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1 Q1

Let &1,&s, ... be a sequence of i.i.d coin tosses with bias P(§&; = H) = p. (1) Find the probability that we will see HH
before seeing T'T. (2) Conditioned on &€& = HT, find the probability that we will see HT again before seeing either HH
orTT

1.1 seeing HH before seeing 1T

Let X1, X3, ... be a stochastic process with state space S = (HH, HT,TH,TT) defined by X; = (&;,&+1). Then X1, Xo, ...
is a Markov chain with transition matrix II defined by

M:5%x5—R
(HH,HH) —
(HH,HT) 1 -
(HT,TH) —

(HT,TT) 1 -
(TH,HH)
(TH,HT) — 1 -
(TT,TH)

(TT,TT) — 1 -

For x € S, let T, = min{n > 0: X,, = 2} be the first time seeing . We want to find P(Tyy < Trr)
We have

Puu(Tuu <Trr) =1
Pro(Taa < Trr) =0

For any « € S\ {HH,TT}, we have

Py(Tug < Trr) =Y Puo(X1=y,Tun < Trr)

yeSs

—ZP Xl—y (THH<TTT|X1—y)
yeS

*Zﬂl’y THH<TTT)
yeSs

Then

Pyr(Tuyp < Trr) =W(HT,TH)Pry(Tug < Trr) +1W(HT, TT)Prr(Tagu < Trr)
=pPruy(Tum < Trr)

Pry(Tiy < Trr) = IW(TH, HT)Pyr(Tiy < Trr) + I(TH, HH) Py (T < Trr)
= (1 =p)Pur(Tugn < Trr) +p



Solve the system of two equations, we have

2

p
Py (T <T =
ur(Tun < Trr) —(L—p)p
p
Pry(T <T =
TH( HH TT) 1_(1_p)p
Hence
P(THH < TTT) = ZP(XO = :C,THH < TTT)
zeSs
= ZP(XO = :L')PI(THH < TTT)
zeS
P’ P
=P Xg=HH)+ P(Xo=HT)———+ P(Xog=TH)————
2
2 p p
=p° +p(1—p)s—r—— +p(l = p)
( )1—(1—p)p ( )1—(1—p)p
B 2p27p3
Cl-p+p?

When p=1/2, P(Typy < Trr) =1/2

1.2 conditioned on & & = HT', seeing H'T' again before seeing either HH or T'T

For x € S, let T,, = min{n > 0 : X,, = =} be the first time seeing = in positive time. Let A = {Tyr < Ty, Trr}, We

want to find Pyr(A)
We have

PHT(A) = ZPHT(Xl = va)

€S

= ZPHT(Xl = x)PHT(AIXl = J?)
€S

= Z II(HT, z) Pyr(A| X, = z)
€S

As PHT(A|X1 = TT) = O7 then

Pyr(A) =1I(HT,TH)Ppr(A|X, = TH)
= pPru(A)

On the other hand,

PTH(A> = ZPTH(XI = I,A)

zeS

= Z PTH(XI = ,T)PTH(A|X1 = :17)
zeS

=Y T(TH,z)Pru(AlX: = z)
xzeS

As PTH(A|X1 = HH) =0 and PTH(A|X1 = HT) = 1, then

Pru(A) =1I(TH,HT)Pru(A|X, = HT)

Hence,
Prr(A) = pPrg(A) =p(1 —p)

Remark 1. This question is simple enough that we can enumerate all possible sequences length 4 of coin flips and analyze

the probability {HTHH, HTHT, HTTH, HTTT}



Q2

Consider a 3-state Markov chain with transition H(l, 1) =1-1I(1,2) = p, II(2,1) = 1 —T11(2,3) = g and I1(3,3) = 1. Let

n=0 n=0
denote the expected number of visits to state y given that the Markov chain starts at . Find G(1,2) and G(2,1)
Transition matrix

p 1=p 0
M= 0 1-gq
0

1

We have -
G(z,y) =1 (z,y +ZH =12, y) +(z,y) + > T"(x,y)

n=1 n=2
We have

G(.’E,y) - H0($7y) - H(.’E,y)

= "(x,y)

=Y P(X, =y|Xo=1)
n=2

= Z Z P(X, =y,X1 =zXo=2x) (marginalize)
n=2z€S5

= Z Z P(X1=z2|Xo=2)P(X,, =y|X1=2,X0=2) (conditional probability)
n=2z€S

= Z Z I(z, 2) P(X,, = y| X1 = 2) (Markov)
n=2z€S

= Z M(z,2) Y P(X,=y|X1=2) (Tonelli)
z€S8 n=2

—Zﬂxz ZHm(zy) (m=n-1)
z€8 m=1

- Zﬂ(x,z (G Zay) - HO(Zay))
z€8

If x = y, we have

(1-I(x,x))G(z,z) =1+ Z II(x, 2)G(z, x)

zeS—{xz}
If © # y, we have

(1= 1(z,2))G(z,y) = W(w,9)Gly,y) + Y (z,2)G(zy)
zeS—{z,y}

Given that G(3,1) = G(3,2) = 0, we have the following equations
(1-p)G(1,1) =1+ (1 -pG(2,1)

(1-pG(1,2) = (1 -p)G(2,2)
G(2,1) = qG(1,1)
G(2,2) =1+4+¢G(1,2)
Solve the system of equations, we have
_ q
e I
G(1,2) = %—q



3 Q3

Consider a random walk on {0, 1,..., L} with transition matrix II(¢,i + 1) = II(i,i — 1) = § for each i € {1,...,L — 1} and
I1(0,0) = II(L, L) = 1. For each i € {0,1, ..., L}, find the return probability f;; = P(X,, =i for some n € N | Xy = 1)

Let A = {X, = iforsomen € N:n > m}. Itis clear that foo = frr = 1, for any ¢ € {1,...,L — 1}, note that
{A}, X =i+ 1} = {A? X; =i+ 1}, we have

fii = P(AHXO = 1)
=P(AL, X, =i—1|Xo=i)+ P(AL, X; =i+ 1|X, =)
=P(A?, X, =i—1|Xo=1)+ P(A}, X1 =i + 1| X, = 1)
=P(AYX,=i—1,Xo=1i)P(X; =i—1]|Xo =)
+PAX, =i+ 1,Xo = Z)P(X1 i+ 1|Xo =1)
= P(AY X, =i— DI(i,i — 1) + P(A?| Xy =4+ D)(i,i + 1) (Markov property)
= P(A}|Xo =14 — DI(i,i — 1) + P(A}| Xo = i + 1)II(3,5 + 1)
For any a,b,c € {0,1,...,L} such that a < b < c¢. Starting from a, probability of visiting a before visiting c¢ is E:Z,
probability of visiting ¢ before visiting a is ==, therefore
,— 1
P(AYXg=i—1) = =
i
L—i—-1
PANXy=i+1) = ——
( (2 | 0 1 + ) L _ Z

Hence, for i € {1,...,L}

i—1+L—z'—1 . L
i L—i ) = 2i(L—1)

4 Q4

Let X = (Xp,)nen, be a symmetric random walk on Z. For x € Z, let P, () respectively E,[-] denote the probability and
expectation for X with initial condition X = z. Let T}, = T,,(X) = min{n > 0 : X,, = y} be the first time X visits the point
y € Z. Let L € N and define T' = min{T}, T} the first time hitting either 0 or L. Show that for 0 <z < L, P,(T < o0) =1

and furthermore, E,[T] < oo.
When X starts at either 0 or L, T = 0. Suppose F = Z N [1,L — 1] is non-empty and X starts at « € F. Let
Tre =min{n > 0: X,, ¢ F}. Since the only transition from a state in F to a state in F° is transitioning to 0 or L. Hence,

T = Tpe. Therefore, there exists constant C' > 0 and p € (0, 1) such that

Po(T > n) < Cp"

Then,
P(T<o0)=1-P,(T=00)=1—- lim P,(T>n)=1

n—oo

Moreover, we have

7] =3 np, (1 =
n=0
= i P.(T >n)
n=1
< i Cp"
n=1
Cp

=—<
1—p o



5 Q5

Let X be a simple symmetric random walk on Z with Xg =0. Let a € N

(a) By conditioning on the Markov chain’s first visit to @ and using the symmetry of the random walk, show that

Pg(max X; > a> =Py (X, =a)+2P (X, >a+1)=Py(X, ¢[-a,a—1])

0<i<n
(b) Deduce from the above identity that for any a € N

P,(Ty >n) =By <0r£1_a<x X;<a- 1) = Py(X, € [-a,a—1])

(¢) Deduce from ?? that E,[Tp] = oo for all a € N
(d) Deduce from ?? for alln € N
Py(X1, ..., Xon #0) = Po(Xa, = 0)

5.1 a

Let T, = min{n > 0: X,, = a} be the first time X visits a. Then,

{ax X2 0} = (<)

0<i<n
Moreover, we can write {T, < n} as a disjoint union of events

{T, <n}
={T,<n, X, =a} U{T, <n, X, >a}I{T, <n,X, <a}
={X, =a}I{X, >a} I{T, <n,X, <a}

We can write {T, < n, X,, < a} as a disjoint union of events

{To <n, X, < a} = [[{T. =i, X, < a}

i=0
We have
Py(To <1, X <a) =Y Po(Ta=1i,X, <a)
i=0
n
= Z Py( X, < a|T, =1)Py(T, = 1) (conditional probability)
i=0
= Z Py( X, < a|lX; =a)Py(T, =1) (Markov property)
=0
= Z Py(X,, > a|X; = a)Py(T, = 1) (symmetric random walk)
i=0
= Z Py( Xy, > a|T, =1)Py(T, = 1) (Markov property)
i=0
n
= Z Py( Xy, > a, T, =1) (conditional probability)
=0
=F (Xn > a)

Therefore,

Py (Orgag( X, > a> = Py(T, <n) = Py(X, =a)+ 2P (X, > a)



52 b

In previous part, Py(T, < n) is the probability of visiting a within n steps starting from 0. By symmetry, let P,(Tp < n)
be the probability of visiting 0 within n steps starting from 0, then P,(To < n) = Py(T, < n). We have

Pa(T0>n)—1Pa(Togn)—lPO(Tagn)—lP()(max XiZa)

0<i<n

5.3 ¢
We have

Since symmetric random walk is recurrent, starting from 0, X visits 0 infinitely many times. Therefore, E,[To] >
Eo [32020 Lx,=0y] = o0
54 d
Starting at 0, at time 1, X; =1 or X; = —1. By symmetry,
Py(X1, ..., Xop #£0) = P1(Xa, ..., Xon #0) = P1(Ty > 2n) = Py(Xa, € [-1,0])
Since, 2n is even X, cannot be —1, Py(Xap, € [—1,0]) = Py(X2, = 0). Hence
Py(X1, .oy Xop #0) = Py(Xa, =0)

6 Q6

A general random walk X on Z is a Markov chain on Z with transition probability II(z,y) = I1(0,y —z) = pu(y — ) for all
x,y € Z where p is a probability measure on Z. In particular, the increment X; — Xy, Xo — X7, ... are i.i.d with distribution
. Find a stationary measure for X. Can X be positive recurrent?

6.1 a stationary measure for X

Let v : Z — [0,00) be a stationary measure on Z satisfying > ., v(x) > 0. By stationary, we must have v = vII, that
is, for every y € Z,

€L
We have
S vOu(-2) = v(0) = 3 v(@)(z,0) = 3 v(@)u(~2)
TEL TEZL TEZL
Therefore,

Z€EZL

A stationary measure for z is one so that x — v(x) — v(0) is orthogonal to x — p(—=2). In particular, one choice of v is
the uniform measure, that is v(z) =1 for all z € Z



6.2 can X be positive recurrent?

No in general. Because suppose X is positive recurrent, then there exists a unique stationary distribution. Let p: S — R
be a non-zero vector that is orthogonal to z — u(—=x), then we can construct two stationary measures. Let z € S such that
p(z) > 0, and take 14 (0) = 12(0) =1

vi(x) = 11(0) = p(z)
va(x) — v2(0) = 2p(x)

then,
vo(x) =142(v1(x) — 1)

which is not linear.

7 QT

Let X be a random walk on {0,1,...,L} with transition matrix IT such that I1(0,1) = II(L,L — 1) = 1, II(¢,i + 1) =
1—TI(i,s— 1) =p for all 1 <7 < L — 1. Find the stationary distribution of this random walk. If Xy = 0, find the expected
number of visits to L before returning 0 as well as the expected time of returning.

We can assume that p € (0,1) as if p = 0 or p = 1, the answers are trivial. We can also assume that L > 3 asif L =1 or
L = 2, the answers are trivial.

It is clear that X is irreducible since for any pair of states, there exists a path with positive probability connecting them.
As the number of states are finite, therefore, X is recurrent. Therefore, there exists a unique stationary distribution for X

7.1 stationary distribution of X
Let p: {0,1,...,L} — R be the stationary measure of X. Then, we have y = pIl, that is, for every y € {0,1, ..., L},
py= >, ll(z,y)
z€{0,1,...,L}
We have the following
po = palI(1,0) = pa (1 = p)
p1 = ol1(0, 1) + poll(2,1) = po + p2(1 —p)
pr = pr— (L —1,L) = pp_1p
po—1=p(L —=2)I(L =2, L = 1) + pI(L, L = 1) = pp—op + pir
pi = pi—1 X1 = 1,7) + piga 110 + 1,8) = pi—1p + pipa (1 — p) (ifief{2,...L -2}

For convenient, let v : {0,1,...,L} — R be defined by

% ify=0
vi=<p, ifye{l,.,.L—-1}
L ify=1T1

We have the relation, for all i € {1, ..., L — 1},
vi = vi—1p+ Vi1 (1 —p)
Let 7% be a basic solution for v;, then
1
L=—p+r(1-p)

Solve for r» we have

p
7“12101"7“2271729

Hence, general solution for v; is

i i p Y\
v; = ary + bry :a—|—b(1_p)

Since, po = p1(1 —p) and py, = pr—1p, then

pvo =v1(1 —p) and (1 —p)vy, =vp_1p



We must have a = 0, then v; = bry. As pu:{0,1,...,L} — R is a distribution, we must have

L-1

U=po+pe+ Y
i=1

ZPV0+(1—p)VL+ZVi
i=1
L—1

=pb+ (1 —p)bry +Zbr2
i=1

]. — T2
21 -p)(1—rh)
1—-2p
Therefore,

1—-2p .
b= and v; = br}
2p(1 —p)(1 —r%) ?

pb ifi=0

i = { bri ifie{l,..,L—1}

(1—-pry ifi=1L

7.2 find the expected number of visits to L before returning to 0, as well as the expected
time of returning

Let T,, = min{n > 0 : X,, = x} be the first time X visits € S in positive time, then the cycle trick construction states
that if z is recurrent then, p, : S — [0, 00) defined by

Tp—1 00
n=0

n=0
is a stationary measure and if E,[T,] < co, then ]E”[(Ty)] is a stationary distribution. Since X is recurrent, then stationary

Ha (Y)
) 1]

Hence, we need to calculate uo(L) and Eg[Tp]. We have

distribution exists and unique. That is coincides with the stationary distribution calculated in the previous part.

Po To—n

T0>TL

i

itn=1, Py(Tp>1)=1and if n = 2
Py(To 2 2) = Py(X1 #0) =1

if n > 3, without loss of generality, let X; distributed according to the stationary distribution

Py(To =2 n) = Py(X1 #0,..., Xpn 2 #0,X, 1 #0)
=P(X,_1 #0|X—2 Z0)Py(X1 #0, ..., X,,_2 #0) (Markov property)
=P(X; £0| X0 #0)P(To >n—1) (stationary)

We will calculate the constant P(X; # 0|X # 0)



P(X: #0,Xo #0)
P(Xo #0)
_ P(X5#0) - P(X1 #0,X0=0)
B P(Xo #0)
_ P(X5 #0) — (P(Xo =0) — P(X; =0,X0 =0))
- P(Xo #0)
_P(X1#0) - P(Xo=0)
B P(Xo #0)
_ 1-—2pb
 1—pb

P(X1 # 0[Xo #0) =

Therefore, for n > 3,

Then,

Then,

8 Q8

At each time n € N, we light up &, many candles where (&,)nen are i.i.d Poisson random variables with mean 1. The
lifetimes of candles are assume to be i.i.d integer-valued with a common probability mass function f = (fx)ren. Assume that
the mean lifetime A = "7 kf(k) < co. Let X,, denote the number of candles burning at time n. Is X a Markov chain? Is
it irreducible? Is it aperiodic? Find the stationary distribution if it exists.

8.1 1is X a Markov chain?

Let A; be the number of new candles at time ¢ € Ng. At time n, let z be the lifetime of a candle (z = 0 means that a
candle does not last until next time step), then the number of candles burning at time ¢ is

Ao A, A
i=1 =1 =1

AO An At At+1
Xewr =D Lpzerny + b D Lpzeniny 44 DLtz + D Lising
i=1 i=1 =1 =1

Then,

Aty

Ap Ay, Ay
Keyp =X = <Z Lapmpy oo D apmtom) £ F Zl{zs—w) T2 L)
i=1 i=1 i=1 i=1

That is, the number of burning candles at time ¢ + 1 is the number of candles at time ¢ that have positive remaining
times plus a random variable. It is generally not a Markov chain unless we can infer the number of candles at time ¢ that
have positive remaining times from the total number of candles at time ¢.

Let’s construct a counterexample. Suppose distribution of candle lifetime is

0 ifk=0
f(k):{1 k=1

Then,

P(X; =X1=1,X0=0) =1+ Pois(1)
P(Xs=:X1=1,X0=1) = Pois(1)



8.2 is it irreducible?

Yes, it is possible to go from a state to any other state. Let X,, = N, there is a positive probability such that X,,;1 = N+k
for k € N equals to probability of burning k£ plus the number of candles at time n with 0 remaining time. To go to 0, there
is a finite number of steps so that all burning candles turn off, that’s a positive probability transition ((e=1)tme)

8.3 is it aperiodic?

Yes, it is aperiodic since there is a positive probability of staying at the same state by burning exactly the number of
candles with 0 remaining time in the next time step.

8.4 find the stationary distribution if it exists

We have
Ao Ay Ay
Xt = Z 1{ZSZt} + + Z I{Z?Et—n} + + Z 1{2520}
=1 =1 =1

Since 0o > A =Y po kf(k) = > =, P(z > k). Therefore, P(z > k) — 0 as k — oo.
TODO

9 Q9

A birth-death chain is a Markov chain with state space Ny and transition probabilities I1(0, 1) = pg, I1(0,0) = ro = 1 —po
and for each k € N, we have II(k,k + 1) = pg, II(k, k — 1) = ¢, 1I(k, k) = r, with px + gx + rr = 1. Find a necessary and
sufficient condition for this Markov chain to be irreducible. Show that when X is irreducible, it is in fact reversible and
identify the reversible measure. Find a necessary and sufficient condition for this Markov chain to be positive recurrent.

9.1 Find a necessary and sufficient condition for this Markov chain to be irreducible

Let 0 < m < n, since the Markov chain can only transition to the adjacent natural numbers, a valid transition from m
to m must go through n — 1, therefore, II(n — 1,n) = p,—1 > 0 for all » > 0. Similarly, let 0 < n < m, all valid transition
from m to n must go through n + 1, therefore, II(n + 1,n) = ¢,+1 > 0 for all n > 0. Hence, there necessary condition is

pr >0 forall k>0
qr >0 forall k>1

Moreover, it is also the sufficient condition. If 0 < m < n, there exists a path with positive probability
II(m,m+ DII(m +1,m+2)..1I(n — 1,n) = pmPm+1--Pn-1 > 0
If 0 < n < m, there exists a path with positive probability
I(n,n — DI(n —1,n —2)..I(m+1,m) = ¢n@n-1---Gm+1 >0

9.2 Show that when X is irreducible, it is in fact reversible and identify the reversible
measure

When X is irreducible, it satisfies the loop condition since probability of every loop is a product of terms II(k, k +
DII(k, k — 1). If we reverse direction, the probability stays the same.
Detailed balance condition for reversible measure v : Ny — R

v(k)I(k,k+ 1) =v(k+ DI(k+ 1,k)

v(k T(k,k
therefore 5/(7;)1) = HEIH-I%; = inl. Let v(0) = 1, then

v(n) = H Pk

ko Qht1

10



9.3 Find a necessary and sufficient condition for this Markov chain to be positive recurrent
In order to avoid confusion, we define the following definitions:
1. irreducible: there exists a positive probability path from any state to any state
2. recurrent: starting from any state, the probability of returning in finite time is 1
3. positive recurrent: for all x € S, E,[T,] < oo

It easy to see that positive recurrent implies recurrent, since if there exists a probability of escaping, E,[T,] = co.
Moreover, recurrent does not imply irreducible as we can make probability of staying in state being 1, so that E,[T,] =1
The question is to find the necessary and sufficient condition so that X is all of irreducible and positive recurrent.

9.3.1 necessary part

If X is irreducible and recurrent, then it has a stationary distribution, since the reversible measure is stationary, then
it can be normalized. i.e. 3 -y v(v) <oo. Let i : Ng — R be the stationary distribution

v(v)
n€Ny U(U)

() = 5

We have - -
Eo[To] = Y nPe(Ty =n) = > Pu(T: >n)
n=1 n=1

Note that P.(T, > 2m — 1) = P,(T, > 2m), then

Eo[T,] =2 Pu(T: > 2m)

m=1

We will calculate P, (T, > 2m),

Py(Ty >2) =1— Py(T, < 2) = Po(T, = 0) =g

If m > 2, suppose X is distributed according to the stationary distribution, we have

P.(T, >2m) = P,(T, > 2m — 1)
= Po(X1 %0,y Xom_o #0)
= P(Xam—2 # 0| Xam—3 # 0)Po(Xy # 0, ..., Xom_3 # 0)
= P(Xom—2 # 0| Xop—3 # 0)Pp(T; > 2m — 2)
= P(Xam—2 # 0) P (T, > 2m — 2) ({Xa2m—3 # 0} is a sure event)
— (1= p(0))Pu(T,, > 2m —2)

Therefore,
Ew[Tz] =2 Z Px(Ta: 2 2m) =2 Z To(l _ M(o))m—l
m=1 m=1

As long as p(0) < 1, the series converges. Therefore, the necessary condition is all of (1) X is irreducible (2)
> nen, V() < oo and (3) u(0) < 1.

9.3.2 sufficient part

On the other hand, if X is (1) irreducible and (2) 3, .\, ¥(v) < 00, the stationary distribution is defined. Moreover, if
(3) u(0) < 1is true, for all z € Ny, E,[T,] < 0, then X is positive recurrent. Therefore, (1) (2) (3) is the sufficient condition.

10 Question 10

Consider a knight jumping randomly on a 5 X 5 square. At each step, it picks one of the admissible moves with equal
probability. Find the stationary distribution for this Markov chain by identifying Markov chain as a random walk on a graph.

The Markov chain is finite state and irreducible, therefore, there exists a stationary distribution. Construct the graph
and set all conductances to 1. So that the reversible measure of a node is the number edges on that node.

We denote the symmetry by the matrix below:

11



QU O+ O
[SIIESTIECUIRS Sl eY
e S N
X >0 >0
QU O 0 K

The reversible measure v : {a,b,c,d, e, f} — R is as follows

via) =8
v(b) =4
v(ic) =6
v(d) =2
v(e) =3
v(f) =4
The stationary distribution p : {a,b,c,d, e, f} — R is as follows with s = v(a) +4v(b) +4v(c) +4v(d) +8v(e) +4v(f) = 96
1
o) = = g
b 1
i =0 = 54
1
uie) =" = 5
d 1
) =70 = g
1
o) =" =
1
u(f) = st) ~ 9

11 Question 11

Suppose that the knight starts at the center
1. Find the probability that the knight will reach one of the corners before returning to the center

2. Find the expected time it takes for the knight to reach one of the corners

11.1 the knight will reach one of the corners before returning to the center

Let D be the set of corners, a the center, and A = {a}. Let T4 = min{n > 0 : X,, € A} be the first time X visits A,
Tp = min{n > 0: X,, € D} be the first time X visits D. Since starting from a, it must go to one of the 8 squares labelled
by e, then the probability of hitting D before A is

¢(e) = Pe(Tp < Ta)
We have, for any z ¢ AU D,

d(z) = Po(Tp < Ta) = ZPI(X1 =y,Tp <Th)
yeSs

= Pu(Tp < TalX1 = y)P(X1 = y|Xo = x)
yeS

= ¢(y)(z,y)

yes

12



We have the following system of equations
¢(a) =0
H(b) = 20()TI(b,€) + 20(e)TI(b,€) = 56(e) + 3(c)

#le) = 2 -
o(d) =1

6() = GOII(e,b) + $(@)I(e,0) + (e, ) = 26(0) + 30(a) + 56(7)
B1) = 20()TI(f, ) + 26(ITI(f,) = 56(e) + 50(c)

Solving the system of equations, we have ¢(e) = %

BA)I(e,d) + 20(TI(e, ) + 20()(e, ) = 50(d) + 50(S) + 36(0)

11.2 the expected time it takes for the knight to reach one of the corners

Let D be the set of corners, Tp = min{n > 0: X,, € D} be the first time X visits D. We want to find

Ea [TD]
We have, for any « ¢ D,

¥(x) = Eo[Tp]

= Eu[Tnl{x,—y}]
yeSs

=1+ ZJEI[(TD — 1)1{x, =]
yeS

=1+ Z P(X) = y|Xo = 2)E.[E.[Tp — 1] X; = 9]

yeS

=1+ P(X; =y|Xo = 2)E,[Tp]
yeSs

=1+ T(z,y)¥(y)

yeSs

We have the following system of equations
Y(a) =14 8Y(e)ll(a,e) =1+ 9(e)
Y) =1+ 26T, ) + 20(0)TI(,0) = 1+ 26(e) + 50(e)

9e) = 1+ 20(@T(e,d) + 2(F)TI(e, £) + 2(B)TI(e,B) = 1+ 336(d) + 336() + 36(0)

v(d) =0
9le) =1+ YOI, + Y(@Tl(e,) + PN, ) = 1+ 300)

Y(F) = 14+ 20()TI(, ) + 26(TI(f, ) = 1+ 59(e) + 500

Solving the system of equations, we have 1(a) = 18
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