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Chapter 1

PRELIMINARIES



1.1 JUST ENOUGH CATEGORY THEORY TO BE DANGER-
OusS

1.1.1 AN INTRODUCTION TO ABELIAN CATEGORIES

Definition 1.1.1 (additive category, additive functor)
A category C is said to be additive if it satisfies the following properties

1. for each A, B € C, Hom(A, B) is an abelian group and composition distributes over addition of morphisms
folg+h)=fog+goh
(g+h)of=gof+hof
for every morphisms f, g, h in C
2. C has a zero object

3. C has biproduct of finitely many objects

A functor F' : C — D from an additive category C to another additive category D is called additive if it preserves
additive structure

F(fog)=F(f)oF(g)
F(f+g)=F(f)+ F(g)

Definition 1.1.2 (kernel, cokernel, image, coimage)

Let f: A — B be a morphism in a category C with a zero object

1. a kernel for f is an object K € C together with a universal map i : K — A so that foi=10

2. a cokernel for f is an object @ € C together with a universal map p: B — @ so that po f = 0. the object of
cokernel of f: A — B is also written as A/B

Z 0 A@Q

K—“*3sA-1.B
0

3. image/coimage for f are defined by

im f = ker coker f, coim f = coker ker f




Definition 1.1.3 (abelian category)
An abelian category is an additive category satisfying additional properties

1. every map has a kernel and a cokernel
2. every monomorphism is the kernel of its cokernel

3. every epimorphism is the cokernel of its kernel

im f ker f

N X\

A — B —— coker f coim f

Theorem 1.1.4 (Frey-Mitchell Embedding Theorem)

If C is an abelian category whose objects form a set, then there is a ring A and an exact, fully faithful functor
C — Mod 4 which embeds C as a full subcategory (A is not necessary commutative)

By Frey-Mitchell Embedding Theorem, to prove something about diagram in some abelian category, we may assume

that it is a diagram of modules over ring and use diagram chasing techniques

Definition 1.1.5 (complex, exactness, homology)

Given a sequence of morphisms in an abelian category

The sequence is said to be a complex at B if go f = 0, the sequence is said to be exact at B if ker g = im f. Note
that, being exact at B implies being complex at B. If the sequence is complex/exact everywhere, then it is called

complex/exact. if the sequence is complex at B, then its homology at B is defined by ker g/ im f

Proof. ker g/im f is well-defined by the folllowing:

im f — 0 4 coker f

’ ‘3'\ / :H'
l
1

<
ElN C
\

\
\
v

ker g

The composition A — B — coker f is zero, im f is the kernel of B — coker f, hence f : A — B factors through im f
by a unique map A — im f

The composition A — B — C'is zero, coker f is the kernel of f: A — B, hence g : B — C factors through coker f by
a unique map coker f — C

The composition im f — B — cokerf — C'is zero, hence the composition im f — B — C'is zero, ker g is the kernel
of g : B — C, hence, im f — B factors through ker g by a unique map im f — kerg

Homology at B is defined by the cokernel of the map im f — kerg O



Proposition 1.1.6 (factoring a long exact sequence into short exact sequences)

Given a long exact sequence A®
1o

o ATV I g By g
Then it can be factored into short exact sequences

0 — ker f* = A" — ker fiT1 -0

More generally, if A® is only a complex then it can be factored into

0 —— ker f? Al imf! —— 0

0 — im f©! —— ker f{ ——— H'(A*) —— 0

0 —— imf! —— A+ — & coker f¥ —— 0

0 —— HY(A®) —— coker fi7} ——— im f! —— 0

Definition 1.1.7 (category of complexes)
Suppose C is an abelian category, then the category of complexes in C consists of objects being infinite complexes

in C and morphisms A® — B*® being commutative diagrams

YL RN L

L

w—— B! — B Bt
The object and morphism are also called chain complex and chain map. The category of complexes in C is an abelian

category.

Proposition 1.1.8 (chain map induces a map in homology)

A chain map f : A®* — B*® induces maps in homology f* : H'(A®) — H*(B*)

ker f¢ —— A? EEANGTIR

ool

kergt —— B -2 Bit!




Definition 1.1.9 (homotopic, homotopy, homotopy equivalence)
Two chain maps f : A* — B® and g : A®* — B*® are called homotopic if there exists a homotopy h from f into g,
that is a sequence of maps h : A” — B! so that f — g = dh + hd

s AL Ay e D i
K — pitl — B — Bl — 5 .

Being homotopic is an equivalence realtion. If f and g are homotopic, we write f ~ g.
If there is another chain map f’ : B® — A® so that fo f' ~ 1ge and f’' o f ~ 14., then A® and B® are called

homotopy equivalence which is also an equivalence relation.

Proposition 1.1.10 (homotopic maps induce the same map in homology)
If f ~ g where f: A* — B*® and g : A* — B*® are two chain maps, then f* = g* where f* : Hi(A®*) — H'(B®)
and g* : H(A®) — H*(B*) are the induced maps in homology

Theorem 1.1.11 (short exact sequence of chain complexes induces a long exact sequence in homology)

A short exact sequence of chain complexes
0—>A*—>B*—>C*—0
induces a long exact sequence in homology
HFL(A®) —— ...

Hi(A*) — Hi(B*) — H'(C*)

. ——— HiTY(C®)




Definition 1.1.12 (exactness of functors)

Exactness of functor is characterized as follows:

1. If F: A — B is an additive covariant functor from abelian category to abelian category then

(a) F is right-exact if the top sequence being exact imples the bottom sequence being exact

Ay Ay As 0

(b) F is left-exact if the top sequence being exact imples the bottom sequence being exact

0 Al A2 A3

2. If F: A — B is an additive contravariant functor from abelian category into abelian category, then

(a) F is right-exact if the top sequence being exact imples the bottom sequence being exact

0 Al A2 AS

(b) F'is left-exact if the top sequence being exact imples the bottom sequence being exact

Ay A As 0

A functor is exact if it is both left-exact and right-exact

Proposition 1.1.13

additive functor preserves chain complex, exact functor preserves exact sequence

Remark 1.1.14
If Aisaring, S C A is a multiplicative subset, and M is an A-module, then

1. Localization (S~!—) is an exact covariant functor Mod 4 — Modg-1 4
2. Tensor product (— ®4 M) is a right-exact covariant functor Mod 4 — Mod 4
3. Hom(M, —) is a left-exact covariant functor Mod 4 — Mod 4

4. Hom(—, M) is a left-exact contravariant functor Mod 4 — Mod 4




Theorem 1.1.15 (FernbaHnHoF theorem, FHHF theorem)

Suppose F' : A — B is a covariant functor from abelian category into abelian category and C* is a chain complex
in A, then

1. If F is right-exact then there is a natural map
FH® - H°F
that is, for each 4, there is a natural map F(H(C*)) — H'(F(C*®))
2. If F is left-exact then there is a natural map
FH® + H*F
that is, for each i, there is a natural map F(H(C*®)) < H'(F(C*®))
3. If F'is exact then there is a natural isomorphism
FH* 5 H°F

that is, exact functor preserves homology

Remark 1.1.16 (interaction of adjoint, limit, colimit, left-exact, right-exact)

interaction of adjoint, limit, colimit, left-exact, right-exact

1. limit commutes with limit and right adjoint functor. In particular, in abelian category, kernel is limit, hence

both limit and right adjoint functor are left-exact

2. colimit commutes with colimit and left adjoint functor. In particular, in abelian category, cokernel is colimit,

hence both colimit and left adjoint functor are right-exact

TODO - add some derived functor



1.2 SHEAVES

1.2.1 MOTIVATING EXAMPLE: THE SHEAF OF SMOOTH FUNCTIONS

TODO

1.2.2 DEFINITION OF SHEAVES AND PRESHEAVES

Definition 1.2.1 (presheaf, section)
A presheaf of sets .%# on a topological space X is the following data:

1. for each open U C X, there is a set .#(U), the elements of .%(U) are called sections of .% over U
2. for each open set inclusion U < V/, there is a restriction map

resy,u : <9\(‘/) — E(U)
fe flu

The data is required to satisfy the following:

1. for each open set U C X, the restriction map resy,y is identity resy,y = id.z (1)

2. if U =V <= W are inclusions of open sets, then the diagram below commutes

In other words, presheaf is a functor from the category of open sets on X with restriction maps into the category of

sets Set

Definition 1.2.2 (germ, stalk)

For any p € X, consider the collection of sections of .% over all open sets containing p
{(f,U):pCU feFU)}

together with an equivalence relation ~ as follows: (f,U) ~ (g, V) if and only if there exists W C UNV containing
p and f|w = g|lw. The equivalence class of f € % (U) is called the germ of f at p. The collection of all germs at
p is called stalk of .% at p and denoted by .%#,




Remark 1.2.3 (filtered colimit, an equivalent definition of stalk)
(The Stacks project - 4.19 Filtered colimit) A diagram M : Z — C is called directed (or filtered) if the following

conditions hold:
1. the category Z has at least one object
2. for every pair of objects x,y of Z, there exists an object z and morphisms z — z and y — z
3. for every pair of morphisms a,b : © — y of Z, there exists a morphism ¢ : y — z so that M (coa) = M(cob)
as morphisms in C

after some gibberish - the colimit of M (filtered colimit) always exists. In particular, when C is Set, then

colimz M = <H M2>/ ~

i€T
where m; ~ m; if and only if there exists k € Z, ¢u, : ¢ — k, ¢k = § — k, and M(dix)(m;) = M(djx)(m;).
In formally, two elements are equal if they eventually become equal. When T is the category of open sets on X
with restriction maps containing p and M is %, then stalk of % at p is precisely the colimit of the corresponding

diagram.

Remark 1.2.4
On the condition 3 for directed diagram, the condition ensures that differences between parallel morphisms can
eventually be “coequalized”, or any two objects can be compared further along the line, and any two paths between

the same objects eventually agree later on

Remark 1.2.5

For any category C, presheaf of C on X is also defined similarly

Definition 1.2.6 (sheaf, separated presheaf)

A presheaf is called a sheaf if it satisfies two additional axioms: for any open set U with open cover {U; }icr

1. (identity axiom) if two sections f,g € % (U) have f

v, = glu, for every i € I, then f =g

2. (gluability axiom) if for each i € I, there is a section f; € % (U;) so that for every intersection U = U; N U;,
filu = fjlu. then there exists a section f € .Z(U) so that f

v, = fi for every i € I

A presheaf satisfying only identity axiom is called separated presheaf

10




Remark 1.2.7

Some remarks on sheaf

1. Informally, identity axiom says there is at most one way to glue and gluability axiom says there is at least one

way to glue. the identity axiom implies unique gluability

2. From the two axioms for sheaf, one can show that .% (&) must be the final object in the target category.

There is also a version of presheaf and sheaf where the empty set & is not included.
3. germ and stalk on sheaf is germ and stalk on presheaf

4. The a presheaf being a sheaf is equivalent to say y(UiGI Ui) is the limit of the diagram consists of

{Z(U;) }ier, all finite intersections of them, and restriction maps

Definition 1.2.8 (restriction of sheaf)
Suppose .Z is a sheaf on topological X and U C X is an open set, then the collection of {# (V) :V C U} forms

a sheaf on the subspace U of topological space X

Remark 1.2.9 (skyscraper sheaf)
Let X be a topological space, p € X, and a set S. Let i, : p — X be the inclusion, then define i, .S by

S ifpelU

(ipS)(U) = |
{o} ifpgU

together with evident restriction maps, they form a sheaf and called skyscraper sheaf supported at p

Remark 1.2.10 (constant presheaf, locally constant sheaf)

Let X be a topological space and S be any set, then §pm(U) = S for all U C S together with evident restriction
maps, they form a presheaf and called constant presheaf.

Let X be a topological space and S be any set, let .#(U) be the set of maps U — S that are locally constant,
i.e. for any p € U, there is an open neighbourhood of p where the function is constant, then together with evident

restriction maps, they form a sheaf and called (locally) constant sheaf and denoted by S

11




Definition 1.2.11 (pushforward sheaf)
Let 7 : X — Y be a continuous map and .% be a presheaf on X. Define the presheaf 7,.% on Y by

(mF)(V) = F(n"'V)

for every open set V C Y. Then, m,.% is a presheaf on Y and called pushforward of .Z. If .% is a sheaf on X then

% is a sheaf on Y.

Proposition 1.2.12 (pushforward induces maps of stalks)
Let 7 : X — Y be a continuous map and .% be a presheaf on X. Let ¢4 be the pushforward of # on Y. If pe X

and g = 7(p), then there is a natural map of stalks ¢, — .%#, induced from the map of representatives

Definition 1.2.13 (ringed space, &'x-module)

Let Ox be a sheaf of rings on topological space X, then (X, Ox) is called a ringed space. Oy is called the structure
sheaf of the ringed space. Sections of the structure sheaf &'x over an open set U C X are called functions on U.
A sheaf .Z of abelian groups on ring spaced (X, Ox) is called sheaf of &x-modules if each % (U) is an Ox (U)-
module and the structure compatible with restriction maps, that is, for every restriction of open sets U — V/, the

diagram below commutes

X

Ox(U) x F(U) —— Z(U)
(rcs,rcs)l lres

Remark 1.2.14 (Z-modules and Z-modules)

a sheaf of Z-modules is precisely a sheaf of abelian groups where Z denotes the locally constant sheaf to Z.

Remark 1.2.15 (vector bundle)

a vector bundle is precisely a locally free sheaf of £-modules where £ is the sheaf of functions on the base space.

1.2.3 MORPHISMS OF PRESHEAVES AND SHEAVES

12




Definition 1.2.16 (morphism of presheaves, morphism of sheaves)

commutes

o(U)

Z(U) G(U)

res res

zv) 22, gv)

(pre)sheaves a category and called category of (pre)sheaves.

Let Setyx, Aby, etc denote the categories of sheaves of sets, abelian groups, etc.

A morphism ¢ : F — & of presheaves of sets on X is the data of maps ¢(U) : .Z(U) — 4 (U) for every open set

U C X and compatible with restriction maps, that is, for every restriction of open sets U — V/, the diagram below

A morphism of sheaves of sets is a morphism of the underlying presheaves. Morphisms of (pre)sheaves make

Proposition 1.2.17 (morphism of (pre)sheaves induce moprhisms of stalks - stalkification functor)

from the map of representatives. On other words, there is a functor Setx — Set and called stalkification functor.

If ¢ : # — & is a morphism of presheaves on X. If p € X, then there is a natural map ¢, : #, — ¥, induced

Proof. Let pe V CU

()

Fw) 29 g )

%, is the colimit on the right side, by the property of .%#, being a colimit, there is a map .%, — ¥, that is compatible

with the diagram.

(¥e)(U)

The process of passing ¢ into z;bp is a functor due to the uniqueness of the induced maps. O
Proposition 1.2.18
Suppose w: X — Y is a continuous map of topological spaces, the pushforward gives a functor 7, : Setx — Sety
Proof. TODO [

13



Definition 1.2.19 (sheaf Hom)
Suppose .Z and ¥ are two sheaves of sets on X, let Hom(#,%) ? be defined as follows: for every open set U C X,

let
Hom(Z,9)(U) :=Hom(Z|v,¥9|v)

be the collection of morphisms of the restriction sheaves .% |y, ¥|y. It is a sheaf and called "sheaf Hom"

aTODO - figure out how to write notation Hom correctly

presheaves of abelian groups form an abelian category - kernel and cokernel in category of presheaves

Definition 1.2.20 (presheaf kernel, cokernel)
If ¢ : F — 4 is a morphism of presheaves. Define the presheaf kernel ker,,. ¢ and the presheaf cokernel cokerp,. ¢
by

(kerpre @)(U) = ker ¢(U)
(cokerpre ¢)(U) = coker ¢(U)

for every open set U. Presheaf kernel and presheaf cokernel are presheaves and kernel and cokernel in the category

of presheaves.

Remark 1.2.21
presheaves of abelian groups form an abelian category and work "open set by open set". subpresheaf, image presheaf,

quotient presheaf are then defined "open set by open set"

Proposition 1.2.22
Given a topological space X, if U is an open set on X, then % — % (U) defines an exact functor from presheaves

of abelian groups into abelian groups.

Proof. TODO

Proposition 1.2.23
A sequence of presheaves 0 — %1 — Fo — ... » %, — 0 is exact if and only if 0 — Z1(U) — F#(U) — ... =
F,(U) = 0 is exact for every open set U.

Proof. TODO

problem with sheaves

Proposition 1.2.24
If ¢ : F — % is a morphism of sheaves, then the presheaf kernel ker,,. ¢ is a sheaf and the kernel in the category

of sheaves.

14



Remark 1.2.25 (presheaf cokernel is not cokernel in the category of sheaves)
Let 2 C C be an open set, a holomorphic function f : 2 — C is called admitting holomorphic logarithm if there

exists a holomorphic function g : 2 — C so that expg = f.
Let X = C with the usual topology, let &x be the sheaf of holomorphism functions and .% be the presheaf of

functions admitting a holomorphic logarithm, then there is an exact sequence of presheaves on X
02— 0x—F =0

where Z is the constant sheaf (to Z) on X, for each open set U C X, Z(U) = Z. Z — Ox is the natural inclusion,
and Ox — F is given by f — exp(2wif).
Then, .Z is not a sheaf. In other words, there is a holomorphic function that locally has holomorphic logarithm but

does not have global logarithm

Proof. Let A={z€C:10< |z|] <11} N{(z,y) €eC: -1 <y}land B={z€C:10< |z| <11} N{(z,y) eC:y <
+1}, then the identity function z — z has logarithm on A and B but not on AU B O

1.2.4 PROPERTIES DETERMINED AT THE LEVEL OF STALKS
SHEAFIFICATION

properties determined at the level of stalks

Proposition 1.2.26 (section is determined by germs)

Given a seprated presheaf of sets .# on X and any open set U C X, there exists an injective natural map

FU) = [ %

peU

Proof. Let U C X be an open set. For every p € U, since .%, is the colimit of the diagram containing .# (V) for all V
containing p, hence there is a map .7 (U) — .7,. The product of those maps is #(U) — [ [,y Zp-

We will show that this map is injective. Suppose two distinct functions f,g € Z(U), f # g in F(U) but f = g in
HpEU Fp. Then, f =g in F, for every p € U. For each p € U, since f = g in .%,, there exists an open set V,, C U
containing p so that f = g in .#(V,,). By identity axiom, UpeU Vo =U and f =g in F(V,) for every p, then f =g
in Z(U). Contradiction. O

Remark 1.2.27
this feels like sheaf is a bunch of stalks bundled together, or at least some compressed version of stalks bundled

together

Definition 1.2.28 (compatible germs)
An element (sp)pev € [[,err 7 is called compatible germs if there is an open cover {U;} of U and each section

fi € #(U;) so that for every p € U;, the germ of f; is precisely s,

15



Proposition 1.2.29
The set of compatible germs on [[ ., %, is precisely the image of 7 (U) < [[ <y Fp

Proof.
(image of F(U) = [[,cy Fp is a set of compatible germs) for any s € .F(U), the image (sp)pev € [[,cp Fp is
compatible germs witnessed by s

(any compatible germs in [] ;% is the image of some section in . (U)) let element (sp)pev € [[,cp Fp be

peU
compatible germs witnessed by {(5;,U;)}. For any two (5;,U;) and (5;,U;) with V = U; NU;. §; and 3; agree on every
q € V. Since the map is injective, 5;|y = §;|v. By gluability, there exists s € .#(U) that restricted to every 5, which

is the preimage of (s,)pcv € [[,cy Fp in F(U) O

Proposition 1.2.30 (isomorphism are determined by stalks)
If ¢1,¢2 : F — & are morphisms from presheaf of sets .7 to sheaf of sets & that induce the same map on each
stalk, show that ¢1 = ¢9

Proof. For every open set U C X, the diagram below commutes

#2(U)
/\
a
JjU) o %(EU)
bp
HpeU Fp —— HpeU %
Y(U) = [1,er ¥ being injective implies ¢2(U) = ¢1(U) O

Proposition 1.2.31 (isomorphisms are determined by stalks)

A morphism of sheaves of sets is an isomorphism if and only if it induces an isomorphism of all stalks

Proof.
(=) By uniqueness of the induced map, for each p € X, qu : Fp — 9, is an isomorphism.

(U) p(U)
|
Py ey e 5,

(<) Since 9(U) — [l,er % is injective, if ¢(U) is not injective witnessed by distinct a,b € F(U) being
¢(U)(a) = ¢(U)(b), the diagram being commutative induces a contradiction from isomorphism [[ ., 7, = [ ey %

and composition F (U) = [[,cy #p = [evr %

F(U) — > 9U)

l l

HpEU ‘gzp = HpEU gp

TODO - show ¢(U) being surjective O
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sheafification

Definition 1.2.32 (sheafification)
If .7 is a presheaf on X, then a morphism of presheaves sh : .# — .75 on X is a sheafification of .% if .#5" is
a sheaf and for any sheaf ¢ and any presheaf morphism g : . % — ¥, there exists a unique morphism of sheaves

f: . Fh — & making the diagram below commutes

Remark 1.2.33 (sheafification as a left adjoint functor)
Given a topological sapce, let U : Sh — PSh be the forgetful functor from the category of sheaves into the category
of presheaves, then sh : PSh — Sh is the unique functor that is left adjoint to U, that is

HOmSh(Sh A, B) :) HOmPSh(A, UB)

for any presheaf A and any sheaf B

Proposition 1.2.34
Sheafification is a functor. Sheafification is unique up to isomorphism if exists. If .% is a sheaf, then the sheafification
isid : & — F

Proof. The proof is a direct consequence of universal property of sheafification.

Remark 1.2.35 (construction of sheafification)
TODO

17
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