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1 Problem Set I

(1) Let Mn be the space of n× n real matrices and Sn its subspace of symmetric matrices. Consider the map

f : Mn → Sn

defined by f(A) = ATA. Show that the identity matrix I is a regular value of f , i.e. the rank of (df)A = dim(Sn) for all
A ∈ f−1(I). This implies that f−1(I) is a differential manifold and therefore O(n) = f−1(I) is a Lie group

Proof.
We observe that both Mn and Sn are linear space, then their tangent spaces are themselves. Let α(t) be a curve on Mn

such that α(0) = A ∈ Mn and α′(0) = X ∈ TAMn = Mn. The differential (df)A : TAMn → Tf(A)Sn of f at A ∈ Mn is
defined as

(df)AX =
d

dt
f(α(t))|t=0

Calculate d
dtf(α(t))

d

dt
f(α(t)) = lim

∆t→0

f(α(t+∆t))− f(α(t))

∆t

= lim
∆t→0

f(α(t) + ∆tα′(t) + o(∆t))− f(α(t))

∆t
(where ∥o(∆t)∥ → 0 as ∆t → 0)

= lim
∆t→0

(α(t) + ∆tα′(t) + o(∆t))T (α(t) + ∆tα′(t) + o(∆t))− α(t)Tα(t)

∆t

= α(t)Tα′(t) + α′(t)Tα(t)

Then,
(df)AX = ATX +XTA

Rank of (df)A = dim(Sn) is equivalent to im(df)A = Sn. Indeed, let any B ∈ Sn, let X = 1
2AB, then (df)AX = B

(2i) Let D ⊂ GL(n,R) be the subgroup of upper triangular matrices with positive elements on the diagonal. Show that
the multiplication map

D ×O(n) → GL(n,R)

is a diffeomorphism

Proof.
Every square invertible matrix can be written as a unique product of an upper triangular matrix with positive diagonal

and an orthogonal matrix (QR decomposition). As the product of product of an upper triangular matrix with positive
diagonal and an orthogonal matrix is always invertible (product of two invertible matrices). The map D×O(n) → GL(n,R)
is a bijection. Smoothness of that map and its inverse come from smoothness of matrix multiplication in GL(n,R)

(2ii) Let P ⊂ GL(n,R) be the set of positive definite symmetric matrices. Show that the multiplication map

P ×O(n) → GL(n,R)

is a diffeomorphism.
Every square invertible matrix can be written as a unique product of a positive definite symmetric matrix and an

orthogonal matrix (left polar decomposition). As the product of a positive definite symmetric matrix and an orthogonal
matrix is always invertible (product of two invertible matrices). The map P ×O(n) → GL(n,R) is a bijection. Smoothness
of that map and its inverse come from smoothness of matrix multiplication in GL(n,R)

(4) Determine the image of the exponential map for G = SL(2,R).
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Proof.
G is a subspace of GL(2,R), hence its exponential map is exp(X) = eX . Now we fine the tangent space g of G at I. Let

α(t) be a curve on G

α(t) =

[
a(t) b(t)
c(t) d(t)

]
such that a(t)d(t)− b(t)c(t) = 1. Then

α′(t) =

[
a′(t) b′(t)
c′(t) d′(t)

]
Take the derivative of a(t)d(t)− b(t)c(t) = 1 on both sides at I

a′(t) + d′(t) = 0

tr(α′(0)) = 0, i.e g is the space of 2× 2 real matrices with trace 0. Then, im exp = exp(g)

2 Problem Set II

(1) Show that the adjoint representation of SU(2) defines a surjective homomorphism SU(2) → SO(3) with kernel
consisting of two-element {I,−I}

Proof.

Claim 1. SU(2) ∼= S3 (as topological spaces). Therefore, SU(2) is connected.

SU(2) = {A ∈ GL(2,C) : detA = 1, A∗A = I}

let A =

[
a b
c d

]
∈ SU(2) where a, b, c, d ∈ C, must have

1. ad− bc = 1

2. aa+ cc = 1 ⇐⇒ |a|2 + |b|2 = 1

3. ba+ dc = 0

4. ab+ cd = 0

5. bb+ dd = 1 ⇐⇒ |c|2 + |d|2 = 1

We have b = b(ad− bc) = bad− bbc = (−dc)d− bbc = −(|d|2 + |b|2)c = −c
Similarly, a = a(ad− bc) = aad− abc = aad+ cdc = (|a|2 + |c|2)d = d
Then, every element A ∈ SU(2) can be written as

A =

[
a b

−b a

]
where a, b ∈ C and |a|2 + |b|2 = 1. We can also verify that every C matrix of that form is in SU(2), then SU(2) ∼= S3

Claim 2. su(2) ∼= R3 (as vector spaces)

Let α(t) be a curve on SU(2) such that α(0) = I, α′(0) = X ∈ su(2), write

α(t) =

[
a(t) b(t)

−b(t) a(t)

]
and a(t)a(t) + b(t)b(t) = 1. Take the derivative on both sides at t = 0

aa′ + a′a+ bb′ + b′b = 0

a′ + a′ = 0 (a = 1, b = 0)

That is, a′(0) is purely imaginary. Then, every element of su(2) can be written as

X =

[
ic −b+ ia

b+ ia −ic

]
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where a, b, c ∈ R. Then, su(2) ∼= R3 with basis e1 =

[
0 i
i 0

]
, e2 =

[
0 −1
1 0

]
, e3 =

[
i 0
0 −i

]
. Then we have

e1e1 = −I, e2e2 = −I, e3e3 = −I

e1e2 = +e3, e2e3 = +e1, e3e1 = +e2

e2e1 = −e3, e3e2 = −e1, e1e3 = −e2

e∗1 = −e1, e
∗
2 = −e2, e

∗
3 = −e3

For X = x1e1 + x2e2 + x3e3, Y = y1e1 + y2e2 + y3e3 ∈ su(2) where x1, x2, x3, y1, y2, y3 ∈ R, define the inner product

⟨X,Y ⟩ = x1y1 + x2y2 + x3y3 = trXY ∗

Lemma 1. SO(3) ⊆ O(3) is a connected component containing identity

Main Proof
Let SU(2)su(2) by conjugation denoted as c. That is,

c(x) : SU(2) → SU(2)

: g 7→ xgx−1

for each x ∈ SU(2). Define the adjoint representation (SU(2)su(2)) Ad : SU(2) → GL(su(2)) ∼= GL(R3)

Ad(x) = (dc(x))e : su(2) → su(2)

: X 7→ xXx−1

for each x ∈ SU(2). In SU(2), x−1 = x∗, then

trAd(x)(X)Ad(x)(Y )∗ = tr(xXx−1)(xY x−1)∗ = trXY ∗

for all X,Y ∈ su(2). Ad(x) preserves inner product in su(2). That is, Ad(x) is a orthogonal linear map in su(2) ∼= R3.
Then, Ad(x) ∈ O(3) and imAd = Ad(SU(2)) ⊆ O(3) (subset in the embedding sense). Ad is also a homomorphism that is
continuous (due to matrix multiplication). As SU(2) is connected, imAd is a connected subset of O(3) containing I which
is a subset of SO(3)

kerAd is the set of x ∈ SU(2) such that Ad = I. Hence, kerAd = {I,−I}
As Ad : SU(2) → SO(3) is continuous, let V ⊆ SO(3) be an open neighbourhood of identity, let U = Ad−1(V ) ⊆ SU(2)

be an open neighbourhood of identity. As SU(2) is connected, it is generated by U , i.e. SU(2) = ⟨U⟩. Hence, imAd = ⟨V ⟩
is a subgroup of SO(3). As V is open, ⟨V ⟩ is open (union of translations of V ), and ⟨V ⟩ is also closed (a complement of
union of open cosets). As SO(3) is connected, ⟨V ⟩ = SO(3). Therefore, Ad is surjective.
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