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In R”, let u be a set function on R™ which is a non-negative function on a subcollection of the collection of all subsets of
R™ ie. u:U — [0, +o0], U C P(R™).
We will construct the smallest set of assumptions on u such that the following limit converges for almost every x in a
bounded outer measure X, i.e. |X| < 400
u(B)
im
B\x ‘B|

Du(z) =
where B\ x denotes the contraction of B into a singleton x, and |B| denotes the Lebesgue measure of B.
Assumption 1 (Closed balls) B,(z) € U for all z € R™ and r > 0

Consider a simpler version where B is a closed ball of radius r > 0 centered at x, i.e. B = B,.(z). Define lim sup, lim inf
as follows

e Du(x) = lim SUPp o % = lim, o+ (SuptG(O,r) ﬁgtg))\))

e Du(z) =liminfp\ , |(]f|) = lim, _,o+ (infte(om) %)

The necessary and sufficient condition for the existence of Du(x) is Du(z) = Du(x). If Du(z) > Du(x), let o, € Q
such that Du(z) > o > > Du(x) > 0. Then Du(z) exists for almost every z € X if

Anp ={z € X : Du(z) > a > > Du(z)}

has measure zero for all o, 8 € Q. If x € Aag, then given any 6 > 0, there exist balls B(®), B() centered at z with radius

less than J such that ul(;(“‘)\) >a>fp> U(mel That is, the collections {B(®)} and {B®} each cover A, finely.

Lemma 1 (Vitali Covering Theorem for Lebesgue measure) A collection V of closed balls is said to cover a set F
finely if for every x € E and n > 0, there is a ball B containing x whose radius is less than 1. Suppose E is covered finely
by a collection V of balls such that 0 < p.(E) < +o0o . Then, given any € > 0, there is a countable collection M of disjoint

balls such that
(E\ U Bk> =0and Y p(Bi) < pe(E) +e
BreM BreM

Claim 1 Given any open ball U contains a subset E C A,g, the u(U) > al|E|.

Given any open ball U contains a subset £ C A3, since U is open, for each « € E, we can find a subcollection of balls
{B(O‘)} C {B®} that finely covers E and is contained in U. By Vitali Covering Theorem for Lebesgue measure on finite
outer measure £ with {B; (o )} given any 1 > 0, there exists a finite collection of pairwise disjoint balls {B;}}¥; contained in
U such that ‘E \ Ui=1 Bi‘ <n/o and u(B;) > a|B;|

Assumption 2 (Additivity) A, Beld and ANB=2 = AUBeclU and u(AU B) = u(A) + u(B)

Assumption 3 (Subset) A,Bcl and AC B = u(A) < u(B)

Lif pe(E) = 0, the result is immediate



Then,
N
wU) > u (U Bi> (subset)
N (2
= Z u(B;) (additivity)

(Bi € {B{V} € {B@)Y)
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=« U B; (additivity of Lebesgue measure)
i=1
N
=alEN U B; (subset of Lebesgue measure)
i=1 e
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=a <|Ee —|E\ U B; ) (Caratheodory condition)
i=1 e
=a|El. —n (Vitali Covering Theorem for Lebesgue measure)

As the inequality is true for all n > 0, u(U) > «a|E|.
By Vitali Covering Theorem for Lebesgue measure on finite outer measure Ans (|Aagle < |X|e < 400) with {B#)}

given any e > 0, there exists a finite collection of pairwise disjoint balls {B;}¥ ; such that ‘Aa,@ \ Ufil Bi‘ <€, ZZJ\LI |B;| <
€
|Aagle + €, and u(B;) < B|B;|

Then
N
|[Aagle +€ > Z | B;| (Vitali Covering Theorem for Lebesgue measure)
i=1
1 X
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i=1
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> B Z |BY N Angle (by claim ?? as open ball B contains Bf N Aapg C Ang)
i=1
N N
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25 Aap 0 B; (JANB|. < |ANB°|. + |AN BY|. %)
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i=1 e
> %|Aa5\e - %e (Vitali Covering Theorem for Lebesgue measure)

Send € to 07 implies [Aap| > §[Aap|- Hence [Aqp| =0

Theorem 1 Given a set function u : U — [0, 4+00] defined for all closed balls B,.(x),r > 0 that is equipped with (1) additivity
and (2) subset, Then

. u(B
Du(z) = élglz |(B|)

is defined for almost every x € X where X CR"™ is any finite outer measure set and B \, x denotes the contraction of closed
balls B,.(z),r > 0 into a singleton x

Theorem ?? is true for every X, = B,.(0),r € N, then it is also true for R™.



Corollary 1 Given a set function u : U — [0, +0o0] defined for all closed balls B,.(x),r > 0 that is equipped with (1) additivity
and (2) subset, Then

u(B)
Du(z) = M, B

is defined for almost every x € R™ set where B \, x denotes the contraction of closed balls B,.(x),r > 0 into a singleton x

Remark 1 Some remarks
o Ifu is the Lebesgue measure, then Du(xz) = 1 everywhere.
e If u is any positive measure on R™, Du(x) is defined everywhere.

o If f:R™ — [0, 400] is Lebesgue measurable, let u(E) = [, f, then we have the Lebesgue Differentiation Theorem

Definition 1 (Absolute Continuous Set Function) A set function u : U — [0,+00] is defined to be absolute continous
if given any € > 0, there exists a § > 0 such that if E €U, |E| < §, then u(E) < €

Lemma 2 (Theorem 7.28) If u : U — [0,400] is an absolute continuous set function, E € U with |E| < 400 and
limp\ o % =0 for every x € E, then u(E) =0

u : U — [0,400] is absolute continous, that is, given any e > 0, there exists a 6 > 0 such that F € U, |E| < ¢ then
u(F) <e

For each x € F, limp\ 4 % = 0, that is, given any € > 0, then there exists a § > 0 such that for all ball B with radius less
than ¢, i.e. 7(B) < 8, then u(B) < ¢|B|. Fix € > 0, there is a collection of balls { B(9)} that finely covers E and u(B) < €|B|
for all B € {B(9}. By Vitali Covering Theorem for Lebesgue measure on finite measure E with {B(9)}, given any ¢, 6 > 0,
there exists a finite collection of pairwise disjoint balls {B;}¥ ; such that |E\ Uf\il B;| < § and Zivzl |Bi| < |E|+ €. Hence,

N N N N
uw(E) = u (E\ U BZ-> +u (E nJ Bi> (additivity, suppose E'\ | J B, En | | B; € u)

i=1 i=1 i=1 i=1

N
<e+u (E N U Bi> (Vitali Covering Theorem for Lebesgue measure, absolute continuous)
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As |E| < +00, send € to 0T implies u(E) =0
Remark 2 Put u([a,b]) = [f(b) — f(a)], limp~ u|(TB\) = 0 implies f being singular, recover Theorem 7.28

Corollary 2 If u : U — [0,400] is an absolute continuous set function, E € U with |E| < 400 and limp\, % =0 for
almost every x € E, then u(E) =0

Let F''C E with |[F| = 0 and limp, 45} = 0 in B\ F. u(E) = u(E\ F) + u(F) = u(F). By absolute continuity of u,
u(E)=u(F)=0

Theorem 2 (Theorem 7.29) Ifu : U — [0,+00] is an absolute continuous set function. Given E € U with |E|. < +oo,
gwen necessary conditions (additivity, subset) then u'(x) = limp~ ¢ % is defined almost every x € E. Furthermore,

w(B) = /E o

for all E €U N M(R™).



u’ is defined almost every z in a finite outer measure E is immediate from theorem ??. For the second part, let
v(E) = u(E) — [, for all E € U N M(R™), then

E E) - ! E !
lim L( ) = lim 711( ) fEu = lim L( ) — lim fEu
BNz |E|  B\az |E| BNz |E| B\a |E|

= 0 for almost every x € F

By corollary ??, v(FE) = 0 almost every where.

Remark 3 Put u([a,b]) = [f(b) — f(a)], [/ = =limp . U(Jfl)’ recover Theorem 7.29



