R

That is, f induces a linear map f* : En(V) — Em(U) between spaces of smooth functions, that induces a linear map
Iy 1 ENq = Emp between spaces of germs of smooth functions

5N(V) —_— SM(U)

I

We define the linear map dfy, : Ty(M) — Ty(N) by D+ Df, for all D € T,,(M)

*

5N,q — SM,p

' \*\\ JD
dfpD=Df; "~

The linear map dfy is called Jacobian of f at p
Proposition 23. df, : T,(M) — T,(N) is well-defined and linear.

Proposition 24 (reconcile with Jacobian in calculus). If M = R™, N = R" equipped with the usual manifold structure, let
f: M — N be a smooth map, let p € M and q = f(p) € N. Then the Jacobian can be written as a matriz J € R"*™

ofr Of
Oz1 "7 OTm
J=1 .. . ..
Ofn Ofn
oxq OL.m

can be written as a linear combination of basis of Ty(N) = {

Proof. We will show that df, (JZ
p
O fn

) Dy
P

coefficients {‘gﬁ }, that is, for every ¢ € En(V), [¢] € Enp,

0
dfp (83:1

p
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We have

df, ((’fxz p) [¢] = ({%Z ) file] (definition of Jacobian)
_ % [f*¢] (definition of f; 2ENg = Emp)
vip
_ 663):4 [pfi] (definition of f* : En(V) — Ep(U))
vip
_ a(aq;{i) ,, (definition of .. p)

Note that fi = fly : U CR™ — R™ and ¢ : V C R™ — R, by chain rule

9 (9 fi)
dfp< oz, p) [¢] = oz; |,
_ i ¢ afi
E::(?y] y=fi(p)= q(?xz T=p
_N 99 0f
= 8yj qaxi p

O

Remark 17 (basis of a tangent space on real smooth M). Given a real smooth manifold M, let $= : U — U where U’ C R™

be a chart, the ¢~ is a smooth isomorphism between two manifolds. Let {a‘zl ( s e % ( )} be a basis of Ty(,)(R™) and
o(p o(p
Ao 4y Tory(R™) = Tp(M), then
0 0
{D1, Do, ..., Dy} = {d¢ é(p oo O ) A }
0w |y P04

is a basis of Tp(M).
Proposition 25 (chain rule). Let f: M — N, g : N — P be smooth maps between manifolds. Then

d(gf)p = dg(p)dfy
Proof. TODO O

2.3 Tangent Bundles

Proposition 26 (dimension of tangent space). Let M be a smooth manifold of dimension n. Let h : U — U’ C R" be a
chart with p € U. Then, h is a smooth map between smooth manifolds where R™ is equipped with usual atlas, so there exists
a linear map

dhp : Tp(M) — Th(p) (Rn)

Furthermore, as h is a homeomorphism, all maps in the construction of dh, are isomorphisms, so dh, is an isomorphism,
therefore
dim T},(M) = dim Tj,,y (R™) = n

Definition 50 (tangent bundle of an open set in R™ as a smooth manifold). Let M C R™ be an open set equipped with the

usual atlas. Let
= H T, (M)
peEM

Note that, T,,(M) = span{a lps s Dzn‘ }. We equip a topology on T(M) as follows: define the set function as follows:

o2
) 18.T1

¢ T(M) — M x R"

0
50y alTxn p)) = (pv (ala (33 an))

P
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where M x R™ is equipped with the product topology. Then, equip T(M) with a topology such that U C T'(M) is open if and
only if Y(U) C M x R™ is open. The canonical projection w : T (M) — M is a vector bundle and called tangent bundle of M

note, in this case, ¥ is a set isomorphism so it is a homeomorphism, i.e. T(M) = M x R™, the tangent bundle is a trivial
bundle

Definition 51 (tangent bundle of a smooth manifold). Let M be a smooth manifold. Let
(M) =[] T,(M)
pEM
and m: T(M) — M be the canonical projection. Let {Uy, ¢o} be an atlas of M then let
T(Us) =7 'Ua = [] Tp(M) < T(M)
S

The smooth homeomorphism ¢o : Uy — UL, C K™ is a smooth map between manifolds induces an invertible linear map
for any p € Uy, namely Jacobian

d(ﬂa’p : TP(M) — Tqba(p)(Rn)

That induces an isomorphism in sets

hot |TUa) =[] M) | = | TW) = ] Ts.m@®")
pEUa da(p)EU],

AsU! CR", equip T(U.) with the topology of the tangent bundle T(U!) — U/ so that T(U.) =2 U/, xR"™ = U, xR". Equip
the a topology on T(U,,) such that U C T(U,,) is open if and only ho(U) C T'(U.) is open. We have the homeomorphism

ha : T(Uy) = Uy x R®

Equip the topology on T(M) induced from topologies on T'(Uy,) for all a. Then, T(M) is smooth manifold of dimension
2n with atlas {(Uqa, ha)}. The canonical projection 7w : T(M) — M is a vector bundle and is called tangent bundle.

Proposition 27. 7 : T(M) — M is a smooth vector bundle.
Proof. 1. w:T(M) — M is a bundle projection
For each U,, there is a homeomorphism h,, : T(U,) — U, x R™ and the composition 7h ' : U, x R™ — U, is

mhy (z,v) = x

which is the canonical projection. Therefore, 7 : T(M) — M is a bundle projection

2. m:T(M) — M is a vector bundle

For each x € M, n~ 'z = T,(M) which is a real vector space of dimension n. By definition, the restriction of
he : T(Uy) — Uq x R™ on {z} is the Jacobian ha|r, vy = dg : To(M) — Ty, (»)(R™) which is a invertible linear map.
Therefore, any transition is a composition of two invertible linear map, hence a linear map, i.e. g;; : U;NU; — GL(K™)

3. vector bundle transition function is smooth
The transition map g;; : U; N U; — GL(K") is defined by
p = (dpp) " deap
By chain rule, (dég ) 'dpe, = d(¢a¢§1)¢ﬂ(p) which is a map Ty, ) (R™) — Ty, () (R"), when viewed as a n x n
matrix is a smooth function of p. GL(K™) is an open set in R™*”, then g;; : U; NU; - GL(K") is a smooth map.
4. T(M) is a smooth manifold.

As proved above, g;; being smooth implies the manifold transition function on T'(M) being smooth.

5. m:T(M)— M is a smooth map

As proved above.

6. T (M) is a smooth vector bundle.

All conditions have been checked

Definition 52 (tangent bundle of a holomorphic manifold). TODO

26



2.4 Universal Bundles

Definition 53 (canonical vector bundle on Grassmannian). Let G, ,(K) be a Grassmannian
Grn(K) ={V subspace of K" : dimy = r}

Let
UnK)= [ Vv

VeG, n(K)

be the disjoint union of all r-dimensional K-linear subspaces V in K™. There is a canonical projection
7 Upn(K) = Gy (K)

given by pi(v) =V ifv € V. C K". Forp € Gy, 7 'p is a subspace of dimension r in K™. Furthermore, to equip a
topology on U, ,,, note that each V is a subset of K™, consider the inclusion map

it Upn(K) = Grn(K) x K™

where G x K™ is equipped with the product topology. Let U, ,,(K) inherit the subspace topology. That makes m : Uy (K) —
Grn(K) a vector bundle which is called canonical vector bundle (or tautological bundle) over G, ,(K). Moreover it is an
algebraic vector bundle (both R and C)

two youtube videos - every wvector bundle on compact Hausdorff space is a pullback of a canonical bundle over G,
https: //www. youtube. com/watch? v=_nhVEKR1640 https: //www. youtube. com/watch? v=Z9RQhf220c

Remark 18 (case r = 1, K = R). The vector bundle is
7: Ui n(R) = G1n(R) = P"H(R)
For each a« € {0,1,...,mn — 1}, let
Up ={V = [20, 21, e, n1] € P" 1 (R) : 24 # 0}
The preimage under 7 : Uy n,(R) — G1 ,(R) is
7 U, ={(v,V):V €Uyv eV}

Define the local trivializations he : 7~ Uy — Uy X R as follows: each v € V CR™ can be written uniquely as

p— n
v = tx—(:co,:rl, vy Ly ooy Tp—1) € R
«

fort € R where V. = [T, X1, ..., Tapy ooy Tn—1], then the map v — t is well-defined. Define
ho(v,V) = (V,1)

1. m: U1 n(R) = G1,(R) is continuous
Any open set O C Gy, (R) have preimage under 7 being

70 = H \%

Veo

On the other hand, O x R is open in G ,(R), then

[Tv=i'OxRr)

Veo

is open. Hence, 7 is continuous

2. m:Up n(R) = G1n(R) is surjective

obvious

3. Upn(R) is Hausdorff

obvious
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https://www.youtube.com/watch?v=_nhVEKRi640
https://www.youtube.com/watch?v=Z9RQhf22Oc4

4. he 7 U, = Us x R is a homeomorphism.

TODO - somehow this was not discussed in Wells book - well, prof was right, don’t take Wells too seriously
5. m: Ui n(R) = G1n(R) is a bundle projection

From above
6. Transition function of vector bundle gao : Uy N Ug — GL(R)

g

gﬁa([J:O, vy Ly ooy LBy weny xn—l]) = z
@

for every [To, ..., Tay oy Ty ooy Tn—1] € Uq NUpg, that is, x4 # 0,25 # 0. The transition is algebraic, that is smooth,
then the vector bundle is smooth. TODO - verify this by uniqueness of VB construction - skip this for now

2.5 Homomorphisms and Direct Sums

Definition 54 (restriction of vector bundle). Let 7 : E — X be an S-bundle and U is an open set of X, then the restriction
of E to U, denoted by E|y = n~'(U) induces an S-bundle 7|, : Ely = U.

E|U=7T71U‘—>E
U—— X

Definition 55 (homomorphism of S-bundles). Let 7g : E — X and np : F — X be S-bundles over X. A homomorphism
of S-bundles f : E — F 1is an S-morphism between total spaces which preserves fibers, i.e. f commutes with g, 7p and
K-linear on each fiber.

KT linear. KT

1,

f

Jo—y E, L F,
WEl \% ﬂEl ‘A
X {p}

Definition 56 (isomorphism of S-bundles). A S-bundle homomorphism f : E — F is an S-bundle isomorphism if it is a
S-isomorphism on total spaces and invertible K-linear map on each fiber. Two S-bundles are equivalent if there exists an
S-bundle isomorphism between them.

Proposition 28. Let X be an S-manifold, S-bundle isomorphism defines an equivalence relation on the S-bundles over X
Proof. trivial O

Definition 57 (direct sum of vector bundles). Let 7g : E — X and 7 : F — X be two vector bundles, define

EoF=[](B,oF,)
peX

and the projection 7 : E® F — X is given by m(v) =p if v € E, ® F,. For each p € X, we can find a neighbourhood U

of p and local trivializations
hg:Ely = UxK" and hp : Fly U x K™

Define hpgr : (E® F)|ly = U x (K" ® K™) by
hpar(u®v) = (p,hp(u) ® hr(v))
foru e E,v e F,. Foranyp € Uy, NUg where Uy, Ug have local trivializations, the direct product transition function is
9hET :UsNUs — GL(K™ x K™)

P 95 (p) ® g (D)
p= (ud v g, (p)(u) ® gha(p)(v))

where gga and gga are transition functions of g and g
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Proposition 29. Suppose that X is an S-manifold and E, F are S-bundles over X, then E ® F is an S-bundle over X.

Proof. The existence of transition functions implies the construction is a vector bundle. We just need to show that the
transition functions are S-function. We have

9ha(p) 0
g,goe?F(p) = { P 0 gga(p):|

is a matrix of S-functions. Hence, gg, is an S-function. O
Proposition 30. Let E — X, F — X be vector bundles

1. E® F, is also a vector bundle, and it is also S-bundle if E, F are.

ExF=[[(E,F,)

peX
hE®FI(E®F)|U—>U>< (Kn®Km)
u®v = (p,hg(u) @ hp(v)) (foru € Ep,v € Fp)
9hEr  UanNUs — GL(K™ @ K™)
P (6@ s g5, (p)(w) ® g5 () (0) (foru€ Epve Fy)

2. N"E, is also a vector bundle, and it is also S-bundle if E, F are.

ANE =[] AE,

peX
hang : (NVE)| — U x A"K"
U
Nieyui = (P, Ny (u;) (for NiZyui € N"Ep)
9ha” 1 Ua NUs — GL(A"K")
P (A > Ay g (p) (1) (for N_yui € A"E,)

3. Hom(E, F) is also a vector bundle, and it is also S-bundle if E, F are.

Hom(E, F) = [ Hom(E,, F,)
peX

h’HOm(E,F) : HOHl(E,F)'U — U X Hom(K",Km)

I = (p,hrlhy") (for | € Hom(E,, F,))
952" 1 Ua NUs — GLHom(K", K™)
p = (1= g5 (p)lgha(p)) (for | € Hom(E,, F,))
Proof. TODO O

2.6 Exact Sequences

Definition 58 (subbundle). Let w : E — X be an S-bundle of rank r. An S-submanifold F' C E is called an S-subbundle
of B if

1. FNE, is a subspace of E, for allx € X

2. w|lp : F — X has the structure of an S-bundle induced by the S-bundle structure of E. That is, given U C X, and

h:Ely = U x K" is a local trivialization, then the diagram below commutes

BEly —— U x K"

e

F‘UTUXKS
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where 1 : K% — K" is the canonical inclusion

Definition 59 (kernel and image of vector bundle homomorphism). Let f : E — F is a vector bundle homomorphism of
K -vector bundles over a space X. Define

ker f = [ ker fo and im f = [[ im f.

reX reX
where f, = f|g, : Ex — F,. Note that, ker f and im f might not be vector bundle.

Remark 19. ker f and im f might not be vector bundle. e.g. given trivial bundle g : E — X, np : F — X where
E=F=XxR%2X =R. Let f : E — F be defined by (z,v) — (z,2v). Then, E, — F, is v — xv, then im f|, is R if
r#0and0 ifx =0

Proposition 31. Let f : E — F be an S-homomorphism of S-bundles over X, if f has constant rank on X, then ker f,
im f are S-subbundles of E and F respectively.

Proof. TODO - need read O

Proposition 32. f: F — F is injective or surjective then f has constant rank.

2.7 Sections and Frames of Vector Bundles

2.7.1 Sections

Definition 60 (section). A S-section of and S-bundle w : E — X is an S-morphism s : X — E such that ws = 1. Let
S(X,E) C S(X,E) denote the set of S-sections. More generally, for a open set U C X, S(U, E) denotes the S-sections of
Ely

Remark 20 (section of trivial bundle). For a trivial bundle m : M x K" — M, S(M,M x K") can be identified as the
collection of S-functions M — K" on M

Remark 21 (zero section). Let m: E — X be an S-bundle. Let 0 : X — E defined by x — (x,0). 0: X — E is called the
zero bundle and 0 : X — E is an S-isomorphism.

Proposition 33. Let pip : E — X and 7p : F' — X be two S-bundles, then Tyomp,ry : Hom(E, F) — X is also an
S-bundle. Let s € S(X,Hom(E, F)), for any x € X,

s(x): E; — F,
is a K-linear invertible map. Define f : E — F such that f(v) = s(x)v forv € E,. Then f is a S-bundle homomorphism.
Proof. TODO O

Proposition 34 (constructing sections). Let E — X be an S-bundle of rank r. Let fo : Uy — K" be S-morphism satisfying
fa(u) = gga(u)fa(u) for u € Uy, NUg # 0. We can construct an S-section ¢ as follows: Each fo gives a section on
Uy x K" 2 E|y, . These sections agree on overlapping regions.

Remark 22 (sections on universal bundle). TODO - wtf

Proposition 35 (space of sections is a module). Sections S(X, F) is a K-vector space, let s,t € S(X,E), k € K,

(s+t)(z) = s(x) + t(x)
(ks)(z) = ks(z)

Moreover, S(X, E) is also a module over S(X) which is the space of K-valued S-functions on X

2.7.2 Frames

Definition 61 (frame). Let E — X be an S-bundle of rank r, let U be an open subset on X. A frame for E over U is a set
of S-sections
§= (Sla 327 A ST')

where s; € S(U, E) such that (s1(x), s2(x), ..., sr(x)) is a basis for E, for every x € U. Note that, section S(U, E) is a
S(U)-module and a frame is the basis, that is, S(U, E) is a free S(U)-module
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Remark 23 (matrix form of an S-section on frame). Let n € E(U, E) be an S-section on U C X of vector bundle E — X
and f ={f1, f2, ..., fr} be a frame on U. Then, we can write n by

n=n(f)rfr +n(f)afz+ ... +0(f)rfr

where each n(f); € S(U) is an S-function on U. Let

n(f) = ()02, -n(f)r) € M [SU)]
be a vector of dimension r where each entry is an S-function on U.
Proposition 36. A local trivialization h : Ely — U x K" induces a frame for E over U

Proof. The local trivialization induces an isomorphism of sets
h:S(U,E|ly) — S(U,U x K")
Let (e1,ea,...,e,) be a basis for K", then s; : X — F is defined by
si(z) = h71(z, e)
Then (s1, $2, ..., $5) is a frame for E over U [

Proposition 37. TODO - frame induces local trivialization

Definition 62 (change of frames). Let E — X be an S-bundle over field K and U C X be an open set. Let f,h be frames
on U, that is,

f = (flaf2a"'af7‘)
h = (hi,ha, .o )

where each f;, h; is an S-section on U and for each x € U, (f1(z), f2(x), ..., fr(z)), (hi(x), ha(x), ..., h.(z)) are bases of
the fiber E,. Then, there exists a S-morphism
g:U — GL(K")

so that, for each x € U, g(x) is the change of basis from f(x) to h(z), g is called the change of frames.

Remark 24 (matrix form of change of frames). Let g : U — GL(K") be a change of frames from frame f to frame h, if
write frames f,h as row vectors of S-sections, that is, f = (f1, fa, ..., fr) € M[S(U, E)], h = (h1, ha, ..., h,) € M.[S(U, E)]
where fo,he € S(U,E) and g as a matriz of S-functions, that is, g = [gpe] € Myxr[S(U)], then

h=fg

2.8 Real-Valued Differential Forms
EP(U) = E(U,NT*(M))

2.8.1 Real-Valued Differential Forms

Definition 63 (cotangent bundle, exterior algebra bundles). Consider the tangent bundle T(M) — M of a smooth manifold
M

1. The cotangent bundle T*(M) is the vector bundle whose fiber at x € M is T} (M) = Homg(T,,(M),R) which is a linear
functional on T,,(M) (basis are dx,dy,dz while in tangent bundle are 9/0x,0/dy,d/0z)

2. The exterior algebra bundles N"T (M) and A"T*(M) are the vector bundles whose fibers at x € M are A"T,(M) and
ATX(M) respectively. We also define

ANT(M) = é APT(M)
p=0

AT*(M) = é APT*(M)
p=0
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3. The exterior algebra bundles Sym™T (M) and Sym™T* (M) are the vector bundles whose fibers at x € M are Sym"T, (M)
and Sym™T} (M) respectively. Define

SymT (M) = @ SymPT(M)
p=0
SymT* (M) = @ SymPT™* (M)
p=0

Definition 64 (differential form). Let U C M be an open set of smooth manifold M, let
EP(U) =EWU,NPT*(M))
A section f € EP(U) is called a smooth differential p-form on U

Definition 65 (a basis for EP(U) for U C R™). Let x = (21, ..., xp) € U, then a basis of T,(R™) is

{on, o)

Let dxzj|y : T, (R™) — R be the linear functional such that 8%1|1 — 1 and a%b — 0 for k # j. Then, a basis of T,f(R™)

0

PIEEXE) —
N oz,

18
{d!)ﬁllw, ceny dxn|z}

Let h: T*(R™)|y — U x R™ be a local trivialization so that h maps the basis {dx1|,, ...,dxy|.} into the canonical basis of
R™. Moreover, let s € E(U, T*(R™)) be a section

T*(R")|y —— U x R"

ST el
/,/’ hs

U

Then, hs : U — U x R™ applied on x € U is hs(x) = (z, (f1(z),..., fn(z))) where f; € E(U) are a real-valued smooth
functions on U. Define dxj : U — T*(R")|y such that x — dz;|,, then dz;(z) = (0, ...,0,1,0,...,0) (1 at the j-th coordinate).
Therefore, EX(U) = E(U, T*(R™)) is an E(U)-module with basis {dz1, ...,dx,} with

s = fidxy + ... + fpdz,
the scalar multiplication defined by

EU) x {dz1, ... dan} — E(U, T*(R™))
(f - dxj)(z) = f(z)dz;(z)

Similar, a basis of E(U)-module EP(U) = E(U, \PT*(R™)) i5E|
{dz, : 0 C [n],|o| = p}
2.8.2 Real-Valued Exterior Derivative
Definition 66 (exterior derivative d : EP(U) — EPTL(U) for U C R™). Define d : EP(U) — EPTL(U) for U C R™ as follows:

1. p=0, f€&U) = EU)

df =) B dx;
=1

2.p=1, fe&P(U) =EU,NT*(R")), then we can write f as a E(U)-linear combination f =3, 1. s|=p fodzo where

each fo € E(U), define
df = Y. dfoNde,= > <Z gf‘fdxi> A dz,

y €T
oC[n]:|o|=p oCln]:lo|=p \i=1 v

Inote that, o is an ordered subset of [n]
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Definition 67 (exterior derivative d : EP(M) — EPTY(M)). : Let h : U — U’ C R™ be a chart, there exists a map
d: EP(U'") — EPTYU'). We have isomorphisms EP(U) = EP(U') and EPTH(U) =2 EPTH(U'), define d : EP(U) — EPTHU) so
that the diagram below commutes

EP(U) -ty EPTLU)
er(U") —Ls erti(U)

Let M be a manifold with atlas {h; : U; — U] CR"}. Then, d: EP(M) — EPTL(M) is the unique operator such that the
diagram below commutes for every chart

TODO werify that, on the intersection U; N Uj, the exterior derivatives agree, that is, let d; : EP(U;) — EPTL(UY),
dj : 5P(Uj) — 5p+1(Uj), then d7;|5‘p(UiﬂUj) = dj|(€p(UiﬂUj)

Definition 68 (aziomatic definition of exterior derivative d : EP(M) — EPTL(M)). When U C M = R", then d : EP(U) —
EPTY(U) is defined to be the unique R-linear map satisfies the following:

1. whenp =0, f € EX(U) =E(U), then
df—;a—xidxi
2. ifae€ &P(U) and b € EYU), then
dlanb) =daNb+ (—1)PaAddb

in2, leta=1€&%U)=EU), then d> =0 (Poincaré lemma)

2.9 Pullback of vector bundles

Definition 69 (S-bundle morphism). An S-bundle morphism between two S-bundles 7g : E — X and 7p : F — Y is an
S-morphism f: E — F that takes fibers of E into fibers of F' and if restricted to one fiber, the map is linearly invertible.

Remark 25. As we can identify the base space with its zero section, therefore, an S-bundle morphism defines a map between
base spaces factoring through their zero sections.

Proposition 38 (pullback). Given an S-morphism f : X — Y and an S-bundle np : F — Y, then there exists a bundle
g E— X so that the following diagram commutes

E--Y 5 F
TE | TF

¥

X 1,y

Moreover, E is unique upto S-bundle isomorphism. E is called pullback of F by f: X — Y denoted by E = f*F,
g = f'te, g=1"f
Proof. TODO O

Proposition 39. Let g : E — X and np : F — Y be S-bundles. If f : E — F is an S-morphism of total spaces that
preserves fibers and a linear on each fiber, then f : E — F can decomposed into a S-bundle homomorphism and an S-bundle
morphism

Proof. TODO O
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Chapter 3

Almost Complex Manifolds

3.1 Almost Complex Manifold

Proposition 40 (complex structure on manifold). Let X be a holomorphic manifold of dimension n, then X is also a real
smooth manifold of dimension 2n, let Xy denoted the corresponding real manifold. Let T,(X) be the complex tangent space
at € X and T,(Xo) be the real tangent space at x € Xy. Then,

1. The real tangent space T, (Xo) is canonically isomorphic to the underlying real vector space of complex tangent space
T:(X)

2. Complex multiplication by i on T,(X) induces a complex structure J, on the real tangent space Ty (Xo)

Proof.
Let x € U and ¢ : U — U’ C C" be a chart containing . Let the canonical map h: U’ — U” C R?" defined by

(xl + Z‘yla vy Ty + 'Lyn) — (xlayla cee xnayn)

Then, h¢ : U — U” C R?" is the chart that makes X to be a real smooth manifold. The bases on T, (X) and T, (Xo)
are induced from the Jacobian of the S-isomorphism from ¢ : U — U’ and h¢ : U — U” respectively.

To(X) % Ty (U)  Thpy (U") £2° T(X,)

where

0 0

Ty (U") :C—span{ ey }
0211y O%nly)
0 0 0 0
Th¢($)<U”) —Rspan{a ,87 ,...,87 ,87 }

(@) YL Ing(x) Tnlheg) 9Ynlhe(e)

Define R-linear invertible map Ty(,)(U’) = Thg(z)(U") as follows:
1
el (] L0
0z; ba) 2 O ho(x) dy; he(z)

That induces a R-linear invertible map T, (X) — T, (Xo), the complex structure J, on T, (Xj) is induced naturally

Tp(X) 225 T, (X)

E

Note that, J, : T,,(Xo) — T (Xo) does not depend on the choice of chart ¢ : U — U’
O

Definition 70 (almost complex manifold). Let X be a real smooth manifold of dimension 2n. Suppose that J is a smooth
vector bundle isomorphism (automorphism on tangent bundle T(X) — T(X))

J:T(X)—=T(X)
such that J,, : Tp(X) — Ty (X) is a complex structure for T,(X), that is, J? = —1. J is called an almost complez structure

for smooth manifold X. If X is equipped with an almost complex structure, then (X, J) is called an almost complex manifold.
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Proposition 41. A holomorphic manifold X induces an almost complex structure on its underlying smooth manifold Xg

Proof. TODO - the map from each point x to its complex structure induced by multiplication by i on complex tangent space
18 an almost complex structure O

3.2 Complex-Valued Differential Forms of Type (p, q)
E'(X)e=E(X,N'T*(X)c)
3.2.1 Complex-Valued Differential Forms and Complex-Valued Exterior Derivative

Definition 71 (complex-valued differential forms and exterior derivative d : £€"(X)c — E"H(X)c). Let X be a smooth
manifold of dimension m, the complexification of cotangent bundle is

E"(X)e = EX,NT*(X)c) =€ (X, 11 Az (X)@> =£ <X, [T V7 (x) @ (C)
zeX zeX

Sections in E™(X)c are called the complex-valued smooth differential r-forms. The complez-valued exterior derivative
d:E(X)c — ETYX)c is defined as follows: let f € E"(X)c, then for x € X

flx) e N'T;(X) @r C= AT (X) AT, (X)
then we can write f = fre + i fim where fre, fim € ET(X) = E(X,A"T*(X)). We define d : E"(X)c — E™H(X)c by

df = dee + idflm

3.2.2 Complex-Valued Differential Forms of Type (p, q)

Definition 72 (bundle T(X)%%, T(X)%'). Let (X,J) be an almost complex manifold. Then, J extends into a C-linear
bundle isomorphism on T'(X)c = [[,cx To(X)c

Jp To(X)e - To(X)e

satisfying J2 = —1. Let T,(X)"? and T,(X)%! be the +i and —i eigenspaces of J,, then
Tp(X)e = To(X)M @ T (X)™!

We set

T = [ 7.0
reX

T(x) = [ 7.(x)>"
reX

That are smooth bundles over X. Moreover, there is an C-linear isomorphism Q, : Tp(X)10 — T, (X)%! which extends
into an isomorphism of smooth vector bundles over X

Q:T(X)e = T(X)c
Q:T(X)" - T(x)%

Similarly, as J makes T(X) into a complex vector space denoted by T, (X) s, there is an C-linear isomorphism Tp,(X); —
T (X)10 which extends into an isomorphism of smooth vector bundles over X

T(X); — T(X)"°
Proof. TODO O

Definition 73 (complex-valued differential forms of type (p,q)). When (X, J) is an almost complex manifold, we also have
the decomposition for complezification of cotangent space

T; (X)e = T3 ()10 & 7 (X)°1
Define
AT (X)e = (VT (OE) A (M7 ()8
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which extend into a smooth bundles over X

NPT (X)e = [ AT (X)c
xeX
We denote the section
EPUX)e = E(X,APIT*(X)c)

A section f € EPU(X)c is called complex-valued smooth differential (p, q)-form

Proposition 42.
EN(X)e=EX,NT*(X)c) = @ £(X)c

pFq=r

Proof. proof in the next section. O

3.2.3 Complex-Valued Exterior Derivative of Type (p,q)

Definition 74 (local representation of exterior derivative of type (p,q)). Let (X,J) be an almost complex manifold of
dimension n, let {w1,ws, ..., wy,} be a frame over an open subset U C X for T*(X)10 C T*(X)c. Then, {w1,Wa, ..., Wy} is
a frame over U for T*(X)%! C T*(X)c. A frame for APAT*(X) is given byE|

{w' Aw” 1,0 C [n],|1] = p,|J| = ¢}

So that, a section s € EPY(U)c C E"(U)c can be written as
s = Z anI Aw”
1,J
where each ary € E(U)c = E(U,C) = E9(U,C), then

ds = Zda[_] Awl AT 4 apgd(w! AT
1,0

TODO - note that d(w! Aw') might not be zero
Definition 75 (0, 9). Note that, a frame for N"T*(X) is given by (r =p+q)
{w' Nw! 1,0 C [n],|I| + |J| =7}

Then, E"(X)c = P EPYX)c. Let

p,q:p+q=r
Tpq: E(X)e = EP9U(X)c

be the canonical projection, then there is a restriction from complex-valued exterior derivative

d: Ep’q(X)(c — 5p+q+1(X)C — @ gr,s(X)C
r+s=p+q+1
Define 0 : EP9(X)c — EPTH(X)c and 9 : EP4(X)c — EPITY(X) ¢ as follows

%)

T

5p,q(X)(C T> gp+q+1(X)(c m Eerl’q(X)(c

T

EPI(X)e —L EPTIHI(X)e T £PatI(X)c
3

Let £*(X)c = @y E"(X)c, we extend the above operators to

9: £ (X)e — £ (X)e
76 (X)e — E(X)c

lrecall that wil:3:4} = w1 A ws A wy
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Definition 76 (integrable almost complex manifold). If d = 0 + 9, then we call (X, J) integrable

Proposition 43. When (X, .J) is integrable, then 6% = 7 =0

Proof.
0=d>=0*+00+90+0
Each term on the right is at different summand of EP7972(X). Then each of them is zero. O
Theorem 9. The induced almost complex structure on a complex manifold is integrable.
Proof. (sketch proof) reduce the problem into the case where U C X = C", X, = R?", then construct a basis for T*(Xy)c,
T*(Xo)H0, and T*(Xo)%!. That is,

0 0 .
T.(Xo)c=C— span{al, o i=1,2, ,n}

(2 imtam)
(g = _bpan{;; }
V1)

T,(Xo)"° = C — span

, then one can write

3:; Zdzl

i=1

Then, d = 8 + 0. Moreover, from to Cauchy Riemann equation, 0 applied on O°(X) C £°(Xy) (holomorphic function)
yields O O

Theorem 10 (Newlander, Nirenberg). Let (X,J) be an integrable almost complex manifold. Then there exists a unique
complez structure Ox on X (holomorphic manifold) which induces the almost complex structure J.

3.2.4 Complex-Valued Differential Forms with Coefficients

Definition 77 (complex-valued differential forms with coefficients). Let E — X be a complex smooth vector bundle over a

real manifold, let
EP(X,E)=E(X,NPT*(X)c ® E)

EP(X,E) is called the complez-valued differential p-forms with coefficients in E on X. When E = C, we recover the
complez-valued differential form of degree p

EP(X) = EP(X,C) = E(X, \PT*(X)c ® C) = £(X, APT*(X)¢)

Proposition 44 (isomorphism of sheaves). (refer sheaf in chapter 4) The sheaf of vector bundle NPT*(X) ® E — X s
denoted by EP(E), the sheaf of vector bundle NPT*(X) — X is denoted by EP, then there is an isomorphism of sheaves

7:EP ®e E(E) — EP(E)
That induces a map of sections on U C X

gp(U) ®£(U) S(U, E) — gp(U7 E)
PRE— - &

where ¢ € EP(U), £ € E(U,E), and ¢ - € EP(U, E).
Proof. Proved in chapter 4 O
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Remark 26 (local representation of EP(U, E)). Let f = (e1, ez, ...,er) € M [E(U, E)] be a frame for E over U, then for each
§€EP(UE)=EP(U)®ew) E(U,E), we can write

E=&(f)-er +&(f) et +E(f) e
where each £°(f) € EP(U). In this way we have local representation
EP(U, E) — M,[EP(U)]
§m &(f) = (€1, (), 7 (f)
Proposition 45 (local representation of £7(U, E) on change of frame). Let g be a change of frame on E — U, then
&(fg) =97 &(f)

where §(f),&§(fg) € My[EP(U)], g € My [E(U)]
Proof. TODO - does not look easy O
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Chapter 4

Sheaf Theory

4.1 Presheaves

Definition 78 (category of open sets, presheaf). Let X be a topological space, the category of open sets denoted by Op(X) is
the category where objects are open sets of X and morphisms and open set inclusions. If we drop the empty set from Op(X),
the remaining object is also a category, denoted by Op(X)..

A presheaf F over X is a functor on Op(X)iF, that is

1. An assignment to each nonempty open set U C X of an object F(U)

2. For each pair of open sets U,V C X such that U 2V, there exists a map

o F(U) — F(V)

And these restrictions satisfy the following:

(a) rY : F(U) — F(U) is the identity map on F(U)
(b) if U DV DOW, then r, = rlry,

An element of F(U) is called section, the map 1Y is called restriction map. If the codomain category is an algebraic
structure such as group, ring, etc, then the presheaf is called presheaf of groups, presheaf of rings, etc.

Definition 79 (category of presheaves, morphisms of presheaves). The collection of presheaves over X form a category where
objects are presheaves and morphisms are natural transformations between them. The morphisms are called morphisms of
presheaves. That is, if F,G are presheaves over X, a morphism of presheaves h : F — G is a collection of maps

hy : F(U) = G(U)

for every open set U in X and the diagram below commutes

U F(U) —7 G(U)
1 b bs
1% FV) —= G(V)

The presheaf F is called subpresheaf of G if hy are inclusions

Remark 27 (constant presheaf). Let S be a set, the constant presheaf F is defined by F(U) = S for allU and F(r¥): S — S
18 the identity map.

Definition 80 (restriction of presheaf). Let F be a presheaf on topological space X, let U C X be an open subset of X, then
the restriction of presheaf F|y is a presheaf on subspace U defined by

Flo(V) = F(V)

for every open subset V C U.
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4.2 Sheaves

Definition 81 (sheaf). A presheaf F over a topological space X is called sheaf if the following holds: Let U =
union of open sets in X then

w1 Ui be a

1. If s,t € F(U) such that v (s) = rg (t) for alli € I, then s =t

2. Given s; € F(U;) for alli € I such that
TgmUj (si) = rgmUj (s5)

for allU; NU; # @, then there exists an s € F(U) so that rgi(s) =s; foralliel

Definition 82 (category of sheaves, morphisms of sheaves). The collection of sheaves over X form a category where objects
are sheaves and morphisms are natural transformations between them. The morphisms are called morphisms of sheaves.

Remark 28 (constant sheaf). Constant presheaf is not a sheaf. Let X = Uy [[Us be disjoint union of two open sets and
A = {s1, 82} be the set of two elements. Let F(Uy) = F(Uy) = F(X) = A be the constant presheaf. As sy € F(Uy) and
s9 € F(Us). Suppose F, by condition 2, there exists s € F(X) such that 7"5151 = 7’5252. Since the restriction in constant
presheaf is the identity map, then s; = sq. Contradiction.

TODO: construct constant sheaf

4.3 Sheaves and Vector Bundles

Definition 83 (sheaf of R-modules). Let X be a topological space
1. Let R be a presheaf of commutative rings over X and p‘[f be the R-restriction.
2. Let M be a presheaf of abelian groups over X and rg be the M-restriction.
Suppose for any open set U C X, M(U) is an R(U)-module and if o € R(U) and f € M(U), then
rv(af) = py()ry(f)

for allU D V. That is, the diagram below commutes

R(U) M(U) R(U) x M(U) —— M(U)
R(V) M(V) R(V) x M(V) —— M(V)

Then, M is called a presheaf of R-modules. If M is a sheaf, then M is called a sheaf of R-modules

Remark 29 (sheaf of S-modules from S-bundle). Let X be an S-manifold over field K, then we define the presheaf S as
follows: for any open set U in X, let S(U) be the collection of S-functions on U. If U DV, then S-restriction p% : S(U) —
S(V) is the usual restriction of functions. S is a presheaf of commutative K -algebras, that is, commutative rings. Let E — X
be an S-bundle, then define a presheaf S(E) = Sx(E) as follows: for any open set U in X, let

S(E)U) =S(U,E)
be the collection of S-sections of E on U. For any open subset V. C U, we define
) S(E)U) = S(E)(V)

to be the usual restriction of sections. Then, S(E) is a sheaf of S-sections of vector bundle E. Fach S(E)(U) is an
S-section on U which is a S(U)-module. It can be verified that S(E) is a sheaf of S-modules.

Definition 84 (ideal sheaf). Let X be a topological space and R be a sheaf of commutative rings on X. Let J be a subsheaf
of R. In particular, there is an inclusion of ideal for every open set U

JU) CR)
Then, J is called an ideal sheaf in R

Definition 85 (direct sum, free sheaf). Let R be a sheaf of commutative rings over a topological space X
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1. For a positive integer p, we define the sheaf RP by

This is sheaf of R-modules and called direct sum of sheaf R
2. If M is a sheaf of R-modules such that M is isomorphic to RP for some p > 0, then M is called a free sheaf of modules

3. If M is a sheaf of R-modules such that each x € X has a neighbourhood U such that M|y is free, then M is called a
locally free sheaf.

Remark 30 (vector bundles are locally free sheaves). Let E — M be a smooth bundle of rank r. Let x € M, there exists
an open neighbourhood U of x and a local trivialization hy : E|ly — U X R" that induces an isomorphism of smooth bundles

then an isomorphism of sheaves
E(E|ly) =2 EWU xR")

On the other hand,
EUxR)=PEly
i=1

where each E|y is the restriction of sheaf £ (the sheaf of smooth functions) on U. Hence, E(E) is a locally free E-module

Proof. We will show that E(U x R") 2 @._, E|y. Let V C U, then f € E(U xR")(V) = E(V, (U x R")|y) is a E-section if
and only if

f(@) = (z,9(2)) = (z,(91(2), 92(2), ..., gr (%))

where each g; is a smooth function V' — R. We define the bijection

E(UxR)(V) = @6|U<V>

f = (917927 "'797")
The bijection is an isomorphism of £|y(V)-modules. O

Theorem 11. Let M be a connected S-manifold. Then there exists a one-to-one correspondence between (isomorphism
classes of ) S-bundles over M and (isomorphism classes of) locally free sheaves of S-modules over M

Proof. We will show that locally free sheaf gives a vector bundle. Suppose that F is a locally free sheaf of S-modules over
M. Then M =J,.; U; is a union of open sets and for each i € I, there exists an isomorphism of sheaves

el
gi: Flu, = S"|u,

for some non-negative integer r. Note that, r does not depend on U; since M is connected. Let

gij : S"

vinu; — S uinu;

be defined by g;; = gigj_l. The map g;; is a morphism of sheaves, it determine a S-map
gi; € Hom(S(U; NU;)",S(U; NU;)") = Hom(U; N U, GL(R™))

The collections g;; satisfies

1. gy=1foralliel

2. gijgik = gir for all 4,5,k € I

which determines a S-bundle.
TODO - finish the proof by showing the constructed smooth bundle induces the same sheaf O
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4.4 Sheafification, Stalk

Definition 86 (sheafification). If F is a presheaf on X, then a morphism of presheaves
sh:F — Fsh

called sheafification of F if F*" is a sheaf and for every sheaf G, every morphism of presheaves g : F — G factors through
sh: F — F*" by a unique morphism of sheaves, that is, the following diagram commutes

F sh ‘/—_'sh

S

g
The sheaf F*" is called the sheaf generated by F
Definition 87 (stalk of a sheaf). Let F be a presheaf over X, let x € X, consider
F=][Fw)
Usx

the disjoint union of all F(U) such that U contains x. Define an equivalence relation on Fy as follows:
Let f € F(Uy), g € F(Ua), then f ~ g if and only if there is an open subset V such that € V. C Uy N Uy and
,’,glf _ ,',.529

The stalk of F at x is ~
Fo = 1i_n>1f(U) =Fu/ ~

Usz

the set of equivalence classes. Note 1: stalk is the colimit of the diagram generated by all open set containing x, namely
direct limit Note 2: a cocomplete category is a category having all of its colimits. That is, stalk is well-defined for a presheaf
to a cocomplete category, for example abelian category

Remark 31. Some properties of stalk

1. Let U be an open set containing x, then there is a map (if the codomain category is cocomplete, then this is a morphism)

rv . FU) = Fe

T

we will denote Y (f) = f. for f € F(U)

2. If f. € Fp, then there exists an open set U containing x and f € F(U) such that ¥ (f) = f.
3. Let ¢ : F — G be a morphism of presheaves over X, then it induces a map ¢y : Fr — Gy
4. Suppose that F is a sheaf, let f,g € F(U), if fo = hy for allx € U, then f=h
5. Let ¢ : F — G be a morphism of sheaves, suppose ¢, : F,, — G, is a bijection for allx € U. Then ¢ is an isomorphism
of sheaves.
Proof.

3. Let f, € F,, there exists an open set U containing z and a map f € F(U) such that r{ f = f,, define ¢, : F — G, by
¢zfz = 7“;]¢Uf

We will show that ¢, does not depend on the choice of representative f. Let f be another representative of f, on U,

as f and f belong the the same stalk, there exists an open set V C U such that r{/ f = r{ f, by naturality of ¢ and

direct limit of G, we have r{l¢py = ¢pyrl and r¥ =r¥rl

F(U) 2% g(U) G(U) = g(v)
Ty o Lave rg\\\\) \}/Tm
FV) 2% g(v) G,
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Hence,

Vouf=ririovf=rovrif=ryovr{f=rlovf

4. For every x € U, as f, = hy, there exists an open set U, such that f|y, = h|u,. As {U, : © € U} is an open cover for
U, hence by the property of sheaf, f =h
5. (a) ¢u is injective

Let f,h € F(U) such that ¢y (f) = ¢u(h) € G(U), then for any z € U, vYou f = rU¢uh, then vV f, = rVh,.
Since ¢, is injective, f, = h;. From the previous part, f = h

(b) ¢y is surjective
Let g € G(U) and g, = 7Vg € G,, since ¢, is surjective, there exists f, € F, such that ¢,f, = g., hence by
defintion of ¢,, there exists open set V 3 x and f € F(V) such that r¥ ¢y f = ¢, fr = g» = r/g. Therefore, there
exists W 3 x such that qbwr},/‘,f = TT‘//V¢>Vf = r{,{,g. That is, for each z € U, there is an open neighbourhood W
such that there exists an f € F(W) and ¢w f = rfi,g. Let f1, f2 are the two maps on Wy, Wa, then
1% W
Twinw, 1 = Twinw, f2

since they have the same stalks on W7 N W5. By definition of sheaf, there exists f € U such that ¢y f = g, that
is, ¢y is surjective.

(c) bijective morphism of sheaves is an isomorphism of sheaves TODO

Remark 32 (construction of sheafification). T7ODO

4.5 Tensor Product of Sheaves
Definition 88 (tensor product of sheaves). Let F,G be sheaves on X, let
T(U) =F(U) @ew) G(U)
Then, T is a presheaf over X. We define the tensor product of sheaves by
F®ReG=T"

Lemma 4 (local morphisms of sheaves induce global morphism of sheaves). If F and G be two sheaves on X and there
exists an open cover {U;}ier for X such that 1y, : Flu, — Glu, is a morphism of sheaves for all i € I, then there exists a
unique morphism of sheaves 7 : F — G. Moreover, if each Ty, is an isomorphsim of sheaves, then T is also an isomorphsim
of sheaves.

TODO - we can extend this lemma to (morphisms of stalks induce global morphism of sheaves)

Proof. We will construct a map 7y : F(V) — G(V) for any open set V' C X that is compatible with any 7y, it will make
7: F — G a sheaf morphism. For any U € {U, };¢; with 7y : F(U) — G(U) is the corresponding isomorphism induced from
the isomorphism of sheaves on U, define 7 : F(V) — G(V) as follows: For any f € F(V), let

gu = Tury f

For any U;,U; € {U,}ier with U; NU; # @, the diagram below commutes

F(V) CONN
i F(U;) TU;LUJ' FU:NU;)
G(v) J —ewy o, |
G(U;) G(U: N U;)
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We have
Ui _ Ui Ve U Ve U
Tu,nu,; 90 = Tu,nu; U0 = T"U;nU; T,y f = Tu.nu; 9U;

Therefore, by definition of sheaf, there exists a unique gy € G(V') such that for any U € {U,}icr, the diagram below
commutes

That defines a unique map 7 : F(V) — G(V). Then, the collection {7y : V' C X} defines a unique sheaf morphism
7:F — G. When 7y, are sheaf isomorphisms, we can construct another unique sheaf morphism 77! : G — F. It can be
verified that 7 is a natural isomorphism between two functors F and G O

Proposition 46 (tensor product of sheaves of vector bundles). Let E — X and F — X be vector bundles over X. Then
there is a sheaf isomorphism

T:E(E)@c E(F) = E(EQ®F)
where E(E) and E(F) are sheaves induced from sections of vector bundles.

Proof. Let
T(=) =E(E)(—) ®g—) E(F)(—)

be the tensor product of presheaves and 7" be the tensor product of sheaves. For every x € X, pick U C X containing
x small enough such that E|y — U and F|y — U are trivial bundles, then 7|y = T*"|y;. We will construct a sheaf
isomorphism Ty — E(E® F)|y

Let e = (e1,€2,...,em) and f = (f1, fa, ..., fn) be frames of E and F on U. Then, every element £ € T (U) can be written

as
m n

=D &ilei @y 1))

i=1 j=1

where &;; € £(U). And every element n € E(E ® F)(U) can be written as
n(x) =Y mij(@)(ex) ® fix))
i=1j=1

where 7;; € E(U). Hence, there exists a natural isomorphism of sheaves from 7|y = T*"|;y to £(E @ F)|y defined on
U C X. Local sheaf isomorphisms induce a global sheaf isomorphism, which can be verified to be also natural

T:E(E)®cE(F) = E(EQF)
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Chapter 5

Differential Geometry

5.1 Connection, Connection Matrix, Curvature Matrix

Definition 89 (connection). Let E — X be a complex vector bundle over a real smooth manifold X, a connection D is a

C-linear map
D:E(X,E) = EY(X,E)

such that for any U C X, ¢ € E(U) and § € E(U, E), then D satisfy
D(¢€) = do - &+ oD

Moreover, we also define connection for arbitrary forms, that is D : EP(X,E) — EPTYHX, E) such that for ¢ - € €
gP(U) ®€(U) 5(Ua E) = 5P(U7 E)
D(¢-&) =dp- -+ (-1)Po A DE

Remark 33 (local representation of connection, connection matrix). Let f = e = (e1, e, ...,e.) € M. [E(U, E)] be a frame
over U C X. Let & € E(U,E) with £(f) € My [E(U)] so that E =e-&(f) =20 _1&(f)7€esr and ¢ € EP(U). Then

DE=" D (f)es)
o=1
= dE7(f) - eq +£°(f)De,

o=1
As De, € EY(U,E) = EY(U) ®pw) EWU, E), we can write

De, = Ze(f)pa *€p

p=1

Or in matriz form

De=e-0(f)

The matriz of 1-forms 0(f) € M,«.[EX(U)] is called connection matriz. Then, D can be described locally by its connection
matrix

D¢ =e- (d+0(f))E(f)

Definition 90 (curvature matrix). Let E — X be a vector bundle of rank r with connection D, let f be a frame over U C X,
define the curvature matriz O(f) € M, «.[E2(U)] (matriz of 2-forms) by

O(f) = do(f) +0(f) NO(f)

Lemma 5. Let g € M,«,.[E(U)] be a change of frame h = fg where f = (f1, fo, ..., fr) € M [E(U, E)] and h = (hy, ha, ..., h;) €
M.[E(U, E)], then

1. dg+0(f)g = g0(h) € Mrx[E'(U)]
2. ©(h) = g71O(f)g € M,«,.[E*(U)]
Proof.
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L. dg+0(f)g = g0(h)
We will show that

f-(dg)+6(f)gl = f - (dg) + (Df)g = Dh=h-0(h) = f - [g0(h)] € M,[E" (U, E)]

Indeed

Dh, =D (Z fpgpo'>
p=1
= ZD(ngf/J)
p=1

= ngpa : fp +nganp

p=1 p=1

f-1(dg)+0(f)g] = f-[gf(h)] implies dg + 0(f)g = gb(h) (TODO check - may be it is true if we interpret these are

operators)

2. ©(h) =g7'0(f)g
Taking exterior derivative on both sides of dg + 6(f)g = g6(h)

do(f)g — 6(f) Ndg = dg NB(h) + gdb(h)

Then,

ta
©)
—
=
Il
Q

do(h) + gb(h) A O(h)
—0(f) Ndg —dg ANO(h)] + (dg + 0(f)g) NO(h)
g—0(f)yNdg —dgNO(h)+dgAO(h)+0(f)gAnb(h)
) Adg +0(f)g AO(h)

) AN dg +0(f) A gb(h)

)N dg+0(f) A (dg+0(f)g)
) (f)

)

I
=)

)
—~
=
b
&h

b

>
—~

ANdg+0(f) Ndg+0(f) ANO(f)g
NO(f)g
0(f) NO(f))g

I
T N S Y
>
—~~
N N N N
Q
A,\SEAA,\

I
QU
D

—~
—

Lemma 6. (note, notation overuse here - equality of opemtors)
[d+06()]* = o(f)
Proof. Let € E(U, E), then § =37, £°(f) f, where each £°(f) € E(U). Let £(f) = (£'(f),€2(f), . &7 (f)) € My [E(U)]

(d+0)*(f) = (d+ 0)(d + 0)&(f)
= (d+0)(d€(f) + 0¢(f))
= d(d&(f)) +d(0§(f)) + 0 N dE(f) + 0 N OS(f)
= d(0&(f)) + O N dE(f) + 0 N OE(S)
= dOg(f) — O ANdE(f) + O NdE(f) + 0 NOE(S)
= dOS(f) + 0 N OE(S)
= 0¢(f)
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5.2 Curvature

Remark 34 (build up to curvature). Let E — X be a complex vector bundle over a real smooth manifold X. Let {Uy}aca
be an open cover of X, let f,, = (e¥,€9,...,e%) be a frame of E on U,. Suppose on every U,, we have an r X r matriz of

p-forms o
X(fa) € Mrsr[EP(Ua)]

Let U = U, with frame f = f,, with trivialization E|y = U x C", we have an isomorphism
M. [EU)] =2 EWU,E|lv) =EU,E)
Given a frame f, each element ¢(f) € M, «,[E(U)] defines a map

o(f) : My [E(U)] — M, [E(U)]
§(f) = o(H)ESf)

that is a map in Hom(E(U, E),E(U, E)) 2 E(U,Hom(E, E)). Hence, we have an inclusion
M, [E(U)] = E(U,Hom(E, E))
(this is actually an isomorphism) Therefore,
My [E9(0)] = E7(U) @) My [E(U)] > E7(U) @0 E(U, Hom(B, E)) = £7(U, Hom(E, E))
Hence, each matriz X(fo) € M, x.[EF(Uy)] corresponds to an element
Xa € EP(Uy, Hom(E, E))

Lemma 7 (condition to extend x.(fa) globally). Suppose V.= U, NUs # &, we have two frames of E over V, namely
fas fa € M [E(V, E)], so that, fg = fag for some change of frame g € M, [E(V)]. Then, the restrictions

r‘L,[“ Xa = rg’jxg € EP(V,Hom(E, E))

if and only if x5(fs) = 9~ Xa(fa)g
Proof. Let £ € E(V, E) be a section with £(f,) € M, [E(V)], then we have

(r9xa)(€) = fo - Xa(fa)E(fa)
(r?xs)(©) = f5 - x5 (f3)E(f5)

Then, (rg"xa)(g) = (rgﬁxﬂ)(f) if and only if

fﬁ : Xﬁ(fﬁ)g(fﬁ) = fa 'Xa(fa)g(foz)
= f897"  Xa(fa)9é(f5)
= fp- (9_1Xa(fa)9)§(fﬁ)

That is, x5(f3) = 97 Xa(fa)g. The converse direction is the same. O

Definition 91 (curvature). Let E — X be a complex smooth vector bundle on a real smooth manifold X, let D : E(X, E) —
EV(X, E) be a connection on E, then the curvature matriz of D induces a global 2-form, namely the curvature of connection

D onE
0 € £*(X,Hom(E, F))

Let £ € E(U,E) be a local section with £(f) € M.[E(U)] and frame f = (e1,ea,...,e,) € M.[E(U, E)], then
Ot = e~ O(f)E(f) = e~ (AO(f) + 0(f) AO(F)ES) = e~ (d+0(f))*¢(f)

From the definition, we have
D?*=0:&(X,E) — £*(X,E)
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5.3 The Bianchi identity

Definition 92 (Lie algebra, Lie bracket). Let A be a complex vector space and [-,-] : Ax A — A be a C-bilinear form on A.
A is called Lie algebra if the following holds:

[z,y] + [y, 2] =0
[, [y, 2l] + [y, [z, 2]] + [z, [z, y]] = 0
The bilinear form is called Lie bracket
Definition 93 (Lie bracket on £*(X,Hom(FE, E))). Define
EY(X,Hom(E, £)) = &,2,E" (X, Hom(E, E))
Let x € EP(X,Hom(E, E)), let f be a frame over U C X, then x as a local representation

X(f) € My, [EP(U)]

Let ¢ € EP(X,Hom(E, E)) with its local representation ¥ (f) € My«,[EP(U)], define

(), ()] = X () A(f) = (=1)P(f) AX(f) € My [EPFI(U)]
Then, the corresponding element in EPT4(U, Hom(E, E)) is denoted by
[Xv z/}]f € gp-&-q(U’ HOHI(E, E))
In the case of EX(X) = @;O:O EP(X), the wedge product makes this structure to be a graded-commutative E(X)-algebra.
Here, the Lie bracket makes £*(X,Hom(E, E)) to be a grade-commutative E(X)-algebra
Proposition 47. [x,¢]s is independent of the choice of frame

Proof. Let f = (f1, f2y--s fr) € M. [E(U,E)] and h = fg = (h1, ha, ..., h,) € M.[E(U, E)] where g € M,,.[E(U)] is the change
of frame. Then

Then,

[X(R),¥(h)] = [g~ ' Xx(f)g, 9~ 0 (f)g]
=g 'X(H) AP(f)g — (=D)P2g~ % (f) Ax(f)g
=g 'Ix(f),¥(f)lg

Hence, [x, ¥]n = [x, Y]y i

Proposition 48 (Bianchi identity). Let E — X be a complex smooth bundle over a real smooth manifold X with a connection
D. Let 6(f) and ©(f) be the connection matriz and curvature matriz with respective to a frame f over U, then

Proof.

0,0 =0 A0 —(-1)'9n0
=ON0-0NO
=(dO+ONO)NO—ON(dO+0NG)
=dONG—ONdO
=dINO+ (—=1)'0Nndo
=d*0 +d(0 A 0O)
=d(d0 + 6 N0)
=do
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5.4 Hermitian Metrics on Vector Bundles

Definition 94 (symmetric Hermitian form, Hermitian symmetric matrix). Let V be a complex vector space (or more
generally, a commutative ring with a complex structure like EP(U) = E(U,NPT*(X)c)). A symmetric Hermitian form (-, -)
on'V is a map

(,): VXV =V

that satisfies the following

(oau + v, w) = afu,w) + B{v,w)
<U7U> = W

for allu,v,w €V and o, € C. Given a basis, the matriz of a symmetric Hermitian form is called Hermitian symmetric
matriz.

Definition 95 (Hermitian inner product, positive definite Hermitian symmetric matrix). A symmetric Hermitian form is
called Hermitian inner product if (u,u) > 0 for allu € V and {u,u) = 0 if and only if u = 0. Given a basis, the matriz of a
Hermitian inner product is called positive definite Hermitian symmetric matriz.

Definition 96 (Hermitian metric, Hermitian vector bundle). Let E — X be an complex smooth bundle over a real smooth
manifold X , if we have a Hermitian inner product hy : (-,-), on each fiber E,, h is called Hermitian metric on E if for any
open set U C X and &, n € E(U, E), the function
&m:U—=C
7 (6), (1))

s a smooth function on U. An smooth bundle equipped with a Hermitian metric is called Hermitian vector bundle.
One can define higher order Hermitian form by the following: Let f-£ € EP(U) @ E(U,E) 2 EP(U,E), g-n € E1(U) ®
E(U,E)=EP(U,E), then

Definition 97 (local represention of Hermitian metric). Given a frame f = (e1,ea,...,e.) € M. [E(U,E)] on U C X, given
two sections &,m with € = ;_, &(f)e; andn=""_, n'(f)e; where &(f),n'(f) € E(U). Then,

(&m) = <Z§i<f>ei,zni<f>ei>
=1 i=1

=SS0 (Dles en€i(f)

i=1 j=1
= () h(FEF) (matriz form)

where (f),n(f) € M.[EU)], h(f) € Myxr[E(U)] and each entry h(f):; = (e;,e;). Note that, h(f)(z) is a positive
definite Hermitian symmetric matriz for every x € U. On the other hand, a complex smooth map from U to the set of
positive definite Hermitian symmetric matrices together with a frame f defines a Hermitian metric on U

Theorem 12. Fvery vector bundle admits a Hermitian metric

Proof. Sketch Proof: (1) Pick a locally finite covering of X where each open set has a local trivialization (2) in each local
trivialization, define the canonical frame (3) take the positive definite Hermitian symmetric matriz to be identity on each
local trivialization, (4) use partition of unity to construct a global Hermitian metric O

Proposition 49. If f € M.[E(U,E)] is a frame and g € M,«.[E(U)] is a change of frames, then the Hermitian matrix
corresponding to the Hermitian metric with respect to the frame fg is

h(fg) =g h(f)g
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Proof.

h(f9)i; = ((f9)i, (f9)i)

= <Z Fegrin Y flgli>
k=1 =1
SN (fegnis frgu)

k=11=1

— Z Z(ET)il<fk» J1) 9k

k=11=1

=3 @ )ah(ikgr;

k=11=1

5.5 Connections on Hermitian Vector Bundles

Definition 98 (connection compatible with Hermitian metric). A connection D on E — X s called compatible with a
Hermitian metric h on E if

d(§,n) = (D&, m) + (&, Dn)
forallé,me (X, E)

Remark 35 (local representation of connection compatible with Hermitian metric). Let E — X be a complex smooth
vector bundle over a real manifold X. Let (D,h) be a connection D that is compatible with Hermitian metric h. Let
f=e=(e1,ea,...,e.) € M.[E(U,E)| be a frame on U C X. That give a Hermitian matriz h(f) € M,x.[E(U)] and a
connection matriz 0(f) € M,.[EY(U)], we have

dhpe = d(es, ep)
= <Demep> + <emD€p>

<Z 67'0'67'7 ep> + <eU7 Z 9#P6#>
=1 p=1

Z aTahpT =+ Z %hxw

T7=1 p=1

= (he)po + (tgh)pa

That is, (note that, conjugate transpose also denoted by *A = AT)
do = ho +' 0h
TODO check sufficient

Proposition 50. Let E — X be a Hermitian vector bundle with Hermitian metric h, then there exists a connection D
compatible with h

Proof. Given a Hermitian metric h, by Gram-Schmidt process, we have a frame f = e = (e, e, ..., e,) € M,.[E(U, E)] so that
{ei(@), ea(x), ..., en(z)} C By

is a orthonormal set for all € U. That is, h(f) is the identity matrix. Hence, D is compatible with & locally on U is
equivalent to

0=0+'0
Setting 6 = 0 yields a compatible connection. In that case, for any section £ € £(U, E), we have
D¢ =e-d¢(f)
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with £ = Z;Zl &(f)Pe, = e-&(f). Let {Uataca be an open cover for X. Using the construction above, we have a
connection D, that is compatible with h on U,. Let {¢, : Uy, — R} be a partition of unity for {U,}, let

D=3 ¢aDa
acA
D is compatible with h globally. Let &, € £(X, E),

(D€, ) + (¢, Dn) = <(Z %Da)m> + <£, (Z ¢aDa>n>
acA a€A

=Y ¢a((Dallv.. nlu.) + (€lv., Danlu.,))

a€cA

=D bad(tlvanlu.)

acA

=d{§,n)

5.6 Canonical Connections on Hermitian Holomorphic Vector Bundles

Definition 99 (Hermitian holomorphic vector bundle). Let E — X be a holomorphic vector bundle. X is a holomorphic
manifold that is also a real smooth manifold, then E — X admits a Hermitian metric h. E — X is called a Hermitian
holomorphic vector bundle

Remark 36 (decomposition of connection on vector bundle). Let E — X be a comlex smooth vector bundle over an
almost complex manifold X. Note that, since there is an almost complex structure on the cotangent space T*(X)c, then
T*(X)e =T (X)c @ T (X)¢, we have the decomposition

EYX,E)=&Y"(X,E) 0 % (X,E)
where E10(X,E) = EX,T'°(X)c ® E) and EOY(X,E) = E(X, T (X)c ® E). Let D : £&(X,E) — EYX,E) =
E(X, T*(X)c ® E) be a connection, composing D with the projections, we have
D' :&(X,E) — EM(X,E)
D" :&(X,E) — EYY(X,E)
D=D"+D"
Theorem 13 (canonical connection). If h is a Hermitian metric on a holomorphic vector bundle E — X, then h induces a

connection D(h) on E that is compatible with h and moreover for any open set W C X, if ¢ € O(W, E) is a homomorphic
section of E, then D¢ = 0. D is called the canonical connection.

Proof. Let D be a connection on E, let f = e = (e1,ea,...,e,) € M.[O(U, E)] be a holomorphic frame on U C X. Let
O(f) = 0(F)L°+0(f)%! where 0(f)*0 € M,y [EXO(U)], O(f)"! € My [E%L(U))]. Since, X is holomorphic, hence integrable,
then d = 0 + 0 where 0 : EP4(U) — EPT14(U) and 9 : EPA(U) — EPIHL(U)
For £ € O(U,E) CE(U, E), § = 3,1 §(f)e, and £(f) = (§(f)" £()%, ..6(f)") € M [O(U)] € M, [E(U)], we have
DE(f) = (d+0(f))E(S)
= (@+0+0()"+0(H)™ME(S)
= (0 +0(H"O)EF) + @ +0(H™NE(S)
Then,

D'E(f) = (@ +0(£)")E(f)

D"(f) = (9 +0(£)*NE(f) = 0(f)>E(f)

Note that, O&(f) = 0 since entries of £(f) are holomorphic functions. (recall an exercise on defining 0,0 in C")
Since D is compatible, then ~ B
Oh + Oh = dh = h6 +" Oh

To make D" = 0, 0 = %0 € M, . [EYO(U)] € M, [EY(U)] is a matrix of (1,0)-forms, then ‘0 € M,,.[E%Y(U)] C
M, [EY(U)] is a matrix of (0, 1)-forms Hence,

Oh = hf and Oh =" Oh
This gives # = h™10h. TODO - complete the proof with the following lemma O
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Lemma 8. Let D, Dg be connections on Uy, Ug, let V =U, NUg # &, then
Tga D, = Tgﬂ Dg
Then, there exists a connection D on U, U Ug

Proposition 51. Let D be a canonical connection of a holomorphic bundle E — X Hermitian metric h, let (f) and O(f)
be the connection matriz and curvature matriz for frame f. Then

1. 6(f) is of type (1,0) and 06(f) = —0(f) N O(f)
2. ©(f) = 00(f) is of type (1,1)
3. 90(f) = 0 and 90(f) = [O(f),0(f)]

Proof.

1. 6(f) is of type (1,0) and 94(f) = —0(f) AO(f)
Note that, 0 = d(hh~1) = (Oh)h=1 + hO(h™1), then O(h~!) = —h~1(Oh)h~!

0(f) = d(h™'0h)
=9(h"YY AOh+ ht0%h
= —h"(Oh)h™' A Oh
=—h"Y0h) ANL'0Oh
=-0N0

2. O(f) = 90(f) is of type (1,1)
©=di+0A0=do—00=00
3. 99(f) = 0 and 90(f) = [O©(f). (/)]
90 =00 =0

Then, 00(f) = [O©(f),0(f)] is followed from Bianchi identity.

5.7 de Rham Cohomology, Bolbeault Cohomology

We have the exact sequence of sheaves

0 d 50 d 51 d 52 d

0 —%5 &%E) —4 eY(B) —4 £2(B) —4 ...

Definition 100 (de Rham cohomology).

o ker(d: £1(X) - E7V1(X))
B X) = 10 5 9(xX)
i,y - e £ (X B) > £ (X, )

im(d: &-1(X, E) — & (X, E))

We have other exact sequences of sheaves
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Ql
Ql

0 2 &gp,0 gpl £p2 2

02 er0(p) 2 grl(p) 2 gr2(B) —2 ..

o 1¢) 6] o
0 gop gLy &g2p

0 -2 o) 2 gte(B) 2 g2r(E) —2 .

Definition 101 (Dolbeault cohomology).

0 EPa P,q+1
HPa(X) = 1.<er(78.5 (X)—= €& (X))
im(9 : EP4—1(X) — EP4(X))
0 - EP4 P,q+1
HP(X,E) = 1.<er(78 (EPUX,E) > & (X, E))
im(0 : EP1~1(X, E) — Er(X, E))
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