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1 Lecture Exercises

1.1 Lecture 1 Exercise 1

If E,F C Q are two events, then we can define two random variables 1g,1p : @ — R with 1g(w) = lyer and
1p(w) = lyer. Show the independence of the events F and F' is equivalent to the independence of random variables 15 and

1
1.1.1 Independence of E, F implies independence of 1g,1p

Let X : © — R? be the joint random variable defined by X (w) = (1g(w),1r(w)). For any Borel measurable rectangle
A x BCR? we have A x B= (A xR)N (R x B), therefore

XM AxB) =X AxR)NX'RxB)=1,'An1,'B

Note that, the independence of E, F' C () implies the following independence:

As 1EIA is either E or E°, 1;114 is either F or F'¢, then the two events lglA and 1;13 are independent for all Borel
measurable sets A, B C R, therefore

P(lp€ A, 1p € B)=P(X "(Ax B))=P(1,'AN1;'B) = P(1;'A)P(1;'B) = P(1g € A)P(1r € B)

1.1.2 Independence of 1g,1r implies independence of E, F

Similarly, the independence of 1, 1z implies for all measurable sets A, B
P(1,'AN1;'B)=P(lgp € A,1p € B) = P(lgp € A)P(1r € B) = P(1;'A)P(1.'B)
Take A = B = {1}, then
P(ENF)=P(E)P(F)

1.2 Lecture 1 Exercise 2

Let X and Y denote the outcome of two independent fair coin tosses. Let Z := Head if X =Y and Z :=Tail if X #Y.
Show that X,Y, Z are pairwise independent but not jointly independent.
1.2.1 X,Y,Z are pairwise independent

X, Y are independent by the premise. We need to prove the independence of the pair X, Z.
Let X,Y, Z be defined on X, Y, Z (X =Y =2 ={H,T}). Given any (z,z) € X x Z. Define the two disjoint sets

For={y€V:P(Z=2X=2Y =y) =1}
Goo ={y€V:P(Z=2X =2,Y =y) =0}



By the premise, we have F,. I1G,, =) and |F,.| = 1, therefore

PX=x,Z=2)= Z PX=zY=y27=2) (marginalize)
yey

=Y P(X=2Y=yPZ=2X=2Y =y) (conditional probability)
yey

= Z PX=uzY=y) (definition of F,.,G,)
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(X,Y are independent)

YEFzz
=P(X =2)P(Y =y) ([Fez| = 1)
=P(X =2)P(Z = 2) (P(Y=y)=P(Z=2z)=1/2for all y, z)

1.2.2 XY, Z are not jointly independent
We have P(X =H)=PY =H)=P(Z=H)=1/2,30 P(X=H)P(Y =H)P(Z=H)=1/8 but

P(X=HY=H Z=H)=P(Z=H|X=HY =H)P(X=H,Y =H)
=1-(1/2-1/2) =1/4

1.3 Lecture 2 Exercise 1
Let (Q, F, P) be a probability space. Show the following are all equivalent given P is finitely additive

1. P is countably additive on F

2. For any A1 C A, C ... CQ with A4; € F,
P(U An) = 2, Pldn)
neN
3. Forany 2 D A; D Ay D ... with A; € F,
P((E]NAn> = lim P(4,)

4. For any Q2 Ay 2 Ay D ... with (), .y An = @, P(A,) (0 asn — o

1.3.1 (1 = 2)

Let By = Ay, Bo = As \ A1, B3 = A3\ Ag, ..., B; = A; \ 4;_1. So that, {B,}nen is a collection of disjoint measurable
sets, A, = [[}-, B; and Unen An = [ ,en Bn. We have

P(Ua) (1)

Z P(B,) (B,, disjoint, P is countably additive)
n=1

n
= nh_)rrgo Z; P(B)) (infinite sum)

= lim P H BZ-) (B, disjoint, P is finite additive)

n—o00 /
i=1

= lim P(A,

n— oo

1.3.2 (2 = 3)

Let B, = Q\ A, so that By C By C ... and [),cxy An = Q\ U,en Bn- By finite additivity, P(A,) = 1 — P(B,),
P(ﬂneN An) =1- P(UnEN Bn). By (2), limy,— o0 P(By) = P(UneN Bn). Hence, lim,, o, P(A,,) exists and



lim P(A,)=1- lim P(B,)

n— oo n—oo

~1-r(ys) by )

neN

~(0)

1.3.3 (3 = 4)
By (3)

lim P(4,) = P( N An> = P(2)=0
neN
1.3.4 (4 = 1)
Let {B; }nen be a collection of disjoint measurable sets. Let A, = ]_[fim_l B so that [, .y Bn = Ao 2 A1 D ... and
N A,, = @. By finite additivity, Y., P(B,) = P([[;, Bn) = P(A1\ 4,) = P(A1) — P(A,). By (4), lim,, .o P(4,) =

neNg * ™1

P(ﬂnGNO A,) = P(@) =0, then

Y _P(By) = lim » P(B,) = P(A;) — lim P(A,) = P(4;) = P(U Bn>
i=1 =1 neN
1.4 Lecture 2 Exercise 2

Let Z be a uniform random variable on [0, 1]. How can one generate from Z discrete random variable X with geometric
distribution P(X = n) = 27" for each n € N?

Answer. Let X : [0,1] — N be defined by

n if Ze (272271
1 ifZ=0

So that if P(X =1)=P(Z € (1/2,1]))+ P(Z=0)=2"! and if n > 1

PX=n)=P(Zec(2™2-27")=2.27"—2"=2"

1.5 Lecture 3 Exercise 1

Construct a random variable X and Y such that Cov(X,Y) = 0 but X,Y are not independent. However, show that if
X,Y are Bernoulli random variables, then Cov(X,Y) = 0 implies that X,Y are independent
1.5.1 Construction of X,Y so that Cov(X,Y) =0 but X,Y are not independent

Let = {—1,+1}? with the o-algebra F consists of all subsets of {2 and a uniform probability measure P : F' — R. Let
X : Q — R be defined by X(a,b) =a and Y : Q — R be defined by

Y: Q=R



So that E[X] =0, E[Y] =0, Cov(X,Y) = E[XY]. XY have the following values

XY :Q—-R
(-1,-1)—0
(-1,+1)—0
(+1,-1) — (+1)(-1) = -1
(+1,4+1) — (+1)(+1) = +1

Hence, Cov(X,Y) =E[XY] = 0. On the other hand, P(X = +1) =1/2, P(Y =0) = 1/2, but
PX=41,Y=0=PY =0 X=4+1)P(X =+1)=0

1.5.2 Cov(X,Y) =0 implies X,Y are independent given X,Y are Bernoulli random variables
Let X,Y be Bernoulli random variables
Cov(X,Y)=E[XY] - E[X]E[Y]
=PX=LY=1)-PX=1)PY =1)

Hence, Cov(X,Y) = 0 implies P(X =1,Y =1) = P(X =1)P(Y = 1) implies P(X =2,Y =y) = P(X = 2)P(Y = y) for

all z,y € {0,1}, that is, X, Y are independent

1.6 Lecture 4 Exercise 1
o242
1. X ~ N(0,0?) has characteristic function ¢(t) = e~z . Compute the first 4 moments of X
2. Compute the characteristic of X ~ Pois(\)

242

1.6.1 X ~ N(0,02), ¢(t) = e~ "2, compute the first 4 moments

We have
o0 () (G )
= —o’tg(t)
¢ (t) = —0(t) — o>t (t)
6 (1) = 26D (1) — (26 (1) + 2162 (1))
= 2029 (1) — %t (¢)
oD (1) = =206 (1) = (6 (1) + 0?16 (1))
= —3020(t) — o2t (1)
So,
$(0) =1
¢!V (0) =0
#*(0) = o
¢!¥(0) =0
¢!V (0) = (=30%)(—0?) = 30"

As ¢ (0) = iFE[X*],

E[X] =0
E[X?] = o2
E[X3] =0
E[X*] = 30*



1.6.2 X ~ Pois(\), compute the characteristic function

Poisson distribution
Aree—2
p(k) = —

Characteristic function

2 Homework Questions

2.1 Q1

Let X7, X2 be two independent exponential random variables with parameters A1, Ao > 0 respectively. In other words,
P(X; > ) = e ™% and P(Xy > ) = e 2% for all # > 0. Let X := min{Xy, Xo}. Show that X is again an exponential
random variable with parameter A = A1 + Ao

Proof.
P(X >zx)=P(X1 >z,X5 > 1) ({min{X;, X2} > 2} and {X; > 2} N {X3 > x} are the same subset in )
= P(X; > z)P(X3 > x) (X1, X5 are independent)
— e—)\l.’te—kg.’t
— 67(A1+/\2)w

As P(X > z) determines the distribution of X and it matches the exponential distribution with parameter A = \; + Ag,

therefore, X is an exponential random variable with parameter A = A\; + Ao
O

2.2 Q2

12 people stand in a circle. Independently, every pair of neighbours decide to link arms with probability 1/2. This breaks
12 people into disjoint groups. What is the expected number of groups this results in?

Answer. Let Xq,..., X712 be 12 i.i.d Bernoulli random variables with p = 1/2, X, represents whether there is a missing link
between person i and person ¢ 4+ 1 (or 12 and 1). Let X = X; + ... + X35, then X is the number of missing links. Let Y be
the number of connected components, then
1 ifX=0,1
Y = { ' ’

X otherwise



We have

E[Y] =Y kP(Y =k)
k=1
12
=P(Y =1)+> kP(Y =k)
k=2
=P(Y =1)+> kP(X =k) (P(Y =k)=P(X =k) if k > 2)
k=2

12
=P(Y=1)-P(X=1)+Y kP(X =k)
k=0

=P(Y =1)— P(X =1) + E[X]
= (P(X =0)+P(X =1)) — P(X =1) + E[X] (P(Y =1) = P(X =0) + P(X = 1))
= P(X = 0) + E[X]

We have P(X =0) = P(X; =0,X2=0,..., X120 = 0) = 517 and

E[X] =E[X1 + ... + X19]
=E[X1] + ... + E[X9] (independent)
=12E[X;] =6 (identical)

Hence, E[Y] = S+ 6

2.3 Q3

We toss a fair coin repeatedly. What is the expected number of coin tosses it takes to observe Head followed by two
consecutive Tails?

Answer. Let X = (X, )nen be a sequence of i.i.d Bernoulli random variables of probability p = 1/2 each represents a coin
toss. Let Y = (Y, )nen be another sequence such that

Y, = (Xn, Xnt1, Xnit2)
Then, Y is a time-homogeneous Markov chain with state space
S={TT7T,TTH,THT,THH,HTT,HTH, HHT,HHH }
and transition matrix IT and Y7 is distributed uniformly on S. For any n € N, define g : N — R by
g(n)=P(Y1 £ HTT,Y> # HTT,....Y,, # HTT)
Then, by defintion of conditional probability
g(n)=P(Y, # HTT|Y1 # HTT,..,Y,_1 # HTT)g(n — 1)

We have

P(Y, # HTT|Y, # HTT, ...,Y,_1 # HTT)
=P(Y, # HTT|Y,,_1 # HTT) (Markov property)
=1-P(Y,=HTT|Y,—1 # HTT) (complement event)
P(Y, = HTT,Y,_, # HTT)
P(Y,_ #HTT)
P(Y, = HTT) — P(Y, = HTT,Y,_, = HTT)
1-P(Y,_, = HTT)

=1- (conditional probability)

=1- (complement event)




Forallne N, P(Y,, =HTT)=P(X,=H,X,,;1=T,X,,420=T)=1/8 and P(Y,, = HTT,Y,,—1 = HTT) = 0, then

1/8 6

1-1/8 7

P(Y, # HTT|Y, # HTT,....Y,_1 # HTT) =1 —

As g(1) =P(Y1 # HTT)=1—- P(Yy = HTT) = 7/8, then, for all n € N

g(n) = g (?)n_l

f(n) = P(Yy #£ HTT,Ys # HTT, ....Y,_1 # HTT,Y, = HTT)

Let f: N—{1} — R be defined by

Then f(n) = g(n — 1) — g(n) for all n € N — {1}. We extend the domain of f by defining f(1) = P(Y,, = HTT) = ;.
Now, on the space Hom(N, S) of all sequences of realizations of Y;, we define function ¢ : Hom(N, S) — N by the first time
observing Y; = HTT. Then E[¢] is the expected time to observe Y; = HTT. We can decompose Hom(N, S) into a sequence
of disjoint events

Hom(N, S) = {Y,, # HTT :n € N} 11{Y; = HTT} 1 {Y; # HTT,Y, = HTT} T1I{Y; # HTT,Y, # HTT,Ys = HTT}1I ...

with P({Y,, # HTT : n € N}) = 0. Therefore,

= f(1)+ Z ng(n—1) — Z ng(n) suppose Z ng(n) < oo

n=2 n=2 n=2

Expected number of coin tosses 6.25 4+ 2 = 8.25

Lemma 1. Let a € (0,1), Y77, na™ converges.

«

Proof. Let a < 8 < 1, then there exists N € N, such that for all n > N, n < (ﬂ) . We write

¢S] N o) N 00

Zna" = Zna"—i— Z na” < Zna”—i— Z [ < o

n=1 n=1 n=N n=1 n=N
O
O



2.4 Q4

Let G,, be a random graph with n vertices {1,...,n} where every pair of vertices is connected by an edge independently
with probability p € (0,1). A set of four vertices {i, 7, k, [} is said to form a square if there are exactly 4 edges among them,
forming a square.

1. What is the expected number of squares in G,,7

2. Find a suitable upperbound on variance of N,, as n — co and use it to prove the weak law of large numbers for %.

P('Eﬁﬁ] ‘1’ >€) -0

More precisely, show that

as n — oo for every €

2.4.1 Expected number of squares

Let [n] = {i e N:i < n}, let S, = {S € P([n]) : |S| = m} be the collection of subsets of size m of n vertices. Let
f 84— {0,1} denote the function that has value f(S) =1 if S is a square. If S = {a,b,c,d} then f(S) =1 if and only if
one of the following disjoint events happen (ab = 1 denotes a — b being an edge)

e Fi:ab=bc=cd=da=1,ac=bd=0
e [ ac=cd=db=ba=1,ad=bc=0
e 3:ac=cb=bd=da=1,ab=cd =0
Given S = {a,b,c,d} € S4, then

E[f(S)] = P(E1) + P(E2) + P(E3) (disjoint events)
=3P(Ey) (symmetry)
= 3(P(ab=1)P(bc = 1)P(cd = 1)P(da = 1)P(ac = 0)P(bd = 0)) (independent)
=3p*(1—p)?

Let u = E[f(S)], let N,, denote the number of squares in G, then N, = > 5. f(S) and

> f(S)]

SES,y
= Z E[£(9)] (linearity of expectation)
SES,y

= [Sulp = (Z) 3p'(1—p)°

E[N,] =E




2.4.2 Upper bound on variance of N,, as n — oo

Now, we bound the variance of N,,, for each S € Sy, let = E[f(S)] and 02 = Var(f(S))

Var(N,,) = Var( Z f(S))
5€8y

=E (Z f(S)—E

SeSy

5]
=E ( > (9~ S4lu>2]

L SeSy
r 2
=E (Z(f(S)—u)> ]
L SeSy
=E| > D (f(P)—m(f(Q) —n)
_P€S4 QES,
= Z Z E[(f(P) — w(f(Q) — u)] (linearity of expectation)
PeS4 QES,y
= Y E[(fS)-wl+ Y. Ef(P) = w(f(Q) —w)
SeS, (P,Q)eS3:P#Q

=|Suloe”+ > E[f(P) - m)(f(Q) — )]
(P,Q)ES2:P£Q

Note that, if n is large, for each P € Sy, there are (g) (”54) + (g) (”I4) = O(n?) possible choices of Q € S, so that Q # P
and f(P) and f(Q) are dependent (either P and @ share 2 or 3 vertices). Therefore, there are at most nO(n?) = O(n?)

dependent pairs of P,Q with P # Q. For each dependent pair P,Q with P # @, by Cauchy—Schwarz
E[(f(P) = m)(f(Q) = w)] < VE[(f(P) = )2 E[(f(Q) — p)?] = o”

Then,

(PQ)ESE:P#Q

Note that, |Sy| = O(n?), then
Var(N,,) = O(n*)o? + O(n*)o? = O(n*)o?

which is of the same n-order in the independent case. Therefore, it yields the weak law of large numbers for N,

2.5 Q5

Tom throws a fair die repeatedly. If Tom throws the die n times, and let NV,, denote the number of distinct faces of the
die that he has seen, the find the mean and variance of V,,. If Y denote the number of times Tom has to throw the die in
order to see each face of the die at least once, then find the mean and variance of Y (variable name was changed from X to
Y)

2.5.1 mean and variance of N,

6 n 6 n
N, = Zf( _1{Xm = Z}) =6- Zf( _1{Xm # Z}>

where f(A) =1 if event A occurs and 0 otherwise. By linearity of expectation

(00

f< ﬁ (X, 4 Z.}) _ {1 with probability P(X # i, ..., X,, # 1)
m=1

for each i =1,...,6,

0 with probability 1 — P(X; #4,..., X, # 1)



As P(Xy #4,.., Xy #1) = (2)", then E[f(Nh,_ {Xm # i})] = (2)", then

As Var(N,,) = Var(6 — N,,), we have

E[(6 — N,)?] =E (Z f( ﬂ (X # z‘}) ) 2]

=1 m=1

i=1 j=1

_ZG:E[f<ﬁ {Xm;éz}> ] +ZE{f<ﬁ{Xm#ﬂ)f(ﬁl{Xm#j}ﬂ

i=1 i#] m=1

)] ))-0)
Right term: as

~ X _ 1 with probability P(X| # i, j, ..., Xn # i, ]
f | |{Xm Z} | | m#]} = 1 . e ( ! .o ) .
i i with probability 1 — P(Xy # 4, J, ..., Xpn # 4, 7)

. iif(ﬁ{xmm)f(ﬁ{xﬁj})]

Left term:

As P(Xq1 #4,§,..., Xn #1,j) = (% , then

f( (7 i}>f( (5 # j})] -(3)

Therefore,

Var(Ny,) = Var(6 — Ny.) = E[(6 — N,)*] - E[6 — N,J* = (5>n oy <4>” - <5)2”

2.5.2 mean and variance of Y

We have {Y < n} is the event where we see 6 faces in the first n throws. As the distribution is uniform, we will use
counting to calculate P(Y < n). After the first n throws

e number of outcomes: 6™

e number of ways to see 6 faces is (number of choice of subsets of size 6) x (permutation of 6) (the rest): (§)6!6"~6

Then 61(7)6n—6 \
P(Y <n)= '(6271 = &(Z)
hen (n=1)..(n—5)
P(Y:n):P(YSn)—P(YSn—l):6—5

10



2.6 Q6

We toss a biased coin repeatedly, where the probability of seeing Head equals % for some n € N. Let T, denote the
number of coin tosses needed to see Head for the first time, and let N,, denote the number of Heads among the first n coin
tosses.

1. Compute the mean and variance of T;, and N,, respectively.

2. Show that as n — oo, the distribution of % converges to the exponential distribution with parameter 1. In other
words, show that for each z € R

Ty
P<n>x) — P(Z>x)=¢€"

as n — 0o where Z is an exponential random variable with parameter 1

3. Show that as n — oo, the distribution of N,, converges to the Poisson distribution with parameter 1. In other words,

show that for each k € Ny = NU {0}
1
P(N, =k) = P(W =k) = e_ly

as n — oo where W is a Poisson random variable with parameter 1

Let p==2+.g=1-p

2.6.1 mean and variance of T,, and N,,

As P(Mien{Xi =T}) =0

P(Tn = k) = P(Xl = TaXQ = Tv"'vth—l = T7Xk = H)
=PX;=T)P(Xo=T)..P(X4_1=T)P(Xr, = H)
=q¢"'p

T,, follows geometric distribution

Lemma 2 (geometric series). If x < 1, then the series below converges

k=0
> 2
" _ o k=2 _
k=0
Furthermore, we can rewrite
Ji(@) = SR @)
k=1
We have
E[T,] =Y kP(T, = k)
k=1
=pYy k¢*
k=1
=pf'(q) =n

11



E[T7] = kKP(T, =k
k=1

_ pz k2qkfl
k=1
=p(f"(q) — f'(9))

=% —n

Var(T,,) = E[T?] - E[T,.)]> =n* —n
We have

N,, follows binomial distribution

Lemma 3 (binomial).

" In
9(n,p,q) = Zk<k>pkq” g
k=0
= Z k<Z>pkq"_k (change the range of k)
k=1
- -1
:Zn(Z 1>pkq" k (k(n,k) =nn—1,k—1))
k=1 N
" /n—1
—np <k—1>pk (=1 =(k=1)
k=1
m m -
:npz (Z)plqm l
1=0
=np (Binomial theorem)
We have
E[N,] =Y kP(N, = k) = g(n,p,q) = np
k=0
E[N2] = k*P(N, = k)
k=0
n n -
k=0
= Z k> (Z) phgn " (change the range of k)
k=1
= n—1
= an <k 1)pkq"_k (k(n,k) =n(n—1,k —1))
k=1 N
_ - n—1\ g(=1—(k=1)
= npz k (k B 1)])
k=1
= 1 " (n—1 ) —(h—
Y ST (i KPR EURS ol (i MR e 1>>
k=1 k=1
m(g(n —1,p.9) + (p+q)" ")
= 2192 —np® +np

12



Var(N,,) = E[NZ] — E[N,]* = np(1 — p)

2.6.2 T, /n converges to exponential distribution

oo oo k
- q
P(Tn>k):ZP(Tn:l):qu 1;0:1_ p=dq"
I=k+1 I=k+1 q

For each x € R

T,
P( > 1:) = P(T, > |nz]) = ¢l
n
Let m = nz, then we have
m T m+1
(ki) §P(n>x> < (pﬁ)

m n m

As n — oo, both side converges to e*. Hence, P(% > x) —e "

2.6.3 N, converges to Poisson distribution

k
B ’ﬂ' i . 1 n—k
kl(n — k) nk n
~ Lasraap(1-1) (0(1) = 0 a5 m — o0)
T o n 0 as n 00
Then,
. ) 1\" . 1\ " 1
g == (i (1)) (1 5) ) =
2.7 Q7

A sequence of biased coins are flipped. The r-th coin has probability 6, of showing Head where 6, is a random variable
in [0, 1]. Let S,, be the number of Heads among the first n coin tosses.

1. Assuming that (6,),en are i.i.d uniformly distributed on [0, 1]. Is there a centering and scaling of S,, such that the
Central Limit Theorem holds? If the answer is yes, then find the centering and scaling constants which lead to the
standard normal distribution.

2. What if (6,),en all equal the same uniform variable 6

2.7.1 0, are uniformly distributed on [0, 1]

Let X, be a Bernoulli random variable of parameter 6,. for the r-th coin toss. As X, are i.i.d and

the question is to find the mean and variance of X,.. Consider the pair of random variable (X, 6,) : Q@ — {0,1} x [0, 1],
for each partition {0 = z¢p < 21 < ... < x,, = 1}, we have

13



P(X, =1)= P(X, = 1,6, € [0,1])

= P(X, =1,0, € [;_1,])
=1

= ZP(XT = 1|9r S [{Ei,h.’lii])P(Qr € [iCi,l,(Ei])
i=1

Asz; 1 < P(X, =10, € [x;_1,%;]) < x; and P(, € [z;_1,;]), the sum is a Riemann sum of function f : [0,1] — [0, 1]
defined by f(x) = x. For each partition, the value of Riemann sum is fixed, therefore, the Riemann sum equals its limit

n 1 1
P(X,=1)= ZP(XT =110, € [#i_1, i) P(6, € [zi1,3]) = /O fdz = 3

Hence, E[X,] = 1 and Var(X,) = ;. Scaling of S,, is

Sp — nE[X,]
n Var(X,)

2.7.2 0, is the same for all r

Using the same method as above, we know P(X; = 1) = P(X, = 1) = 3, for each partition {0 = zy < 21 < ... <z, = 1},
we have

P(Xl = 1,X2 = 1) = P(Xl = 1,X2 = 1,9 S [0, 1]) = ZP(Xl = 1,X2 = 1‘9 S [.ﬁi_l,l‘i])P(e (S [mi_l,xi])

i=1

Similarly, we have z7_; < P(X; =1,Xs = 1]0 € [x;_1,7;]) < 22, then P(X; =1,X5=1) = fol a*dx = 5. Hence, X;

and X, are not independ_ent. The central limit theorem on S;, no longer holds.
2.8 Q8

In Lecture 5, we compute the probability of Gambler A’s run if A and B start with respectively $m and $n, and they bet
on a fair coin. Suppose now that the coin is biased with probability p € (0,1) of seeing Head, while A still bets on seeing
Head and B bets on seeing Tail. What is the probability of A’s ruin as a function of m, n, and p?

Answer.
Let X; denote the total wealth of A at time ¢, then Xqg = m. Let L = m + n, let E denote the event for A’s ruin, then
P(E|Xo=m)=E[P(E|Xo=m,X1)]=pP(E|X1=m+1)+(1—p)P(E|X; =m—1)
Let f(k) = P(E|Xo = k), we have the recurrence relation for all 1 <k < L —1

fk)=pf(k+1)+ (1 —p)f(k—1)
And the boundary conditions: f(0) =1, f(L) = 0. We have the characteristic function

r=pr?t(1-p)
If p=1/2, the case is reduced to Lecture 5, if p # 1/2, the characteristic function has two distinct roots

14/ Bl 1) andm:l—\/T(p—l)

2p 2p

T1
f(k) is of the form
f(k) = ArY + Brj

Using the boundary conditions we have

1=A+B
0= Art + Brk
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Solve for A, B, we have P(E) = f(m) can be written as a function of m,n and p

2.9 Q9

Let X1, X, ... be a sequence of i.i.d Bernoulli random variables with parameter 1/2. We can think of (X;);en as indicator
random variables for showing Head for a sequence of i.i.d fair coin tosses. Let us construct a random variable Y from

X1, X3, ... by defining
1
Y = E —
277,

neN: X, =1
Show that Y is uniformly distributed on [0, 1] if we treat Y as a binary number 0.X; X5...

Proof. We need to show that P(Y < y) = y for all y € (0,1). Let y = 0.z125... be the binary representation of y, let

Yn = 0.2122..., 2, = Lz;f” be the number from the first n bits of y. We have {Y <y} =, cn{Y < yn} and

{Y <y} C{Y <y} C...C{Y <y}
Therefore

P(Y <y) = lim P(Y <y,)

Now, we calculate P(Y < y,). Partition the space of all sequences into 2™ disjoint subsets where two sequences are in
the same subset if they have the same first n bits. The construction yields 2" measurable subsets where each subset has
the same probability QL and moreover each subset is either less than g, or greater than or equal y,, there are exactly 2"y,
subsets that are less than y, (for example, if y,, = 0.10, then all sequences starts with 0.00 or 0.01 are less than y,,), hence

P(Y <yn) =yn

As y, = y as n — oo,
PY<y)= lim PY <y,)= lim y, =y
n—0oo n— oo
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