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Chapter 0

Preliminaries

0.1 Linear Algebra

Proposition 1. Let A € R"*", then A and AT have the same eigenvalues



Chapter 1

Probability Theory

1.1 Minimal measure theory to fulfil this

1.1.1 Measurable Space

Definition 1 (o-algebra, measurable space). Let X be a set. A o-algebra ¥ on X is a collection of subsets of X such that:
1. 3, Xexn
2. AeyY = X —-AeX
3. By, Ey,..€Y = U°,E €%

The pair (X,X) is called measurable space, and elements of ¥ are called measurable set.

Definition 2 (o-algebra generated by basis). Let X be a set and B be a collection of subsets of X. Define o(B) by the
smallest o-algebra containing B, that is, the intersection of all o-algebras containing B. (since intersection of arbitrary
collection of o-algebras is another o-algbera, the defintion is well-defined)

Definition 3 (product of measurable spaces, product o-algebra). Let {(X;, ;) }ier be a collection of measurable spaces.
Define the product of measurable spaces (X,X) by

X::HXi

iel

where products are cartesian products. Y is called product o-algebra.

Definition 4 (measurable function, the category of measurable spaces). Let (X,Xx),(Y,Xy) be measurable spaces. A
function f : X — Y is called measurable if for every measurable set Ey in (Y,Xy), the preimage f~1Ey is measurable in
(X,Xx). The pair measurable space, measurable function form a category called the category of measurable spaces denoted
by Meas, the product in this category is precisely the product of measurable spaces.

Definition 5 (subspace). Let (X, %) be a measurable space and A € ¥ be a measurable set. Then A induces a measurable
space (A, X 4) defined by

Y4s={ANE:EcXx}
1.1.2 Measure Space

Definition 6 (measure, measure space). Let (X,3) be a measurable space. A measure p on (X,3) is a function p: X —
[0, 4+00] such that

1. u(@)=0
2. (132, Bo) = 202, w(Ei)

where [ denotes the disjoint union. The triplet (X, %, p) is called measure space.



Definition 7 (subspace). Let (X, %, ) be a measure space and A € ¥ be a measurable set. Then A induces a measure space
(A7 ZAa ,LLA) deﬁned by
pa(Ea) = p(ENA)

where E4 = ENA

Definition 8 (measure-preserving map, the category of measure spaces). Let f : (X, Xx,ux) — (Y, Xy, uy) be a measurable
function, f is called measure preserving-map if

px (1 E) = py (E)

for all E € Yy . The pair measure space and measure-preserving map form a category called the category of measure space.

Definition 9 (pushforward measure). Let f : (X,Xx) — (Y, Xy) be a measurable function, and px : ¥x — [0,+00] be a
measure on X. The pushforward measure of ux by f is the unique measure py such that f is a measure-preserving map

Theorem 1 (change of variables). Let ¢ : (X, Xx,ux) — (Y, Xy, uy) be a measure-preserving map. A measurable function
f:Y — R is integrable with respect to py if and only if the composition f¢ is integrable with respect to px, in that case,

the integrals coincide
[ oty = [ sodux
Y b'e

(X, 3x,px) -2, (Y, Sy, py)

\\\\\ lf
fo T~

g
Equivalently, ¢ induces an isomorphism ¢, in L' spaces that preserves integral, i.e. fY fduy = fX o (f)dux defined by

¢* : Ll(Y7EY7,uY) - Ll(Xa Ex,,UX)

1.2 Probability Spaces and Random Variables

1.2.1 Probability Space

Definition 10 (probability space). A probability space (2, F, P) is a measure space such that P(Q2) = 1. Q is called sample
space, measurable sets in F are called events, P is called probability measure.

Definition 11 (independence of events). Let (2, F, P) be a probability space, {E;};cr be a collection of events. The collection
is called independent if for any finite subcollection J C I

Pl E | =]]PE)

JjeJ jedJ

1.2.2 Random Variables

Definition 12 (pushforward probability space, random variable). Let (2, F, P) be a probability space, (X, Fx) be a measurable
space, and X : Q — X be a measurable function. Let Px : Fx — R be the pushforward measure of X, then (X, Fx, Px) is
another probability space. (X,Fx, Px) is called pushforward probability space, the measurable function X is called random
variable, and the pushforward measure Px is called probability distribution.

Px :Fx —-R
Ex — P(X 'Ex)
If X is the codomain of the random variable X : Q — X, we call X a random variable on X.
Remark 1. :

o In probability theory, we usually start with the unique probability space (Q, F, P), namely, abstract probability space,
and all random variables are measurable functions from . Denote the collection of all random variables 2 — X by

RV[X] := Hom((Q, F), (X, Fx))



o Without confusion, we identify the two events Ex € Fx with E = X 'Ex € F and write

P(Ex) = Px(Ex)

Definition 13 (joint distribution). Let {X; : Q — X }icr be a collection of random variables. Then, X : Q — X is a random

variable on the product of measurable spaces X = [[;c; Xi defined by

X(w) =[] Xiw)
iel
X is called the joint random variable, the probability distribution on X is called joint distribution.

Remark 2. Let {X; : Q — Xi}icr be a collection of random variables, and X be the joint random variable. An E; = [Lic: B
be an event in X such that E; = X; for all but index j, that is, projections of Ej on all coordinates are the whole space except
coordinate j. Then, we identify E; by Ej.

Definition 14 (independence of random variables). Let {X; : Q — X;}icr be a collection of random variables, and X
be the joint random variable. The collection is called (mutually) independent if every collection of events {E; € X;}icr is
independent.

Definition 15 (function on random variables). Let X',) be measurable spaces, X : Q — X be a random variable on X. Let
f: X = )Y be a measurable function. Then, f induceslﬂ a random variable on'Y defined by

f« : RVIX] = RV[))]
X fuX=fX
Conditioning should be introduced here, however, it is a difficult topic and I did not have enough maturity to write an

abstract introduction to conditioning, so I will put conditioning after real-valued random variables. In short, conditioning on
an event is to induce new probability measure

1.3 Real-Valued Random Variables

Assume R is equipped with the Borel-algebra: the o-algbera generated by open sets of the usual topology.

Definition 16 (real-valued random variable). A real-valued random wvariable X : Q@ — R is a random variable on the
measurable space R. The collection of real-valued random variables is denoted by RV[R]

Proposition 2 (algebra over field). Since R is a field, RV[R] is an algebra over R with vector addition, and scalar
multiplication, vector multiplication are defined by

e vector addition: (X +Y)(w) = X(w) +Y(w)
e scalar multiplication: (cX)(w) = cX(w)
e vector multiplication: (XY )(w) = X(w)Y (w)

Definition 17 (distribution function, absolutely continuous random variable). Let X : Q@ — R be a real-valued random
variable, define Fx : R — [0,1] by
Fx(a)=P(X <a)

Fx is called distribtion function of random wvariable X. X is called (absolutely) continuous if Fx is an absolutely
continuous function. When X is continuous, there exists a L' function fx : R — R so that

pag@zawzzémmm

fx is called density function.

From now, whenever we write fx, we assume that X is continuous.

Lcomposition of measurable functions is measurable



1.3.1 Expectation and Variance of Real-Valued Random Variables
Expectation of Real-Valued Random Variables

Definition 18 (expectation). Let (2, F, P) be a probability space and X : Q — X = R be a real-valued random variable.
Define the expectation E[—] : RV[R] — R by

E[X] = [ XdP
Q
::/(idX)dP (d:X=R—>R)
Q
= / id dPx (by change of variables w.r.t pushforward X )
R

Proposition 3 (linearity of expectation). Expectation is a linear map RV[R] — R. That is,
e E[X +Y] =E[X]+E[Y]
e E[cX] = cE[X]

Proposition 4 (expectation of function on real-valued random variables). Let f : R — R be a real-valued measurable
function, then

BlrX) = [ (1x)ap
= /Rf(x)dPX(x) (by change of variables w.r.t pushforward X )

Proposition 5 (expectation of product of two independent random variables). Let X,Y be independent real-valued random

variables, then
E[XY] = E[X]E[Y]

Proposition 6 (inner product space). RV[R] is an inner product space over R where the inner product is defined by
(X,Y) =E[XY]

Theorem 2 (Cauchy-Schwarz inequality). Since RV[R] is an inner product space over R, then if X,Y are real-valued random
variables, then

E[XY]? < E[X?|E[Y?]
Theorem 3 (Markov inequality). Let X : Q — [0,+00), then for any a > 0, we have

E[X]

PH{X >a}) <

Proposition 7 (expectation as a sum of tail probabilities). If X : Q@ — N, then

EX] =) nP(X=n)=)» P(X>n)
n=0

n=0
If X :Q =R, then
]E[X]:/x:/ P(X > a)da
R 0

Variance of Real-Valued Random Variables
Definition 19 (variance, p-th moment). Let X : O — R. Define Var : RV[R] — R by
Var(X) := E[X?] - E[X]* = E[(X — E[X])?]
Var(X) is called variance of X, E[XP] is called p-th moment of X, and E[|X|P] is called p-th absolute moment of X
Definition 20 (Chebyshev inequality). Let X : Q@ — R, then for any a > 0

Var(X)

PHIX —B[X]| > a}) <~



Definition 21 (covariance, correlation). Let X,Y be real-valued random variables. Define the covariance Cov : RV[R] x
RVIR] — R by
Cov(X,Y) :=E[XY] - EXIE[Y] = E[(X — E[X])(Y — E[Y])]

Define the correlation Corr : RV[R] x RV[R] — [-1,+1] by

Cov(X,Y)
Var(X) Var(Y)

Corr(X,Y) =

Proposition 8. Given a collection {X1, X, ..., X} of real-valued random variables with finite second moments, i.e E[X?] <
00, then

Var(X; + Xo + ..., +X,) = Z Z Cov(X;, Xj) = ZVar(Xi) +2 Z Cov(X;, X;)
i=1 j=1 i=1

i,JE€[N]X[n]:i<j

START FROM HERE

1.3.2 Limit Theorems

Definition 22 (convergence). Let (X, )nen and X be real-valued random variables defined on the same probability space
(Q, F, P) with probability distribution (v,)nen and v respectively.

1. X,, — X almost surely if there exists a subset Q4 C Q with P(Q1) = 1 such that for allw € Q1, as n — oo

X, (w) = X(w)
2. X, = X in probability if for all € >0, as n — oo

P(|X,—X|>¢)—0

3. X,, = X in distribution (or v, — v weakly) if for all a < b with v({a}) = v({b}) =0

vn(a,b) — v(a,b)

Remark 3. Some remarks on convergence
1. almost surely convergence =—> convergence in probability = convergence in distribution
2. for any constant ¢ € R, X,, — ¢ in probability < X, — c in distribution.

3. weak convergence of v, — v is equivalent to

/ﬂgf(x)dun—)/f(m)du

as n — oo for all bounded (absolutely) continuous function f: R — R. f is called test function.

4. X, = X in distribution means exactly v, — v weakly, and hence (X, )nen and X need not to be defined on the same
probability space.

Theorem 4 (weak law of large numbers). Let (X;);en be a sequence of i.i.d (independent and identically distributed) real-
valued random variables. Assume that the mean p = E[X4] finite. Let o = \/Var(X1) and S, =Y ., X;. Then the empirical
average ST” —  in probability, i.e. for alle >0, as n — oo

P<Sn—,u‘>e)—>0

n




Proof. Assume o < oo [} by Chebyshev inequality for real-valued random variable %,

1
P( Sn—u’ >e) < 2Var(5n)
n € n

(X1 — ) + oo + (X — ))?] (linearity of expectation)

E
= # (Z E[(X; — p)*] + Z E[(X; — pu)(X; — p)] (linearity of expectation)

=1 (i,7)€ln]x[n]:izj
1 (< .
== X:IE[(XZ — )]+ Z EX; — pE[X; — y] (X; — p and X; — p are independent)
i=1 (i) Eln]x [n]:i£]
1 n
= n2e2 ZE[(XZ - M)Q]
i=1
Var(X;) o?
T e T ne 0

O

Theorem 5 (strong law of large numbers). Let (X;);cn be a sequence of i.i.d real-valued random variables with finite mean
w:E[X ] € R. Then, almost surely
Sn,
(%)
n neN

Lemma 1 (Borel-Cantelli). Let (2, F, P) be a probability space and A,, € F is a sequence of events. Then

1. if 3272, P(A,) < oo then almost surely A,, eventually stops occurring, i.e. there is Qo C Q with P(Q) =1 such that
for allw € Qo, w ¢ A, for all but finitely many n P(A,) — 0 as n — oo

2. if (Ap)nen are independent and Y. > | P(A,) = oo then almost surely A, occur infinitely often, i.e. there is Qg C
with P(Qo) = 1 such that for allw € Qg, w & A, for finitely many n

Sketch proof of strong law of large numbers. We will show that for each ¢ > 0, let A,, be the event {’57" — u| > 6}, then
S . P(4,) < 0. By Borel-Cantelli, for almost every w € 2, the event A,, eventually stops occurring, hence

n=1

lim sup
n—oo

for almost every w € Q. Let Q. C Q be the set where it holds, P(2.) = 1. Choose a sequence (€;);ey — 0, take
Qo =21 L, O

Theorem 6 (central limit theorem). Let (X;)ien be i.i.d random variables with finite mean p and finite variance o and let
Sn = Z?Zl X; and W, = S;L\/%W Then W, converges in distribution to a standard Gaussian random variable Z, that is, for
all a < b, asn — o©

b 1 L2
P(W, € [a,]) — P(Z € [a,8]) :/ i

Theorem 7 (Poisson limit theorem - law of small numbers). Forn € N, let X1, Xo, ..., X, be independent Bernoulli random
variables with P(X; = 1) = % for some X\ > 0 modelling the occurrence of n independent rare events Then, S, = > | X; is
a random variable modelling the number of occurrences

Asn — oo, S, converges in distribution to Pois()), i.e. for each k =0,1,..., as n — 00
)\k:
P(S, =k) = (e)‘k')

2this simple proof is only for the case of finite second moment



Proof.

- () (-

- k!(nn! k)! (A>ke(n_k) e

_ <n(n - 1)..7.:(} — k- 1)> (ﬁe(nm(gﬂ(g)))
— /]\7]:6_)\

O

Definition 23 (Fourier transform). Let X be a real-valued random variable with probability distribution u. The Fourier
transform of X is also called its characteristic function, is defined by

o) =B = [ (o)
Theorem 8. The Fourier transform satisfies the following pmpefties
1. ¢(t) € C with |p(t)] € [0,1] for allt € R and $(0) =1
2. ¢ determines the distribution of X with ¢(*)(0) = i*E[X*]
3. if ¢u(t) = Ele'*¥n] and ¢(t) = Ele!*X], then ¢, — ¢ pointwise on [—a,+a] for some a > 0 implies X,, — X in
distribution

Proof of central limit theorem. Suppose j = 0,0 = 1, let () = E[e®®*1]. Then 1(0) = 1,4’(0) = 0 and ¢""(0) = —1, Taylor

theorem,
2

v =1-=

2
where 0(;0(7(5)) — 0 as € — 0 for any function f For any ¢t € R,

+ o(t?)

e've ]E [eiTX"} (X; are independent)

. 2
Since E[e??] = e~ 7 is the characteristic function of standard Gaussian Z. So, W,, — Z in distribution. O

Definition 24 (Laplace transform). Let X be non-negative real-valued random variable with probability distribution . Then
the Laplace transform of X (or p) is defined to be

AN) =E[e ] = /0oo e M dp(z)

Definition 25 (generating function). Let X be a non-negative N-valued random wvariable with probability mass function
pn = P(X =n) forn € {0,1,...}. Then the generating function of X (or p,) is defined to be

G(s) =E[s¥] = 3 s"pn
n=0

for s > 0 so that the sum converges
CONTINUE FROM HERE



1.4 Conditioning

1.4.1 Conditioning on Event

Definition 26 (conditioning on event, conditional probability, conditional probability space, conditional probability distribution).
Let (Q,F,P) be a probability space and E be an event such that P(E) > 0, then E induces another probability space
(Q, F, P(:|E)) where the probability measure P(:|E) is defined by

P(ANE)
P(AE) = ————=
(i) = 255
P(A|E) is call conditional probability, P(-|E) is called conditional probability measure and (Q, F, P(-|E)) is called conditional

probability space. If X : Q — X is a random variable, conditioning on event E yields a new probability distribution, namely,

conditional probability distribution Px|p = P({X € -}|E) : Fx — R
- P(X'ExNE
Pxp(Ex) = P({X € Ex}|E) = P(X 'Ex|E) = (P(E)’())

Definition 27 (conditional expectation on event, conditional variance). Let X be a real-valued random variable on (0, F, P)
and E is a event with P(E) > 0. Define the conditional expectation of X conditioned by event E by

E[X1g]
P(E)

E[X|E] = /QXdP(~|E) -

Define the conditional variance of X conditioned by event E by

Var(X| E) = E[X?|E] - E[X|E]’ = E[(X — E[X|E])?|E]

1.4.2 Conditioning on Discrete Random Variable

Definition 28 (conditioning on discrete random variable). Let X : Q — X be a random variable, Y : Q — Y be a discrete
random variable. Define P(X|Y):Y — Hom(Fx,R) as a function from value in Y to a distribution on X by

P(X|Y): Y — Hom(Fx,R)
y— P{X € H{Y =y})

Definition 29 (conditional expectation on discrete random variable). Let f : Hom(Fx — R) — R be a real-valued function
on distribution on X (e.g expectation, variance). Then, the composition of f o P(X|Y) is a function Y — R. When f is
expectation, we have
E[X|Y]:Y —> R
y — E[XKY = y}]

Proposition 9 (tower property of conditional expectation). When X is a real-valued random variables and Y is a discrete
random variable, let A C X be an event, then P(X € A) can be recovered from P(X|Y) by

P(X € A)=> P(X € AY =y)P(Y =y) =Ey[P(X € A]Y)]
yey
E[X] can be recovered from E[X|Y]:Y = R by
E[X] =Y E[Xlpy=y] =Y EX|Y]IP(Y =y) = E[E[X|Y]]
yeY yeY
More generally, let f : X =R — R, then
E[f(X)] = Y Ef(X)ly=p] =D E[f(X)Y]PY =y) = E[E[/(X)Y]
yeY yeY

P(X € —) is a mizture of conditional distributions P(X € —|Y = y) with mizture coefficients P(Y = y). E[X] is a
mixture of conditional expectation E[X|Y = y] with mizture coefficients P(Y = y)

Remark 4 (marginal distribution on many variables). Let ¢(X,Y) be a function of random variables which is itself another

random variable. We can write
E[¢] = E[E[¢|X]]

Now, ¢ = E[¢|X] is a random variable, then
E[¢] = E[E[¢|X]] = E[¢] = E[E[$|Y]] = E[E[E[¢]X]|Y]]



1.4.3 Conditioning on Continuous Random Variable

Definition 30 (conditioning on continuous random variable). When both X,Y are continuous random variables on R, define
P(X € AlY =yo) and E[X|Y = yo] by the conditional density

el =) =

1.4.4 Conditioning on o-Algebra

Definition 31 (conditioning on o-algebra). Let G C F be a sub-a-algebmﬁ in (Q,F,P) and X : Q@ — X be a random
variable. Define P(X|G) : G — Hom(Fx,R) as a function from events in G to a distribution on X by

P(X|G) : G — Hom(Fx,R)
Eg — P({X € -}|Eg)

When G is countable (discrete random variable), the set function P(X|G) : G — Hom(Fx,R) can be characterized by a
function

Q— HOHI(]:X7 R)
9= P{X € -}|G)

where G € G is the smallest set in G containing g, the smallest set in G containing g is the intersection of all events in
G containing g. This is coincide with the discrete random variable case.

Remark 5 (conditional expectation on o-algebra). When X is a real-valued random variable, we have the conditional
expectation

E[X|G]: G —» R
G — E[X|G]

If G is countable, then the set function E[X|G]: G — R can be characterized by a function

O —=R
g — E[X]|G]

where G € G is the smallest set in G containing g

Proposition 10 (tower property of conditional expectation). Let H C G be sub-c-algebras in (2, F,P) and X : @ — R be

a real-valued random variable. Then,
E[X|H] = E[E[X|G]|H]

3a o-algebra that is a subset

10



Chapter 2

Time-Homogeneous Markov Chain

In this chapter, all Markov chains are time-homogeneous

2.1 Markov Chain Basics

Definition 32 (time-homogeneous Markov chain). A stochastic process X = (Xp)nen, with countable state space S is called

a Markov chain if
P( X1 =9y|Xo=20,.... Xn = xp) = P(Xpn41 = y|Xpn = zp)

forallm € No. If P(Xp41 = y|Xn = zn) = P(X1 = y|Xo = z) for all n € No, then X is called time-homogeneous, in
that case we define II: S x S — R
I(z,y) = P(X1 = y|Xo = z)

IT is called transition probability matrixz. When S is finite, Il is a right stochastic matriz, that is, all elements are
non-negative and sum of every row is 1

Remark 6 (n-step). Let II" : S x S — R be defined by
" (z,y) = P(Xn =y|Xo =2) = Z (20, 21)H (21, 22)...11(zn—1, 25.)
(x=20,21,-.,2n=Y)
where the sum is over all possible path (z = 20,21, ..., zn, = y) of length n. II" is also a right stochastic matriz.

Proposition 11 (II acting on row vector). Let X be a time-homogeneous Markov chain with countable state space S and
w: S — R be a distribution for Xq, then the distribution of X, denoted by p, : S — R is

pn(y) = P(Xp=y) =Y P(Xn=y,Xo=1) =Y po(2)1I"(z,y)

zeSs zeS
If S is finite, we can write it in matrix form p, = pell™
Hom(S,R) x Hom(S x S,R) — Hom(S,R)
(10, ") = i = poIl”

Proposition 12 (II acting on column vector). Let f : S — R be a function on random variable X which is also a linear
function on S. Let II"f : S — R be defined by

(I f) () = E[f (X)X = 2] = 3 1" (2, ) £

yes

If S is finite, we can write it in matriz form II"™ f

Hom(S x S,R) x Hom(S,R) — Hom(S, R)
(I, f) = 1" f

Proposition 13 (stationary measure). Since 1 : S — R is a right eigenvector of II with eigenvalue 1, II also has a left
eigenvector with eigenvalue 1. In other words, there exists a measure v : S — R such that vII = v, such v is called stationary
measure

11



Proposition 14 (spectrum of II). All complez eigenvalues of I1 have norm less than or equal 1

Proof. Let (A, g) be a right eigenvalue eigenvector of II where A € C, g : S — C. Suppose S is finite and |g(x)| achieves
maximum at xq, then

IMlg (o)l = [Ag(xo)| = |(Tlg) (xo)| = |>_ T(xo, y)g(y)| < |>_ (w0, y)|lg(wo)| = lg(zo0)]
yes yeS

That is, |A\| <1 O

Proposition 15 (intercommunicating states). Let S be the state space, two states x,y € S are called intercommunicate,
denoted by x ~ vy if there exist m,n € Ny such that

PX,=ylXo=2)>0
PX,=zXo=y)>0
The relation is an equivalence relation that partitions the state space S into equivalence classes of intercommunicating.

Definition 33 (irreducible Markov chain). A time-homogeneous Markov chain is irreducible if S is a single equivalence class
with respect to intercommunicating intercommunicating equivalence relation ~

2.2 Recurrence Transience

Remark 7 (notation). Given a stochastic process X = (X, X1,...), let E be any event and Y be a random variable, then
we write

P.(E)=P(E|Xo=x)
E.[Y] = E[Y|X, = 2]
Definition 34 (TF, f.y,, N, G(z,y)). Let X be a stochastic process with countable state space S, define the following:

1. Let T? =0, for any k > 0, let Tf be the random variable modelling the time when X wvisits x at the k-th time, that is,

T% = min{n € Ny : n > T;fl,Xn =z}

2. Let fzy be the probability that X wvisits y in finite time given Xo = x, that is,

fay = Po(T,} < 0)

3. Let N, be the random variable modelling the number of visiting state x, that is
o0
N, = Z l{Xn:ac}
n=0

4. Let G(x,y) be the expected number of visiting y given Xo = x, that is

G(z,y) = Ec[Ny]

Definition 35 (recurrence transience). Let X be a stochastic process with countable state space S. A state x € X is called
recurrent if fr. =1 and called transient if fp, <1

Proposition 16 (expected number of visits for irreducble Markov chain). Let X be a time-homogeneous irreducible Markov
chain with countable state space S. Let Xy = x, the the expected number of visiting x is

- 1
71_fa:a:

Proof. We will show that N, is a geometric random variable with parameter p =1 — f,,. For each k > 0, we have
(TF1 < 00, TF = 0)

P.(N, > k) = P,(TF ! < o)

X

G(z,x)

12



We have

= P, (N, = k)
= P,(TF ! < 00, TF = o0)

=Y P(TF ' =n,TF = )
n=0
oo
=Y P(TF " =n)Py(TF = oo|TF " = n)
n=0
= Z Py (TF ' = n)Py(T} = 0o|T? = n) (time-homogeneous)
n=0

=Y P (TF ' =n)P(T} = 00| Xy = z)

n=0
= iP$(Tf_1 = n)(l — faz)
n=0
= (1= faz) iPI(Tf_l =n)
n=0

= (1 = foa)Po(TF ! < 0)

x

= (1 - fxx)Px(Nx 2 k)

Therefore,
Py(Ny =2 k) = alfm and Pp(N, = k) = fw(l — fax)

O

Proposition 17 (recurrence transience as a class property). Let x,y € S be two inter-communicating states. Then, x,y are
either both transient or both recurrent

Proof. Tt suffices to show that G(z,x) = oo if and only if G(y,y) = co. By assuming x ~ y, there exists k,l € N such that
0% (z,y) > 0 and II'(y, z) > 0

Note that, for all n € Ny, we have the probability of starting from x then coming back to x after k +n 4+ [ steps is greater
than probability of starting from z, going to y in k steps, staying in y in n steps, then coming back to x in [ steps, that is

EH () > TR (2, )T (y, )y, @

Summing over n € Ny, we have

o

G(x,x) = EI lz 1{Xm—z}]

m=0

> T (@, y) I (y, ) (y, 2)

n=0

= % (2, )T (y, 2) Z 1" (y,y)
n=0

= " (a, y)I (y, 2)G(y, y)
Therefore, G(y,y) = oo implies G(z,z) = oo O
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Definition 36 (recurrent transient Markov chain). A time-homogeneous irreducible Markov chain with countable state space
is called recurrent/transient if its states are recurrent/transient

Corollary 1 (irreducible finite state Markov chain). A time-homogeneous irreducible Markov chains with finite state space
are recurrent

Proof. Since Markov chain is finite, there is at least one state with expected number of visits being infinity, that state is
recurrent. Moreover, irreducibility implies every other state is inter-communicating with the recurrent state, therefore, all
states are recurrent. OJ

Proposition 18. Let X be a time-homogeneous irreducible Markov chain with countable state space S. Then,
1. If X is recurrent, then P(N, = 00) =1 for all x € S and G(z,y) = oo for all z,y € S.
2. If X is transient, then P(N, < o0) =1 for all z € S and G(x,y) < oo for all z,y € S

Proof. Since the distribution of X = (X,,)nen, is a mixture with different starting position, i.e. for any event F

P(E) = 3 u(x) P, (E)

zesS

It suffices to prove for the case when X starts from any state s € S.

1. X is recurrent

For any y € S, since X returns to x infinitely many times, let X,, = x, by irreducibility, there exists m € N such that

P(Xnpm = y|Xn = 2) = 1I"(2,y) > 0

Therefore, everytime X visits x, there is a positive probability X visits y € .S, that is, visiting y is a sequence of i.i.d
Bernoulli random variables of positive parameter. Hence, number of visits y is infinite. Then, G(x,y) = co

2. X is transient

Probability of starting from x, going to y in m steps, then going back to = in p steps is less than probability of starting
from z and going back to x in n = m + p steps.

Gz, z) = ZH"(x,x)
n=0
> Z " (x, )
> 3 (e, 1)1y, 2)

p=0

= M(z,y)™ Y T"(y, )
p=0

= H(xv y)mG(y7 J})

Hence, G(x, x) is finite implies G(y, z) is finite. G(y,z) finite implies Py (N, = c0) =
O

Remark 8 (transient - escape to infinity). In the transient case, X escape to infinity with probability 1 in the following
sense: For any finite set of states F', with probability 1

max{n € N: X,, € F} < o0

Proposition 19 (escaping from a finite set). Let X be an irreducible Markov chain with countable state space S. Let F C S
be a finite, and Tpe = Tpe(X) = min{n > 0 : X,, ¢ F} be the first time X exits from F. Then there exists C > 0 and
p € (0,1) such that for all n € No and all initial distributions

P(Tpe(X)>n) <Cp"

14



Proof. Let p € [0,1] be defined by
p=max{P(X; =yl Xo=2):ye F,z € F}

We can assume p < 1 since if P(X; = y|Xo = «) = 1, as F is finite, we can merge two states z,y into a new state and
the merging process terminates with p < 1 and a finite set of states F'. Then

P(Tpe(X)>n)=P(Xo€e F,X; €F,... X, €F)

=P(Xoe F)[[P(Xi1 e FIX; € F)
=0
< P(Xo e F)p"!

O
Theorem 9 (Pélya 1921). The symmetric random walk on Z? is recurrent in dimension d = 1,2 and transient in d > 3
Proof. TODO O
CONTINUE FROM HERE

2.3 Stationary Measure

Proposition 20 (limiting distribution of transient Markov chain). Let X be an irreducible transient Markov chain. Then
forallxz,y €S,
" (z,y) — 0

as n — co. Consequently, for any initial distribution, P(X, =y) — 0 for ally € S

Proof. Since X is transient, for any x,y € S
o0
G(z,y) =Y T (z,y) < 0
n=0

Then, II"(z,y) — 0 as n — oo. O

Definition 37 (stationary distribution, stationary measure). Let X be a Markov chain with countable state space S and
transition matriz II. A probability distribution p on S is called stationary distribution for X if

> @)z, y) = p(y)
zeS

for all y € S. That is, ull = p. In other words, if Xo has distribution p, then X1 also has distribution u, hence so do
Xo, X3, ... In general, any v : S — [0,400) with vII = v and ) g v(x) € (0,400] is called stationary measure for X

2.4 Positive Recurrence, Null Recurrence, Existence of Stationary Measure

Definition 38 (positive recurrent Markov chain, null recurrent Markov chain). Let X be an irreducible Markov chain with
countable state space S. Let T, = T}, we call X positive recurrent if E,[T,] < oo for all x € S and null recurrent if
E.[T,] = oo for allx € S.

Proposition 21 (positive recurrence and positive recurrence as a class property). If © and y are two intercommunicating
recurrent states, then they are either both positive recurrent or both null recurrent.

Proof. TODO O

Theorem 10 (existence of stationary measure for recurrence Markov chain). Let X be an irreducible recurrent Markov chain
with state space S. For each x € S,

T,.—1 [e%e] [e’s) [e'e]
V(y) =E, Z 1{any} =E; Z ]-{Xn=y}]-{n<T,,}‘| = ZEm[l{Xn=y,n<Tm}] = Z Pz(Xn =y,n< Tx)
n=0 n=0 n=0 n=0

s a stationary measure. If X is positive recurrent, then we can normalize v to a stationary distribution.

15



Proof. The technique is called cycle trick (need to redo). It suffices to show that ) s v(2)II(z,y) = v(y) for all y € S. We
have
Case 1: y# =

ZZEE:I%(A;L::yan/< T;) (})"E(‘X’r0 ::y70<17%)::0)

o0
= ZZPw(Xn_l =2z, X, =y,n<Ty)
n=1z€S8

= Z Z P(Xp1=2,X,=y,n<T,) (Tonelli theorem)

zeSn=1

:ZZPz(Xn,l =2, X, =y,n—1<T,) {Xp=yn<T,)}={X,=y,n—1<T,})

zeS n=1

=3 Y Pe(Xp1=2n-1<Tp)Po(Xy =y|Xp1 =2,n—1<T,)

zeSn=1
=3 Y Pu(Xpo1=2n-1<Tp)Po(X, = y|Xp_1 = 2) ({n—-1<T,} ={Xo#z,..,Xn_1 #x})
zeSn=1
= ZH(z,y) Z P(Xp1=2n-1<T,)
z€S n=1
= (2, y)(2)
z€S
Case 2: y==x
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= P.(n=T,)
n=1
o)

= Z ZPJE(Xn_l =z,n="T,)
n=1z€S

I
]
]
B
F
i
n
S

Il
>

(Tonelli theorem)
= ZZPQC(X”,1 =z, Xp=a,n—1<T,) {Xp=z,n—-1<T,}={n<T,})

=3 Y Pu(Xpo1=2n-1<T)Po(Xy =a|Xn1=2,n—1<T,)

ze€Sn=1

= Z iPI(Xn,l =z,n—1<Ty)P(Xy, =2| X1 =2) {n—-1<T,} ={Xo #z,..,Xpn_1#z})

zeSn=1

= ZH(z,m) i P.(Xp1=2n—-1<T,)

zeS n=1

= Z II(z, z)v(z)

z€S
Hence, v is stationary. O

Theorem 11 (uniqueness of stationary measure for recurrent Markov chain). Let X be a recurrent Markov chain and
v:S — R be defined by

v(y) =K,

Tp—1 0o
) 1{Xn—y}] =Y P(Xn=yn<T,)

n=0 n=0

Then if U : S — R is another stationary measure for X, then there exists C € R such that v(y) = Cv(y) for ally € S

Proof. Without loss of generality, assume 7(x) = 1 we will prove that 7(y) = v(y). By stationary of 7, we have
v(y) = Z v(21)(z1,y) = H(z,y) + Z v(z1)1(z1, y)
z1€S z1#x

Apply the same decomposition for z;

()
=1(z,y) + Z D(21)IL(21,y)

z17#T

N

- H(Zﬂ,y) + Z H(ZL’,Zl) + Z D(ZQ)H(Z%Zl) H('zlay)

21 £ 22FT
=M(z,y)+ Y (@, 20)(z1,9) + Y, D #(22)T1(22, 21)11(21, )
21 #T 217 zoFx
= H(%y) + Pa:(X2 = anl 7& l‘) + Z Z D(ZQ)H('Z2721)H(Z17:U)
21#T 2o FT
TODO - finish this later O
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2.5 Long Time Limit of Markov Chain

Remark 9. For transient Markov chain, we have shown that II"(z,y) = Py(X,, =y) = 0 asn — oo for all x,y € S

Definition 39 (period of an irreducible Markov chain). Let X be an irreducible Markov chain with state space S and
transition matriz II. The period r, € N of a state x is defined by

ged{n € N: II"(z,z) > 0}

It can be shown that v, = 1, for all z,y € S. Hence, the period r € N of X is defined by the period of any z € S. A
Markov chain is called periodic if r > 2 and aperiodic if r = 1

Remark 10 (cyclic structure of periodic Markov chain). For a periodic Markov chain with period v, we can divide the state
space S into r equivalence classes Sy, Sa, ..., S,. Leti € [r], for any state in S;, the only transition possible is to another state
in Sit1 (where Sy41 = 51). If we define Y,, = X, then Y is an aperiodic Markov chain with state space S; where Yy € S;.
Therefore, any periodic Markov chain can be broken down to aperiodic Markov chains.

Theorem 12 (long time limit of aperiodic positive recurrent Markov chain). Let X be a aperiodic positive recurrent Markov
chain with state space S and transition matriz II. Let u denote the unique stationary distribution. Then for any initial
distribution pg, X, converges to u in distribution, that is

Puo(Xn =y) = n(y)
asn — oo forally € S
Proof. TODO- coupling O

Theorem 13 (long time limit of null recurrent Markov chain). Let X be a null recurrent Markov chain with state space S,
then
" (z,y) — 0

as n — oo for any x,y € S. Hence, for any initial distribution g,

PHO(XTL:y)_)O

asn — oo for anyy € S

2.6 Renewal Process

Definition 40 (discrete renewal process). A discrete renewal process T is a sequence of No-valued random variable (Tn)nen,
where 1o = 0 and (T, — Tn—1)nen are i.5.d NU {oo}-valued random variables with probability mass function f(k) = P(m = k)
for k € NU{oco}. That is, the distribution of increments is fized.

Remark 11. The natural interpretation of (T,)nen, s the collection of times when we change the light bulb such that light
bulbs have i.i.d random lifetimes with probability mass function f

Remark 12. Given a Markov chain (X, )nen, with Xo = x, the sequence T)* for m € Ny is a renewal process where
f(o0) > 0 if and only if x is transient.

Remark 13 (discussion on the Markov chain of renewal process). II(n,n —1) =1, I1(0,k — 1) = f(k)

Theorem 14 (renewal theorem). Let T be a discrete renewal process, if T is transcient, that is, f(0o0) > 0 or null recurrent
that is f(00) = 0 and ),y kf(k) = oo, then

Pner)=Pne{n,mn,..})—=0

as m — oo. If T is positive recurrent that is f(oo) = 0 and ), .k f(k) < oo, and T is aperiodic, that is, r = ged(n :
f(n) >0) =1, then
1
Pner)=Pne{n,mn..1) > =—————~
2 ken K (F)

as n — o0
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2.7 Reversible Measure, Reversible Markov Chain

Definition 41 (reversible measure, reversible Markov chain). Let X be a Markov chain with state space S and transition
matriz II. A measure v : S — R is a reversible measure of X if

v(@)l(z, y) = v(y)(y, z)
forallx,y € S. The condition is called detailed balance. A Markov chain is called reversible if it has a reversible measure.

Remark 14. A reversible measure v must be stationary, since

v(z) =Y v@)(z,y) =Y v(y)y,z)

yeS yeSs

If we interpret a distribution as the distribution of masses over all states, then each time step, masses are transferred.
Stationary means for each state, the in-mass equals the out-mass. Reversibility means for each pair of state x,y, the mass
T — y equals the mass y — x

Proposition 22 (time reversibility). Let v be a reversible distribution of a Markov chain X. If Xy has distribution v, then
(Xo, ..., Xpn) has the same distribution as its time reversal (X, ..., Xo), that is

PV(XO = o, ~-~7Xn = xn) - PV(XO = Tny ey Xn = 370)

Moreover, if given a stationary measure v, (Xg, ..., Xn) has the same distribution as its time reversal (X, ..., Xo), then
v is reversible.

Proof. TODO 0

Theorem 15 (loop condition for reversibility). An irreducible Markov chain is reversible if and only if the transition matrix
1T satisfies the loop condition, that is, given x € S,

M(zo,z1) (zp—1,zn)

=1
H($17 :I'.O) H(:ETH x’nfl)

for all path (x = xo,x1, ..., Tp-1,2, = x). In thatl case, we can construct a stationary measure by

(yo,y1) TH(Yn—1,yn)
H(yhyo) H(ynvynfl)

v(y) = v(z)

for a path (Y = Yo, Y1, -, Yn—1,Yn = )
Proof. TODO O

Remark 15 (reversible Markov chain as random walk on electric network). Any reversible MC' can be seen as a random
walk on a graph G = (V. E) withV =85 and (z,y) € E if II(x,y) > 0 with conductance C(x,y) where

Clz,y) = v(z)(z,y)
with v : S — R is a stationary measure

v(z) = Z C(z,z)

(z,2)€E

2.8 Hitting Probability, Expected Hitting Time

Given a Markov chain X with state space S, let A, B C S be two disjoint subsets of S, let T4 = min(n > 0: X,, € A),
Tp =min(n > 0: X,, € B) be the first times the Markov chain visiting A and B.
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2.8.1 Hitting Probability

Let
f(z) = Py(Ta < Tp)

be the probability of hitting A before B . The boundary conditions are for every z € A, f(z) = 1, for every z € B,
f(z)=0.If 2 ¢ AU B, then

f(z) = Py(Ta < T)

= " Xy = . T4 < T) (one step analyss)
yeS
=3 Pu(X1 =y)Pp(Ta < Tp|X1 =)
yeS
= Z Py(X1 =y)Py(Ta < Tg)
yeS
= Y ey fl) = (1) (@)
yeSs

Hence, (IT—1)f = 0. f is called a harmonic function of the operator II. (related to Laplace equation)

2.8.2 Expected Hitting Time

Let
9(x) = By [T4]
be the expected hitting time for A. The boundary condition is for every x € A, g(z) = 0. If 2 ¢ A, then

9(x) = Ey[Ta]

=E: | Y Tal{x,—y
_yGS

=E,[1+ Z(TA — 1)1{X1:y}

yes
-1 +_X;Ex[(TA = Dlgx, =yl

1 +§;PI(X1 =y)E.[Ta — 1|X1 =]
—1+ Zpg;(Xl = y)Ey[T4]

—1+ %H(ﬂf, v)g(y) = 1+ (lg)(z)

Hence, (I — I)g = 1 (related to Poisson equation)

2.9 Monte Carlo, Metropolis, Gibbs sampling

SKIP - NOT IN EXAM
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Chapter 3

Martingale

3.1 Martingale basics
Definition 42 (o-algebra filtration). A filtration on (Q, F, P) is an increasing sequence of o-algebras (Fy,)n>0 with
F,CFC..

Remark 16. Let X = (X,,)nen, be a stochastic process, then the filtration defined by F,, = o(Xo, X1,...,Xn) is called the
canonical filtration generated by X

Definition 43 (martingale). Given a filtration Go C G1 C G2 C ..., a real-valued stochastic process X = (Xp)nen, is called
a martingale adapted to the filtration G. if

1. For alln € Ny, E[| Xo|] < o0 and E[X,,|G,] = X,,. That is, G,, contains all information of X,, 0(X,) C Gy,

2. For alln € Ny, E[X,,4+1|Gn] = X,. This is the notion of fair game, that is, given the past information (G,), the
expectation (E[X,11 — Xn|Gr]) of Xnt1 — Xy is zero.

we have, B[ X, 42|Gy1] = Xpq1, then X, = E[X,,11|Gy] = E[E[X,42|Grp1]|Gr] = E[X,42|Gr]. hence, for any n < m,
then E[X,,|Gy] = X,

Remark 17 (sub-martingale, super-martingale). If we replace the second condition for martingle by E[X,,11|Grn] > X, it
is called sub-martingale and E[X,,11|Gr] < X, it is called super-martingale

3.1.1 Doob Decomposition, Doob Martingale

Given a stochastic process (X,)nen, and let F,, = o(Xo, X1,..., X,) be the canonical filtration generated by X. Let
D, =X, — X,,_1. Then, let My =0 and

M, = M,y + Dy, = E[Dy|F, 1] = Y (D; — E[Dj| F;_1])

i=1
Proposition 23. (M, )nen, s a martingale
Let A4, = Z?:l E[D;|F;_1], note that, A, is not a random variable but a sequence of real numbers

Theorem 16 (Doob decomposition). Every stochastic process (Xp)nen, can be decomposed into
X, = Xo+ M, + A,
where M, is a martingale and A, is a sequence of real numbers.

Proposition 24 (Doob martingale, martingale decomposition). If Y is a random variable and Gy € G1 € G2 C ... is a
filtration in (Q, F, P), then Z, = E[Y|G,] is a martingale. This is a direct application of tower property

E[Z|Gn_1] = E[E[Y|Gn]|Gn-1] = E[Y|Gno1] = Zn_1

If G, = F, then Zy = E[Y] and Z,, =Y, martingale decomposition

Y =E[Y]+ (Z, — Zo) =E[Y] = Zn:(Zi —~Zi-1)

=1

TODO - generalize this

21



3.1.2 Martingale in Markov chain

Let X be a Markov chain with state space S and transition matrix IT. Let f: S — R be a bounded function on S, then
Doob decomposition gives
f(Xn) = f(Xo) + Mn + Ay

where M, is a martingale adapted to the canonical filtration of X and

A, =) Ef(X5) — f(Xiz1)|Fizi]

s_
i M:
I,

I

s
Il
-

[f(Xs) = f(Xi—1)[Xo, X1y ooy Xia]

I
tg:

[f(X5) — f(Xi1)]| Xia]

.
Il
_

Il

@
I
-

E[f(Xi)[Xima] = f(Xi1)

I

s
Il
-

(IT—=1)f(Xi-1)

Hence, if (IT—1)f =0 (f is harmonic) then f(X,) is a martingale, if (Il — I)f = —1, then f(X,) + n is a martingale.
Now let A, B C S be disjoint and Ty = {n > 0: X,, € A} be the first time hitting A, we want to compute

f(x) = Py(Ta < Tg) and g(z) = E,[T4]
Through one step analysis, we have shown that
MI-DNf=0and (II-I)g=1

Then, f(X,) is a martingale before time T4 A Tp = min{T4, T}, g(X,) + n is a martingale before time Ty

3.2 Azuma-Hoeffding Inequality

Theorem 17 (Azuma-Hoeffding). Let (X, )o<n<n be a martingale with Xo and its increments D; = X; — X;_1 satisfy
|D;| < K for all 1 < i < N almost surely (true for a set Qg C Q of realizations with P(Qo) = 1). Then, for all a > 0,

XN ) _ a2 (XN ) _ a2

Pl—>+4a) <e 2K gnd P| —= < —a | <e 2K
(\/N VN

Proof. TODO O

TODO - generalize to the case where |D;| < K;

3.3 Stopped Martingale

Definition 44 (stopping time). A random variable 7 on Ny U {co} is called stopping time with respect to the filtration
(Fu)nen, of {1 = n} € F, for alln > 0 (I am kinda get it but not really get it. at least I don’t do probability so just
know enough to pass the exam). T models the stopping time, that is, to decide when to stop a martingale, we only have the
information available up to that time. (sub-o-algebra is information)

Proposition 25. If 71 and 72 are stopping time with respect to the filtration (Fp)nen,, then 71 A 7o = min{m, 72} and
71V 7o = max{7, T2} are stopping times.

Definition 45 (stopped o-field E[) Let 7 be a stopping time with respect to the filtration (Fy,)n>0, the stopped o-field F-
associated with the stopping time T is defined by

F.={AeF:An{r=n} e F, foralln >0}

that is, the collection of measurable events A in which we can determine whether it will occur or not based on the available
information up time time T

Lo-algebra is also called o-field
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Lemma 2 (stopped martingale is a martingale). Let (X,)n>0 be a martingale adapted to a filtration (Fy)n>0 and T be a
stopping time with respect to (Fy)n>0. Then Y, = Xuar, the martingale X,, stopped at time 7, is also a martingale with
respect to (Fy)n>0. More generally, if 0 is another stopping time with 0 < T almost surely, then Xyanr — Xnag is also a
martingale.

Proof. TODO 0

3.3.1 Upcrossing Inequality, Martingale Convergence Theorem, Backward Martingale

Definition 46 (upcrossing). Let (X,,),>0 be a super-martingale adapted to the filtration (F,)n>0. An upcrossing by X of
the interval (a,b) with a < b consists of a pair of times k < | with Xy, < a and X; > b. Let U, be the number of complete
upcrossings X makes before (before and at) time n and define

71 =min{i >0: X; <a}
To = min{i > 71 : X; > b}

Tok+1 = min{i Z T2k - )(2 S a}

Tog+2 = min{i > 7op11 0 X; > b}

where the minimum of an empty set is taken to be co. Note that, 7; is a stopping time and U, = max{k : 7o, < n}

Lemma 3 (upcrossing inequality). Let (X,,)n>0 be a super-martingale and U, be the number of complete upcrossings over
(a,b) before time n, then
Efla — Xn)] _ la| + B[ X, ]

b—a - b—a

E[U,] <
where 7 = max{z,0}, 2~ = min{z,0}
Proof. TODO O

Theorem 18 (martingale convergence theorem). If (X;)n>0 s a super-martingale and sup, oy E[| X, || < oo, then there
exists a random variable X such that almost surely X, — Xoo as n — o0 and E[|X|] < oo. For sub-martingale, the
condition is sup,cn E[| X,F|] < 00.

Proof. TODO O
Corollary 2. If (X,,)n>0 is a non-negative super-martingale then Xoo = lim,_,oc X,, exists almost surely and E[X ] < E[X(]

Corollary 3. Let (X,),>0 be a martingale with |X,,41 — X,,| < M < oo almost surely for all n > 0, then almost surely
either lim, oo X,, exists and finite or limsup,,_, ., Xn = +00 and liminf,,_,. X,, = —oo. That is, either X,, converges or
osscilates between —oo and 400

Definition 47 (backward martingale). (X,,)n>0 is called a backward martingale adapted to the decreasing filtration Fy D
D if
E[Xn|Fn+1] = Xn+1

Note that, X,, = E[Xo|F,] for alln >0, and (..., X2, X1, Xo) is a martingale adapted to the filtration ... C Fy C Fy C Fy

Theorem 19. Let (X,,)n>0 be a backward martingale adapted to a decreasing filtration (F,)n>0, then almost surely X,, — X
and E[X ] = E[X]

Lemma 4 (when does martingale limit preserve mean). If for some K > 0, the martingale (Xp)n>0 is bounded, that is,
P(|X,| < K) =1 for all large n, then almost surely X,, = Xoo and E[X ] = E[X]

Proof. TODO O
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3.4 Uniform Integrable Martingale, Optional Stopping Theorem

Definition 48 (uniform integrability). A sequence of random variables (Xp)n>0 is called uniformly integrable if for each
€ > 0, there exists K > 0 such that

sup E[| Xp[1)x, > k] <€
n>0

Remark 18 (L? (p > 1) implies uniformly integrable). If sup,, E[|X,|P] < co for some p > 1, then Markov inequality implies
that (X,,)n>0 s uniformly integrable.

Theorem 20. Let (X,,)n>0 be a martingale that is uniformly integrable, then almost surely X,, = Xoo and E[X] = E[X]
Proof. TODO O

Theorem 21 (optional stopping theorem). Let (X,,)n>0 be a martingale and T a finite stopping time adapted to the same
filtration (Fy,)n>0- If the sequence (Xpar)n>0 s uniformly integrable, then E[X ] = E[Xo] (Xoo = X;)

Remark 19. Doob martingale is uniformly integrable. If X,, is a martingale with E[|X,|] < oo, then for any convex function
@, (Xy) is a sub-martingale.
3.5 Doob Maximal Inequality

Theorem 22 (Doob maximal inequality). Let (X;);en be a sub-martingale with respect to filtration (F;)ien. Let S, =
maxi<i<n Xi be the running mazimum of X;, then for any [ > 0,

1 1
P(Sn 21) < 7E[X (s, >n] = 7EIX;]

where X, = X, V0 = max{X,,0}. In particular, if (X;)ien is a martingale and the absolute value function is conver,
then | X;| is a sub-martingale, then let M, = maxi<;<n | X;],

P(M, <1) <

~| =

1
E[| X 1qam, <ty < YEHXTL”

Corollary 4. For any p > 1, z — (z7)? and x — |z|P are convex functions, then
1

P(S, <1) < o

1
E[(X3)PLs,=n] < ZEIX)"]
1 1
P(M, <I) < lprHXn&snzl}] < l;E[\Xn|p]
where X, being sub-martingale and martingale correspondingly.
Theorem 23 (Doob LP maximal inequality). For any p > 1,

Blis1)) < (27 ) Bl )

epry) < (2) B

3.6 Square-Integrable Martingale and Quadratic Variation

Definition 49 (square-integrable martingale, quadratic variation process). A martingale (X,,)n>0 is called square-integrable
if E[X2] < 0co. If (Xn)n>0 is a square-integrable martingale, then X2 is a sub-martingale with Doob decomposition

XEL = M, + (X)n

where My, is a martingale and (X),, is a monotone increasing sequence
n
(X)n =Y E[(Xi = Xim1)?| Fiz1]

n=2

(X)p is called quadratic variation process of X
Theorem 24. Let (X,)nen be a square-integrable martingale and (X),, its quadratic variation process. Then

1. on the event {{X)oo < 00}, almost surely lim,, o, X, exists and finite.

2. on the event {(X)s = 00}, almost surely lim,, —é;ﬂ =0
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3.7 Martingale from Change of Measure

SKIP - I JUST DON’T WANT TO DO THIS
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