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some identities related to set

1 Zermelo—Fraenkel set theory

9 axioms in ZFC serve as the foundation of mathematics. All concepts in
mathematics at the moment can be built from these 9 axioms using the language
of first-order logic. *

Axiom 1 (Axiom of extensionality) Two sets are equal if they have the
same elements

VXVY[Vz2(2€ X < z€Y)] = X =Y

Axiom 2 (Axiom of regularity) FEvery non-empty set of sets X contains a
element Y such that X and Y are disjoint

VXX #0 = Y Y e XAY NX =02)]

Axiom 3 (Axiom schema of specification) Given any predicate p(z) and
a set X, the subset of elements of X obeying ¢ exists, namely Y

VXAYV2[z €Y <= (2 € X Ap(2))]
we writeY ={z¢€ X : ¢(2)}

Axiom 4 (Axiom of pairing) If x and y are sets, there exists a set that
contains x and y as elements, namely Z

VaVy3aZ[(x € Z) A (y € Z)]
we use axiom 7?7 to construct the set of x and y, {z,y}

Axiom 5 (Axiom of union) For any set of sets F there exists a set containing
every element that is a element x of some element Y of F, namely A

VFIAVYVz[Y e FAz €Y = z € A]

we use axiom 77 to construct the union of F, we write | JF C A

Lwill give more insights once I master the topic



Axiom 6 (Axiom schema of replacement) Let f : A — B, there exists a
set containing the image of A, namely C

VAVBY(f : A — B)ACVz(x € A = f(x) € C)

2 we use aziom ?? to construct the image of A, we write f(A) C C. sometimes,

we also write f(A) = {f(x) : v € A} and f{z € X : p(x)}) = {f(x) : = €
X Nep(x)}

Axiom 7 (Axiom of infinity) There exists a set X containing the empty set
& and if y is a element of X then yU{y} is also a element of X

IX[ge X AVy(ye X = yU{y} € X)]
this aziom asserts the existence of natural number (von Neumann ordinals)

Axiom 8 (Axiom of power set) For any set X, there is a set that contains
every subsets Z of X, namely Y

VXIWZ(ZCX = Ze€))
we use axiom 7?7 to construct the power set of X, we write P(X) C Y

Axiom 9 (Axiom of choice) For any set X of non-empty sets Y, there exists
a choice function f that defined on X and maps each set’Y of X to an element
of that set.

VX[@ ¢ X = A(f: X — | JX)WVAA € X A f(A) € A)]

2 Some common identities

Theorem 1 3 Given a set A, for all element x € A if x € U, C A then
Uuv.=4
z€A

Proof
We immediately have (J,., U, € A. On the other hand, for all x € A,

{z} C U,. Then
A= U {z} C U U,

z€A T€A

Theorem 2 * Let some property p be invariant over union of sets. Let J be an
index set,

vjedpA;) = p| JA
jeJ
Given a set A, for all element v € A, ifx € A; C A and p(A;) then p(A)

2
3

sometimes, we write the formula Vz(z € A = pasVz € A, ¢
common techniques in set theory and general topology
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Proof
immediately from theorem 77?7

Theorem 3 ° For any index set J and A; N\ B; = & for all j € J

ﬂAjquz U ﬂAj N ﬂ B;

JjedJ Ja€P(J) JE€EJaA j€JI\Ja

Proof

Forallz € X = njeJ A;U By, for each j € J, x must be either in A; or B;.
Let Ja(z) ={j:je JAxz e Aj} CP(J) be the set of indices where z € A;
and let Jp(x) = J \ Ja(z). So that

x € n Aj N n Bj

Jj€Ja(x) JE€EI\Ja(z)

On the other hand, ;¢ 7, 4; € e, AjUBj and (e 7, Bi € Njen s, 47U
B;, we have

N 4]0 (N Bi|l<| [ 4uBi|n (| AjUB;
j€Ja(x) Jje€INJa(x) J€Ja(y) JEINTa(y)

= () 4;UB;

JjeJ

=X

Invoke theorem 77

Theorem 4 Let f : X — Y be a injective function. i.e f(x1) = f(z2) =
x1 = xo. Let I be an index set and A; € X for all 1 € 1

() A) =) F(4)

i€l iel
and
rJAa) = ra)
i€l iel
Proof

(S) Let y € f(N;es Ai), there exists x € [),c; A; such that f(x) = y. For
any i € I, x € A; implies y = f(x) € f(A;). Therefore, y € (,c; f(4i)
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(2) Let y € ;e f(As). For any y € A;, there exists x; € A; such that
f(z;) = y. Since f is injective ¢, all z;s equal, namely z. f(z) = y and
x € (;ey Ai implies y € f((N);¢c; Ai)

U

(S) Let y € f(U;er Ai), there exists 2 € (J;c; Ai such that f(z) = y. Let

I, ={i€l:2=A;} # @ be all indices i where x € A; 7. So, for all i € I,
y = f(x) € f(A;). Therefore, y = f(x) € ey, f(A) € Uies f(4i)

(2) Let y € Uy f(Ai). Let I, = {i € I :y € f(A;)} # @ be all indices
i where y € f(A;) 8. So for all i € I, y € f(A;) there exists x; € A; such
that f(z;) = y. Since f is injective, all z;s coincide, namely z. f(z) = y
and @ € J;¢p, 4i implies y € f(U,¢, Ai). Moreover, U, Ai € U,er 4i, s0

iel, ‘i icl,

ye f(Uier 4) € FUier 4i)
Corollary

F(A\B) = f(ANBY) = f(A) N f(BY) = f(A) N f(B)" = f(A)\ f(B)

6if f is not injective, consider f(1 +— 1,2+ 1), then f({1} N{2}) # F({1}) N f({2})
There, we can choose an 4 such that = € A; using AC to simplify the proof
8avoid AC



