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1 Q1

We roll a fair die repeatedly until the sum of all throws first becomes larger than or equal to 2024. What is the most
likely value of this sum when we stop?

1.1 Most likely value of this sum when we stop

Let {X, }nen denote the sequence of die throws and

Let a € Ny and f(a) denote the probability of a belonging to the sequence {S,}, that is
fla)=P{3IneN, S, =a})
Let g(a,b) with a < b denote the probability of a belonging to the sequence {S,,} and b being the next value, that is
gla,b) = P({3n €N, S, = a,Sp11 =b})
Ifb—ae€{1,2,3,4,56}, then

gla,b) = P({3n € N, S,, = a, Sp11 = b})
=P{3IneN,S, =a,Xpy1 =b—a})
=PX. =b—a{3neN,S, =a})P{In €N, S, =a})
= /()

When b > 7, we have

f(b)=g(b—1,b)+g(b—2,b)+g(b—3,b) +g(b—4,b) +g(b—5,b) +g(b—6,b)
1

=g(fO=D+Ff0=2)+f(b=3)+ f(b—4) + f(b—5)+ f(b-6))

Let h(a,b) with a < b denote the probability of there is a value a’ < a belong to the sequence {S,} and b being the next
value, that is

h(aab) = P({Hn €N, Sy < a, Sn—i—l = b})
When 1 <b—6<a <b, we have
h(a,b) = P({3In € N, S,, < a, Sp+1 = b})

a—1

Z P({Hn € stn = CL/, Sn+l = b})



Therefore, we have,
h(2024,2024) = f(2024)
= é(f(2023) + f£(2022) + f(2021) + f(2020) 4+ f(2019) + £(2018))
h(2024, 2025) = é(f(2023)+—f(2022)+-f(2021)+—f(2020)+—f(2019)
h(2024, 2026) = é(f(2023)+—f(2022)4—f(2021)+—f(2020ﬁ
h(2024, 2027) = é( F(2023) + £(2022) + £(2021))
h(2024, 2028) = é( £(2023) + £(2022))
h(2024,2029) = é £(2023)
h(2024,b) = 0 (if b > 2030)

Hence, the most likely value of the sum when we stop is 2024

2 Q2

Let (X,,)n>0 be a simple symmetric random walk on Z with Xy = a for some 0 < a < L. Let 7 := min{n > 0: X,, €
{0,L}}. Show that M, = > 7", X; — X3 is a martingale and use this to compute E[>; _ X,,]
2.1 M, is a martingale with respect to F,, = o(Xo, X1, ..., X,,)
In Doob decomposition, for any stochastic process (Y, )nen, let D, =Y, — Y,,_1, No =0
Ny, —Np1=D, — E[Dn|]:nfl]
is a martingale with respect to F, = o(Yp, Y1,...,Y,). Now, let Y, = f(X,) be a function of X,,, then F, =
o(Yo,Y1,....Y,) = 0(Xo, X1, ..., Xp). We will construct a function f : N — N so that it M,, = N,,. We have

1 1
- X34 -x3

Let z € N, we have E[f(X,,)|X,—1 = 2] = 3 f(z + 1) + L f(z — 1), then E[f(X,,)|X,_1] = 3 f(Xn_1+ 1)+ 3 f(Xn_1 — 1).
Hence

Mn - Mnfl = Xn

D, — E[Dn‘]:n] = f(Xn) - f(Xn—l) - E[f(Xn) - f(Xn—l)LFn—l}
= f(Xn) = f(Xn—1) = E[f(Xn) = f(Xn-1)|Xn-1] (X is a Markov chain)
= f(Xn) - f(anl) - E[f(Xn)anfl] + E[f(anl)anfl]
= (X = 3 F (Xt +1) = f(X oy = 1)

Let Y, = f(X,) = X, — %Xﬁ, then

1 1 1 1
D,, — E[an:n] = f(Xn) - if(Xn_l + 1) - if(Xn—l - 1) =Xn — gxg + gXE;—l

Therefore, M, is a martingale with respect to JF,
2.2 Compute E[} ] X,]

=E [MT + ;Xf} =E[M,] + éE[X?]

E [i X,
n=0




By optional stopping theorem, E[M,] = E[My] = a — %a?’. Moreover
EX)=P(X,=0)-0*+P(X,=1L)-L*
=P(X,=1L)-L*
= 7L =al’

Then,

~ 1 1
ElZXn] =a— §a3 + gaL2

3 Q3

Let S,, be the number of individials in the n-th generation of a branching process (also called Galton-Watson process).
Assume Sy = 1. Each of the S, individuals in generation n independently produces a random number of offsprings with
common distribution y for the (n 4 1)-st generation. Let m = > ;- ku(k) be the mean number of offsprings. Prove that
the branching process dies out almost surely, i.e. almost surely S,, = 0 for all n sufficiently large, if m < 1 and u(0) > 0

3.1 % is a martingale

Let X for i,n € N be i.i.d RVs with distribution u, that is, E[X?] = m, S, = Ef:"’l’l XP. Let Fp, = (S0, 51,5 5n),
then
Sn Sn
]E|:,rnn|fn:| = Tnn|SOa517"'7Sn:|
S,

7|
E L;JSH} (S. is a Markov chain)
1
= 7E[Sn|sn]
mn
Sn

mTL

Similarly,

S S
]E[n ]-'n_l] - E[n |sn_1]
m m

1
7E[Sn ‘Sn—l}
m
Sn—1

1
= —E|Y X['[Su-
mn P | !

1
= —5,1E[X}] (X" are independent)
mn

Snfl

mn—l

Sn

mm

o[2] ol -ofz2] (3]

Sn

s mn

Hence

is a martingale adapted to the filtration generated by S,. Moreover, as is a martingale, we have

Hence,

3.2 Branching process dies out almost surely if ;(0) >0 and m = E[X"] <1
3.21 Casel: m<1

By Markov inequality for nonnegative RV S,



E[S]
1

as n — 0. That is, there exists N € N such that Sy = 0. Moreover, if Sy = 0, then S,, = 0 for all n > N. Therefore, the
process dies out.

P(S,>1)< =m" =0

3.2.2 Case 2: m=1 and p(0) >0

S, = % is a martingale. We have
supE[|S,, ]| =0 < o0
n

By martingale convergence theorem, there exists a random variable So, such that S, — S, amost surely. S, are
integer-valued, then S, is also integer-valued. For all k € N, we have

P(Ss = k) = P(X,, = k) = P(there exists N € N, X,, = k for every n > N)

Since p(1) < 1, for any k > 1, the event {there exists N € N, X,, = k for every n > N} has probability 0. Hence,
Xoo = 0. Therefore, in almost every realization, there exists N € N such that S,, = 0 for all n > N

4 Q4

Let G(n,p) = (V, E) be an Erdés—Rényi random graph with n vertices such that independently for every pair vertices,
there is an edge between them with probability p € (0,1). The chromatic number y of a graph is the minimal number of
colours needed to colour the vertices of the graph such that no two neighbouring vertices (connected by an edge) have the

same colour. Prove that )

P(x —E[]| 2 a) < 2¢7 5
Proposition 1 (tower property). Let H be a sub-c-algebra of G, then

E[E[X|G][H] = E[X|H]

4.1 Doob martingale
Let F1 C F2 C ... be a filtration of o-algebras, and Y be a random variable with E[|Y|] < oo, then
Zn = E[Y‘}— n]
is a martingale. This is a direct application of tower property

E[Zn|Fo1] = BEY|F]| Fua] = BY|Fo 1] = Zn s

4.2 vertex exposure martingale
Let G be a random graph with n vertices and G be the subgraph of the first k vertices, G = G,,. Let
Gr = 0(Go, G, ..., Gy)
Then, Gy C G; C ... C G, is a filtration. Let f be a function of G, then

Zy, = E[f(G)|Gk]

is a Doob martingale.

4.3 Chromatic number

Note that,
Zy = E[f(@)|Gk] = E[f(GQ)|Gk, GL—1..., Go] = E[f(G)|G¥]

When f(G) = x(G) be the chromatic number, we can bound | Z,—Z_1] as follows: Given a realization g1, g2, ..., Gk—1, Gk; ---s Gn
of G. Note that, if we color the k-th vertex with a new color, the same coloring suffices the neighboring condition. Therefore,
for any graph gx_1 C gk, the expectation does not differ more than 1,

|Elx|Gr-1 = gr-1] — E[x|Gr-1 = gr—1.Gr = gi]| <1



Hence,
|Zy — Za| <1

By Azuma-Hoeffding for martingale not starting from 0 (Z; — Zy is a martingale starting from 0), for a > 0

(12 (1,2
P(|Z, — Zy| > a) <e 2= and P(|Z, — Zp| < —a) < e 2
Hence, P(||Z,, — Zo|| > a) < 2e 5. Since, Z,, — Zy = E[x|Gr] — E[x|Go] = x — E[x], we have

2

P(lx —E[x]| > a) <23

5 Q5

Let &1,&, ..., €, ... be a sequence of i.i.d Bernoulli random variables with P(& = 0) = P(§ = 1) = 3. Let
T = mln{n >5: £n74£n73£n72§n71£n = 11001}

Find E[7] by constructing a suitable martingale

5.1 constructing martingale

Let F,, = 0(&1,&2,...,&,). Given a countable number of gamblers each is associated with a natural number k, everyone
starts with $1. The gambler k starts betting at time k and do the following strategy: at each time step, he/she bets the
total amount of money he/she has. The first time he/she bets 1, then 1, then 0, then 0, then 1 (the bets after 5 times are
not important for our problem). Let X* denote the gain of gambler k at time n. Then, X* is a martingale adapted to the
filtration F,,

1
E[Xflﬂfn—l] = ]E[Siﬂglag% "'5577.—1} = E[Xrlﬂlei—l} = 5(2(){5—1 + 1)) -1= XTkL:—l

Let X,, = Zzozl X% be the gain of all gamblers at time n, then X, is also a martingale.

5.2 stopped martingale
If we stop the martingale at time 7 = min{n > 5 : &,_4&,—3&n—2&n—1&, = 11001}, by optional stopping theorem
E[X,] = E[Xo] = 0
Note that, all gamblers betting more than 5 times have lost the game. We have
XTI =2x1ge,oqy —1
X7 V=A%l 6o —1
X772 =8%1g, o6, 1=16,=0) — 1
X772 =16 X 1{e, ym1e, p=16, 1=0,6,=0) — |
XTI =32% g, 16 y=16r 20,6, 1=06,=1} — 1

XI5 =-1
XI70=-1
Xl =1

Set {&,_4=1,& 3=1,& 5=0,&_1=0,& =1},
X, =Y Xi=(F-5)(-D+@2-D)+ )+ (-)+(-)+2-1)=34—7
n=1
Then, E[7] = 34

6 Q6

Let X be an asymmetric simple random walk on Z with Xo = x € N and & = X; — X;_1 are i.i.d with
PG =+1)=1-P&=-1)=pe(0,1/2)U(1/2,1)

For a € Z, let 7, = min{n > 0: X,, = a}. Let L € N with < L. By finding suitable martingales, compute P, (7o < 77.)
and E[ry A 71]. By sending L — 0o, compute P, (79 < 00) and E;[7g]



6.1 construct martingales and compute P, (715 < 7)

Let F,, = 0(Xo, X1, ..., Xn). When p # %, the function M, (z) defined by

o= (52)

Xn
is harmonic. Then, M, = M, (X,) = (ﬂ> is a martingale adapted to JF,,. Since 7 = 79 A 7, is a stopping time,

p
X
1 _ nAT
Myunr = <p>
p

is also a martingale. By optional stopping theorem for M,
1-p\”
E[M;] = E[Mo] = T

Moreover, the martingale stops at X, = 0 or X, = L with respective probabilities, then

B[M:] = Polro <71)- (1;17)0 + (1= Pu(ro < 71)) (?’)L
Then,

PZ(T()<TL):

6.2 construct martingales and compute E[7]| = E[ry A 7]

Let F,, = 0(Xo, X1, ..., X3), then M,, defined by
M, = X, + TL(]. - 2p)

is a martingale. Since

E[Mp|Fn-1] = E[Mp| X1, Xpn—2, ..., Xo]

E[M,| X, —1] (Markov chain)
E[X,|X, 1] + n(1 - 2p)

=p(Xn-1+1)+ (1 =p)(Xn-1—1)+n(l —2p)

= Xn1+(n—1)(1—-2p) = My,

Similarly,
Mn/\'r = Xpar + (TL A T)(l - 2p)

is also a martingale. By optional stopping theorem for M,

z = E[Mo] = E[M;] = E[X,] + (1 — 2p)E[]

Then
Elr] = 1=, (¢ ~EIX)
= 172p(x—Pz(TO <71)-0— (1= Py(ro <71))- L)
_ 1j2p(x— (1= Pulro < 71))- L)
1 - 1*(1%) I

x
1=2p 1f(1—7P)L
)



6.3 when L —
If p > 1/2, then =F < 1, then
. 1-p\”*
lim Pm(To < TL) = — S (0, 1)
L—oo p

lim E[r] = 400

L—

If p < 1/2, then =2 > 1, then

lim P.(ro<7)=1
L—o0

X

i
Jm Bl =5,



